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Abstract. The first Darboux problem for cubic nonlinear Klein—Gordon
equation is considered, with a nonhomogeneous condition on the character-
istic line. Solvability and convergence of the proper difference scheme is
investigated in Sobolev spaces.
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1. INTRODUCTION

We consider the cubic nonlinear Klein—-Gordon equation. This equation
arises in the quantum theory of field [1], solid and high energy physics
[2], radiation theory [3], investigation of thermal equilibrium properties of
solitary wave solutions (“kinks”) in the classical ¢* field theory [4].

Many works are dedicated to the investigation of boundary value prob-
lems for these equations, among which we mention [5]-[9]. The difference
schemes of some problems for nonlinear wave equations have been studied
in [10]-[13].

For the mentioned equation we consider the first Darboux problem with
a non-homogeneous condition on the characteristic line. Note that such
problems arise in mathematical modeling of various physical processes, e.g.,
in the study of harmonic oscillations of a chock in a supersonic flow [14], as
well as in investigation of oscillation of a string with a piston beaded on it,
which is immersed in a cylinder filled with viscous liquid [15].

2. STATEMENT OF THE PROBLEM AND MAIN RESULTS

Consider the nonlinear Klein—-Gordon equation

2 2
% - %—szu—l—)\u?’ =0, (2.1)
where A > 0, m > 0 are constants.
Let D, == {(z,t)|0<z<t, 0<t<7}, T;:={(2,7)|0<z <7}
In the domain Dy for the equation (2.1) consider the first Darboux prob-
lem with the following boundary conditions

w(0,8) =0, u(t,t)=¢(), 0<t<T. (2.2)
By W} (D) we denote the Sobolev space with the norm defined by

1 » 1/p
lullwgoy = (D bl o))
k=0

P 1/p
Lp(D)) '

In particular, for ¢ = 0 we have Wg = L,. Moreover, let

e = [ (P22 (242 .
0

As in [16], one can prove that if ¢ € C!, then the problem (2.1), (2.2) has
a classical solution. In the investigation of the difference scheme we require
that the solution of the problem (2.1),(2.2) belongs to the space W3.

Denote h := T'/n. Using the straight lines ¢t + x = 2ih, i = 0,1,2, ...,
let us cover Dy by a mesh @Q,. Denote by @, the set of internal nodes

9 tBy
[ulwy (o) ::( > Haxaatﬁ
a+pB=k
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(including the nodes lying on the line ¢ = T'), and by ~; the set of the
internal nodes lying on the layers t =¢h, ¢=3,4,...
Yok 1= {($2a,t2k)| a=1,2,....k— 1},
Yor—1 := {(®20-1,t2k—1)| @« =1,2,...,k =1}, x; =ih, t; = jh.
Let
vt = {(jh,jh)| j =0,1,... ,n}, N = {(0,2jh)| ji=0,1,..., [n/2]},

where [ -] denotes the integer part of a number.
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FIGURE 1. Meshes

For summing up on subsets of @Q,,, we use the identities

k—12k—2j k—12k—2j—1

_ i+2j _ i+25
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Q2k j=1 =1 Q2k-1 j=1 i=1

For mesh functions we use the notation Ul-j = Ulay, t5).
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Let us approximate the problem (2.1),(2.2) by the difference scheme
LU = LoU +m2L,U +MCAU =0, (2,t) € Qn, (2.3)

U\7+ =, U|7, =0, (2.4)
where
(LoU)] = (U] + U2 = UL} = ULH/BP, (LnU)] = 0.5(U] +U]™?),
(L\U)] == (U] + U2 (U2 + (UL /4, @i = o(ih).
Denote by 01, 0o, 0; difference quotients along lines x —t =0, z+¢t=0
and ¢, respectively:
; 1 . . : 1 . )
U)] = — (U] —U/T)), (9:U)] = — (U] - U/,
(1 )z \/Eh(z 171) (2 )1 \/ih(l 1+1)
1

O, = 5 W] -02?).

Let

k k—1
U1 (o) = 1 D_(O1U38)7 + B Y (82U35)%,
=1 a=0

(e

k k—1
U oy = 0 Y (DU 1) + 0D (UKL, k> 2,
a=1 a=1

U V)q, =h* > U t)V(z,1),
(z,t)EQs
U113, == U, U)q,, IUllcw) = mgxIUl-

Let Z := u— U, where u is the exact solution of the problem (2.1),(2.2)
and U is the solution of the finite difference scheme (2.3),(2.4). For the
discretization error Z we obtain the following problem

LoZ +m* L Z = NLAU — Lyu) + Lu. (2.5)

Theorem 2.1. For the error of the solution of the difference scheme
(2.3), (2.4) the following estimate

U~ ulyyy,., < cllulle, (2.6)

is valid, where the constant ¢ > 0 does not depend on h.

Theorem 2.2. The solution of the difference scheme (2.3),(2.4) con-
verges to the solution of the problem (2.1),(2.2) and the following estimates

U —ulwi(y) < ch®lullwzms  1U—ule@.) < ch’llulwzgrn (27)

are valid, where the constant ¢ > 0 does not depend on h.
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3. AUXILIARY RESULTS

Lemma 3.1. For any mesh function V defined on Q, and satisfying
V|, =0, the following identity

(LoV,0:V)q, = O.5|V|€V21(%) —0.5h Z(al‘/;i)2
i=1
1s valid.

Lemma 3.2. For any mesh function V defined on Q, and satisfying
V|- =0, the following inequality

5s—2

h .

(L V,0:V)g, > ~1 (VH?%, >3
i=1
is valid.
Lemma 3.3. IfV|,- =0, then
h s—1 o
(LAV,0iV)q. = =5 D (VIViR)?

i=2

Lemma 3.4. For the solutions of the difference scheme (2.3),(2.4) and
the problem (2.1), (2.2), the following estimates

1Ullc@n <6 Nullomyy <6
are valid, where 0 := ((1—|—m2T2+0,5)\T3<p*)T<p*)1/2, Py 1= fOT (gﬁ’(t))z dt.

Lemma 3.5. For any function V defined on Q,, and satisfying V- =
V|y+ =0, the following inequality

10:V]13, < hz |V|%V21(»n) - 0-5h|v|%/v21(75)
1=3

is valid.
Lemma 3.6 (Discrete Gronwall’s lemma). Let ws, gs be nonnegative

sequences of numbers and g, be nondecreasing. Then from the inequalities

s—1
Wg chwi—i—gs, s=k+1,k+2,....n, wp <gr, c>0,

i=k

it follows

ws < gsexp(e(s —k)), s=k,k+1,...,n.

Lemma 3.7. Let u be the exact solution of the problem (2.1),(2.2) and U
be the solution of the finite difference scheme (2.3),(2.4). Then the equality

||£>\U — ,CXUJH?QS <
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s—1
<eahy |U- Uliys iy T @A Lullgy, . s >4, e = 185" (sh)?
=3
15 valid.

4. PROOF OF MAIN RESULTS

Proof of Theorem 2.1. Multiplying the equation (2.5) by 9;Z and summing
up on s, we obtain

(LoZ + M*LinZ,0Z) 0, = (Lu,0:Z) g, + NLAU — Lau,0:2)q.,
whence using Lemmas 3.1, 3.2 and the equality Z! = 0, we receive

0.51Z |Lul|q.110:Z]|q. + AILAU — EwllQSHBtZHQ <

(vs) = <|
€1 2 2 €2 2 2
< |0 Z — =0 Z — — .
< Z10:21%, + 5 lculd, + 210, ||Qs+2€2||w Laul?,

Choose e1 =4/(3T), e2 = 8/(3T') and use Lemma 3.7:

3T 2 3T)\2clh
0.5|Z 315, < Tnmngs + Tnatzngs Z 2302

()
Due to Lemma 3.5, we have
05|Z|W1(7 <
2h 3T X%c4h 3T
< (? T) Z 121y + 7 |Z|W1(7 y+ ol s> 4
Since h/T = h/(nh) < 1/4 for 4 < s < n, we find
|Z|W1 (7vs) <
8 3TA21, =
<(7+25 )hlz: 2B+ 3TILUlR,, s=4.5,..n.  (41)
=3

Now let us show that
Indeed, first note that |Z|%V1(%) = (l/h)(Zf’) . The equation (2.5) on the
3 (7:

grid Q3 (consisting from one grid point only) can be rewritten as follows

1 m2 A
(57 + 5+ 5@d)?) 28 = Lu,

h? 2 4
whence (Z3)? < h*(Lu?)?.
Therefore
1230y < Rl < BT Cull3,.

Applying Lemma 3.6 to the inequalities (4.1), (4.2), we obtain the estimate
(2.6) with ¢ = /3T exp(8 + 14\2T46%), where § is defined in Lemma 3.4.
O
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Proof of Theorem 2.2. Let

1
l(u) = o u(z,t) dx dt.
€ij

By introducing the notation
¥ (u) = 1(u) = 0, 5<u +ul ),
o (u) :==l(u) — 0.5(u] + qu) (4.3)
s(u) = U(w?)ir (u) + 0.5(ui +ul ) (u?),

we write the truncation error in the form

Lu = —m*i1(u) — A(1(u®) = L(w)l(u?®) + ¥3(u)). (4.4)

The expressions for ¥, (u), @ = 1,2, can be rewritten as follows:

1 62
d]a(u) = W/ ((m - 1'7;_’_@_2)({[ — xi_a+2)a—t/(2l+

€ij

0%u 0%u
+ (t—thra,Q)(t—tj,a)W—|—2(.T—.Z‘i)(t tJ 1)6 ot dx dt.

Hence it follows

W‘“(“)'Szll/(‘at?“’ax?} 2 aajat’) dedt, a=1,2,

whence, using the Cauchy—-Schwartz inequality and the algebraic inequality
(a+b+2c)? < 4(a® + b2 +2¢?), we have
Y1 (u \/— [ulwz(e,,), [¥2(u \/—|u W2 (ess)- (4.5)

Since
. -
l(uz) < ||u||2c(ﬁT)7 O'5|ug +ug | < HUHC(BT)’

we have

[3(w)| < llull oy (o1 (@] [ull o,y + da(w?)).
Therefore from (4.3) it follows
h 2
[¥3(u)] < ﬁ ||u||C(5T)(HUHC(BT)lu'WQZ(eU) + |u |W22(e¢j))' (4.6)

It can be shown that

1) = 1) < 4l el oy (47)
According to the estimates (4.5), (4.6), (4.7) from (4.4), we obtain

(Cwl] < eoh(lulwp e,y + bl e, + e2lwien) )

where ¢o := m? + Ad%2 + 4)6 and § is defined in Lemma 3.4.
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Therefore

1£ullg, = n? ;(5“)2 < 360" (Iullys .y + Wiz .y + 10z, )

i.e., as we note that

2Bz, < 8(0 uliz o,y + lulivs o) )
we have
|£uld, < 3eh* (Slulyyp, + (1 + 862l ) )- (4.8)

Since Wi C W}, then from (4.8) follows the validity of the first estimate
in (2.7). The validity of the second estimate in (2.7) can be easily obtained
using || Z|%,.) < 28h|Z|%/V21(%), s=3,4,.... O
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