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Abstract. Several linear and nonlinear integral inequalities for multi-
variable functions developed in the literature are presented. These inequal-
ities can be used as ready and powerful tools in the analysis of various
classes of hyperbolic partial differential, integral, and integro-differential
equations. In addition, some new nonlinear retarded integral inequalities
for Gronwall-Bellman-type multi-variable functions of are established. Ap-
plications of some of the existing inequalities as well as the new ones are
included.
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1. INTRODUCTION

The importance of inequalities has long been recognized in the field of
mathematics. The mathematical foundations of the theory of inequalities
were established in part during the 18th and 19th centuries by mathemati-
cians such as K. F. Gauss (1777-1855), A. L. Cauchy (1789-1857) and
P. L. Chebyshev (1821-1894). In the years thereafter the influence of in-
equalities has been immense and the subject has attracted many distin-
guished mathematicians, including H. Poincaré (1854-1912), A. M. Lya-
punov (1857-1918), O. Hélder (1859-1937) and J. Hadamard (1865-1963).

Analysis has been the dominant branch of mathematics for the last three
centuries and inequalities are the heart of analysis. Although inequalities
play a fundamental role in all branches of mathematics, the subject was
developed as a branch of modern mathematics during the 20th century
through the pioneering work Inequalities by G. H. Hardy, J. E. Littlewood
and G. Pdlya [39], which appeared in 1934. This theoretical foundation,
which was further developed by other mathematicians, has in turn led to the
discovery of many new inequalities and interesting applications in various
fields of mathematics.

Since 1934, when the key work of Hardy et al. [39], Inequalities, was pub-
lished, several papers devoted to inequalities were published. These dealt
with new inequalities that are useful in many applications. It appears that
in the theory of inequality, the three fundamental inequalities, namely, AM-
GM inequality, the Holder (in particular, Cauchy—Schwarz) inequality and
the Minkowski inequality, have played dominant roles. A detailed discussion
of these inequalities can be found in the book Inequalities by E. F. Beck-
enbach and R. Bellman [9], which appeared in 1961, and the two books
Analytic Inequalities Involving Functions and Their Integrals and Deriva-
tives and Classical and New Inequalities in Analysis by D. S. Mitrinovié¢ et
al. [45], [46], which appeared in 1991 and 1992, respectively.

Many problems, arising in a wide variety of application areas, give rise
to mathematical models involving boundary value problems for ordinary or
partial differential equations. The foremost desire of an investigator is to
solve the problem explicitly. If little theory is available and no explicit solu-
tion is readily obtainable, generally the ensuing line of attack is to identify
circumstances under which the complexity of the problem may be reduced.
In the past rew years the growth of the concerned theory has taken beautiful
and unexpected paths and will continue with great vigor in the next few
decades.

Integral inequalities that give explicit bounds on unknown functions pro-
vide a very useful and important device in the study of many qualitative
as well as quantitative properties of solutions of nonlinear differential equa-
tions. One of the best known and widely used inequalities in the study of
nonlinear differential equations can be stated as follows.
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If w is a continuous function defined on the interval J = [a, o + h] and

0<u(t) < /[bu(s) +alds, teJ, (1.1)

(e

where a and b are nonnegative constants, then
0 <wu(t) < ahexp(bh), te J. (1.2)

This inequality was found by Gronwall [38] in 1919 while investigating
the dependence of systems of differential equations with respect to a pa-
rameter. In fact the roots of such an inequality can be found in the work
of Peano [69], which explicitly dealt with the special case of the above in-
equality having a = 0, and proved some quite general results concerning
differential inequalities as well as maximal and minimal solutions of differ-
ential equations.

In a paper published in 1943, Bellman [15] proved the following inequal-
ity:

Let w and f be non-negative continuous functions on an interval J =
[, B8], and let ¢ be a nonnegative constant. Then the inequality

t

u(t) <c+ /f(s)u(s) ds, teJ, (1.3)

[0}

implies that

) < com [ ). ve 1)

t
It is clear that Bellman’s result includes that of Gronwall, since f ads <

ah fora <t<a-+h.

Bellman’s inequality exerted tremendous influence in the subsequent
years, and the study of such inequalities has grown into a subsequent field
with many important applications in various branches of differential and
integral equations.

After the discovery of the above inequality by Bellman, inequalities of
this type are known in the literature as ‘Bellman’s lemma or inequality’,
the ‘Gronwall-Bellman inequality’, Gronwall’s inequality’, or the Bellman—
Gronwall inequality’; For examples, Agarwal at al. [2], [3], [5], Akinyele
[7], Bainov and Simeonov [8], Beesack [10], [12], [13], Chandra and Davis
[21], Cho at al. [24], Conlan and Wang [25], [26], Dragomir and Kim [30],
[31], Ghoshal and Masood [34], Ghoshal [35], Headley [40], Kasture and Deo
[73], Pachpatte [48], [50], [54], [66], Snow [73], [74], Young [80], and Gao and
Ding [82].

Bihari [16] in 1956 proved the following useful nonlinear generalization
of the Gronwall-Bellman inequality:
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Let w and f be nonnegative continuous functions defined on Ry. Let
w(u) be a continuous nondecreasing function defined on Ry and w(u) > 0

n (0,00). If
u(t) <k+ /f(s)w(u(s))ds, (1.5)
0

fort € Ry, where k is a nonnegative constant, then for 0 <t <ty

u(t) < G1<G(kz) +jf(s) ds), (1.6)
0

where

G(r) = / %, r>0, o> 0, (1.7)

and G~ is the inverse function of G and t, € Ry is chosen so that

To

G(k) + /f(s) ds € Dom(G™1), (1.8)
0

for allt € Ry in the interval 0 <t < ty.

Since 1975 an enormous amount of effort has been devoted to the discov-
ery of new types of inequalities and their applications in various branches
of ordinary and partial differential and integral equations. Owing to the
tremendous success enjoyed during the past few years, a large number of
papers have appeared in the literature, which are partly inspired by the
challenge of research in various branches of differential and integral equa-
tions, where inequalities are often the bases of important lemmas for proving
various theorems or approximating various functions. Several isolated re-
searchers have developed valuable work in the field of integral inequalities.
The concerned application in the theory of differential and integral equations
is vast and is rapidly growing. Part of this growth is due to the fact that
the subject is genuinely rich and lends itself to many different approaches
and applications.

Beckenbach and Bellman [9] stated without proof a two-independent-
variable generalization of the well-known Gronwall-Bellman inequality due
to Wendroff, which has its origin in the field of partial differential equations.
A new beginning in the theory of such inequalities due to Wendroff, given in
Beckenbach and Bellman [9, p. 154], is embodied in the following statement.

Let u(z,y) and c(z,y) be nonnegative continuous functions defined on
T, Y S RJr. If

z oy

u(z,y) < alz) +bly) + //c(&t)u(si) ds dt,
0

0
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for x, y € Ry, where a(x),b(y) are positive continuous functions for x, y €
Ry, having derivatives such that a’(s) > 0,b'(y) > 0 for z, y € Ry, then

uw(z,y) < E(z,y)exp (i]c(s,t) ds dt), (1.9)
00

forxz, y € Ry, where
E(z,y) = [a(z) + b(0)][a(0) + b(y)]/[a(0) + b(0)], (1.10)

forz,ye Ry.

While analyzing the dynamics of physical systems governed by various
nonlinear partial differential equations, one often needs some new ideas
and methods. It is well-known that the method of differential and integral
inequalities plays an important role in the qualitative theory of partial dif-
ferential, integral, and integro-differential equations. During the past few
years, many papers have appeared in the literature which deal with integral
inequalities in more than one independent variable, which are motivated
by certain applications in the theory of hyperbolic partial differential and
integral equations.

The main aim of this paper is to present a number of two- as well as
n-dimensional linear and nonlinear integral inequalities developed in the
literature. These inequalities can be used as ready and powerful tools in
the analysis of various classes of hyperbolic partial differential, integral,
and integro-differential equations. Applications of some of the inequalities
are also presented and some new nonlinear retarded integral inequalities of
Gronwall-Bellman-type are established. These inequalities can be used as
basic tools in the study of certain classes of functional differential equations
as well as integral equations.

2. GRONWALL-BELLMAN-TYPE LINEAR INEQUALITIES I

It is well known that the method of integral inequalities plays an im-
portant role in the qualitative theory of partial differential, integral, and
integro-differential equations. During the past few years, many papers have
appeared in the literature which deal with integral inequalities in two in-
dependent variables: For instance, refer Bondge and Pachpatte [17], [18],
Bondge et al. [20], Ghoshal and Masood [34], Kasture and Deo [41], Pach-
patte [51], [55]-[57], Shastri and Kasture [70], and Snow [74].

In this section we present a number of two-dimensional linear integral
inequalities developed in the literature. These inequalities can be used as
ready and powerful tools in the analysis of various classes of hyperbolic
partial differential, integral, and integro-differential equations.

Beckenbach and Bellman [9] stated without proof a two-independent-
variable generalization of the well-known Gronwall-Bellman inequality due
to Wendroff, which has its origin in the field of partial differential equations.
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The result due to Wendroff, given in Backenbach and Bellman [9, p. 154]
is embodied in the following theorem.

Theorem 2.1 (Wendroff). Let u(z,y),c(x,y) be nonnegative continuous
functions defined for x, y € Ry. If

z Yy

u(z,y) <alz) +b(y) + //c(&t)u(si) dsdt, (2.1)
00

for x, y € Ry, where a(z), b(y) are positive continuous functions for x, y €
Ry, having derivative such that o’ (t) > 0, b'(y) > 0 for z, y € Ry, then

u(z,y) < E(x,y)exp (//c(s,t) ds dt), (2.2)
00
for xz, y € Ry, where
E(z,y) = [a(x) + b(0)][a(0) + b(y)]/[a(0) + b(0)], (2.3)

forx,ye Ry.

Snow [73], [74] gave one of the first Gronwall-type integral inequalities
involving two independent variables for scalar and vector functions using
the notation of a Riemann function. The inequalities given in Snow [73],
[74] have significant applications in the study of various properties of the
solutions of partial differential equations.

Snow [73] established a useful generalization of Theorem 2.1 in the fol-
lowing form.

Theorem 2.2 (Snow, 1971). Suppose u(z,y),a(x,y) and b(x,y) are con-
tinuous on a domain D with b > 0. Let Py(zo,yo) and P(x,y) be two point
in D such that (x—x0)(y—1yo) > 0 and let R be the rectangular region whose
opposite corners are the points Py and P. Let v(s,t;x,y) be the solution of
the characteristic initial value problem

Lv] =vs — b(s,t)v =0, v(s,y) =v(z,t) =1,

and let DV be connected subdomain of D which contains P and on which
v>0. If RC D" and u(z,y) satisfies
z oy
u(e.y) < alw) + [ [ blstuls.) dsae,
00

then u(x,y) also satisfies

u(z,y) <alz,y) + a(s,t)b(s,t)v(s,t;x,y) dsdt.
[l
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Wendroff’s inequality given in Theorem 2.1 is very effective in the study
of various properties of the solutions of certain hyperbolic partial differen-
tial equations. In the past few years many authors have obtained various
interesting and useful generalizations and extensions of this inequality.

The following theorem deals with a useful two-independent-variable gen-
eralization of the inequality given by Greene [37].

Theorem 2.3 (Greene, 1977). Let u(x,y), v(z,y), hi(z,y), i =1,2,3,4
be nonnegative continuous functions defined for x, y € Ry and c1, co and p
be nonnegative constants. If

u(z,y) <cl—|—//h15t stdsdt+//h25t (s,t) dsdt, (2.4)

z oy
v(z,y) SCQ—I—//hg(s,t) s,t) dsdt—|—//h4 ) dsdt, (2.5)
00 00

for z,y € Ry, where u(z,y) = exp(—plz + y))u(z,y) and v(z,y) =
exp(—u(z +y))v(x,y) for x, y € Ry, then

x

u(z,y) < (cl—|—62)exp< (x +y) +//yh dsdt) (2.6)
0 0

v(z,y) < (c1 + c2) exp (/z/yh(&t) ds dt), (2.7)
00

forxz, y € Ry, where

Bl y) = max { (11 (,y) + ha (. y)], [ha(@,y) + haa,y)] .
forallxz, ye R,.

Following are some inequalities of the Wendroff type given by Pachpatte
[56] and analogous inequalities useful in the study of qualitative properties
of the solutions of certain integro-differential and integral equations. An
interesting and useful integro-differential inequality given by Pachpatte [56]
reads as follows.

Theorem 2.4 (Pachpatte, 1980). Let u(z,y), uz(z,y), uy(x,y), tzy(x,y)
and c¢(x,y) be nonnegative continuous functions defined for x, y € Ry and
u(z,0) = u(0,y) = 0. If

Ugy (T, y) <al(x)+b(y)+M [u(x,y)—l—//c(s,t)(u(s,t)—&—ust(s,t)) dsdt| (2.8)
00

for x, y € Ry, where a(x) > 0,b(y) > 0 are continuous for z,y € Ry,
having derivatives such that a’(xz) >0, b'(y) >0 for x, y € R+, and M >0
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is constant, then

Uzy(x,y) < E(z,y) exp <]] [M + (1+ M)c(s,t)] ds dt>, (2.9)
0 0

for x, y € Ry, where E(x,y) is defined by (2.3) in Theorem 2.1.

Pachpatte [61] established the following inequality, which can be widely
used in various applications.

Theorem 2.5 (Pachpatte, 1995). Let u(z,y), p(z,y), and q(xz,y) be
nonnegative continuous functions defined for x, y € Ry. Let k(x,y,s,t) and
its partial derivatives ky(x,y, s,t), ky(z,y,s,t), key(x,y, s,t) be nonnegative
continuous functions for 0 < s <z < o0, 0 <t <y <oo. If

u(z,y) < px,y) +q(w,y)/z/yk(w7y, s,t)u(s,t)) ds dt, (2.10)
forxz,y € Ry, then e
u(z,y) <p(z,y)Hg(z,y) <//yA(o7 7) do dT> exp <//yB(o7 7) do dT), (2.11)
00 00

for x, y € Ry, where

x

Mﬁw:k@%ﬂw(xw+/k@y@wﬂ&w@+

x

y y
+/ky(:t,y7w t)p(z,t) dt+//kmy(x,y7s7t)p(s7t) dsdt, (2.12)
0 00

x

mLm:km%Lw<xw+/k@y@m«aww+

Yy z Y

0

0
forallxz, ye R,.

An interesting and useful generalization of Wendroff’s inequality, given
in Pachpatte [63, p. 325] is embodied in the following theorem.

Theorem 2.6 (Pachpatte, 1998). Let u(x,y), n(x,y) and c(x,y) be non-
negative continuous functions defined for x, y € Ry, and let n(x,y) be non-
decreasing in each variable x, y € Ry. If

u(z,y) < nlx,y) + //c(&t)u(&t) ds dt, (2.14)
00
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forx, y € Ry, then
u(z,y) < n(x,y) exp(//c dsdt) (2.15)
0

Given a continuous function a : Ry X Ry — R4, we write

a(z,y) =max{a(s,t): 0<s<wz 0<s<y} (2.16)

forx,ye Ry.

for z, y € Ry. Theorem 2.6 is a part of the following more general result.

Theorem 2.7. Let u(x,y), a(x,y), and c(x, y) be nonnegative continuous
functions defined for x, y € Ry. If

u(z,y) < alz,y) + c(s,t)u(s, t) dsdt, (2.17)
/]

forx, y € Ry, then

u(z,y) < alz,y exp(// o(5,1) dsdt> (2.18)

for x, y € Ry, where the function @ is defined in (2.16).

Proof. Let X >0 and Y > 0 be fixed. For 0 <z < X, 0 <y <Y, define a
function v(x,y) by

v(z,y) =a(X,Y) + //c(s,t)u(s,t) ds dt. (2.19)
00

Then v(z,y) is nondecreasing in each variable z, y, and v(0,y) = a(X,Y)
and

y y
o) = [ cleutei i< oy [wod @20
x
0 0
since u(z,y) < v(z,t) < v(z,y). Using the fact that Lemma 1.1 [2, p. 2],
the differential inequality (2.20) implies

v(z,y) <a(X,Y)exp (/w/yc(&t) dsdt) (2.21)
00

for0 <z < X,0<y<Y. Setting X = 2 and Y = y and changing notation
we get the required inequality in (2.18). O

Another interesting integro-differential inequality, useful in the qualita-
tive analysis of hyperbolic partial differential equations with retarded ar-
guments, given by Pachpatte [64] is as follows. R denotes the set of real
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numbers; Ry = [0,00), R; = [1,00), and J; = [z¢, X ) and J2 = [yo,Y) are
the given subsets of R; A = J; x Js.

Theorem 2.8 (Pachpatte, 2002). Leta, be C(A, Ry) and a € Ct(Jy, J1),
B € CY(Ja, J2) be nondecreasing with o(z) < x on Jy, B(y) <y on Jo. Let
k >0 be a constant. If u € C(A,Ry) and

z y a(z) B(y)
u(z,y) < k +//a(s,t)u(s,t) dsdt + / / b(s,t)u(s,t) dsdt,
Zo Yo a(zo) B(yo)
for (x,y) € A\, then
z Y a(z) Bly)
u(z,y) < kexp (//a(s,t) dsdt + / / b(s,t) ds dt,),
zo Yo a(zo) B(yo)

for (z,y) € A.

By a reasoning similar to the proofs of Theorem 2.7 and Theorem 2.8 we
can prove the following assertion.

Theorem 2.9. Leta, b, ceC(A,Ry) and a€CY(Jy, 1), BEC(Js, J2)
be nondecreasing with a(z) < x on J1, B(y) <y on Jo. If u € C(A,Ry)
and

z y a(z) Bly)
u(z,y) < c(z,y) + //a(s,t)u(s,t) dsdt + / / b(s,t)u(s,t) dsdt,
Zo Yo a(zo) B(yo)
for (x,y) € A, then
z Y a(z) Bly)
u(z,y) <e(x,y)exp (//a(snﬁ) dsdt + / / b(s,t) ds dt),
o Yo a(zo) B(yo)

for (x,y) € A, where the function ¢ is defined in (2.16).

3. GRONWALL-BELLMAN-TYPE LINEAR INEQUALITIES 11

During the past several years some new inequalities of the Wendroff type
have been developed which provide a natural and effective means for fur-
ther development of the theory of partial integro-differential and integral
equations. Here we present some inequalities of the Wendroff type given by
Pachpatte [56] and analogous inequalities which can be used in the study
of qualitative properties of the solutions of certain integro-differential and
integral equations. Pachpatte [56] established the following inequality.
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Theorem 3.1 (Pachpatte, 1980). Let u(z,y), f(z,y) and g(x,y) be non-
negative continuous functions defined for x, y € Ry. If

u(z,y) Sa<x>+b<y>+] / 7.0 (uts.1) +j /g<o, Wulovn) dodn ) dsd, (3.1
00 00

for x,y € Ry, where a(x) > 0, b(y) > 0 are continuous for x,y € Ry,
having derivatives such that a'(xz) > 0, V/'(y) > 0 for x, y € R4, then

u(z,y) < alz) +b(y)+

+O/O/f(s,t)E(S,t) exp(O/O/ [f(o,n) + g(o,m)] df”d??) dsdt, (3.2)

for x, y € Ry, where E(x,y) is defined by (2.3) in Theorem 2.1.

An interesting and useful generalization of Theorem 3.1 given in Pach-
patte [63, p. 336] is embodied in the following theorem.

Theorem 3.2 (Pachpatte, 1998). Let u(x,y), f(x,y), g(z,y) and c(z,y)
be nonnegative continuous functions defined for x, y € Ry, and let c(z,y)
be nondecreasing in each variable x, y € Ry. If

U(w,y)SC(w7y)+77f(8,t) (u(s7t)+/s/tg(0, nu(o,n) dadn) dsdt, (3.3)
00 00

forx,y € Ry, then
u(z,y) < c(z,y)H(z,y), (3.4)
for x, y € Ry, where

H(I,y)—1—|—/x/yf(s,t)exp</5/t[f(a,n)+g(a,17)] dadn) dsdt, (3.5)
00 00

forx,ye Ry.
An interesting two-independent-variable theorem given in Pachpatte [63,

p. 337] is as follows.

Theorem 3.3 (Pachpatte, 1998). Let u(x,y), f(z,v), g9(z,y), h(z,y)
and p(x,y) be nonnegative continuous functions defined for x, y € Ry and
ug be a nonnegative constant.

(a1) If

u(z,y) <wug+ | [f (s, t)u(s,t) + p(x,t)] dsdi+
/]

S

_|_/m/yf(57t) (//t[g(a,n)u(o,n)} dadn) dsdt,  (3.6)
0 0 0 0
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forx, y € Ry, then

ea) < (w0+ / / plot) s ) (s.p), (3.7)

for z, y € Ry, where H(x,y) is as defined by (3.5) in Theorem 3.2.
(az) If

Ty
u(z,y) <u0—|—//fst (s,t) dsdt+
0

x Y

+ [ [ / / (. )utovn) +plo.n)] dodn ) s, (39
0 0

00
forxz,y € Ry, then

(@, ) (uo—i—//yf (5.t (/S/tpan dodn> dsdt>H(x,y)7 (3.9)

for x, y € Ry, where H(x,y) is as defined by (3.5) in Theorem 3.2.
(as) If

0
y
+b/0/f8t( (s,t) // glo,n)u(o,n) dodn)dsdt (3.10)

forxz, y € Ry, then

u(z,y) Suoexp<]/yh(s,t) dsdt>H(:z:,y), (3.11)
0 0

for x,y € Ry, where H(x,y) is as defined by (3.5) in Theorem 3.2.
(as) If

u(z,y) < h(z,y)+

Yy s

+p(z,y)//f(s,t)<(st)+pst /tgan on)dadn)dsdt (3.12)
00

00
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forx, y € Ry, then

u(z,y) < h(z,y) + p(z,y)M(x,y) [H

+b/0/f(s7t)p(s,t) (/0/ a,n) + g(a,n)]p(o,n) dodn) dsdt} (3.13)

for x, y € Ry, where

s t

M(z,y) //fst( (s,t) + p(s,t) /g Undadn)dsdt (3.14)

00
forx,ye Ry.
The following assertion is related to work of Pachpatte [63, p. 340].

Theorem 3.4. Let u(z,y), a(z,y), f(z,y), g(z,y), h(z,y), and p(z,y)
be nonnegative continuous functions defined for x,y € Ry and let f(z,y)
and g(x,y) be positive and sufficiently smooth functions for x,y € Ri.
Define the function @ by a(x,y) = max {a(s,t): 0< s <z, 0<s <y} for
T,y S RJr.

(b1) If
U(w,y)ﬁa(x7y)+/z/yf(s7t) (h(sat)Jr S/tp(m nu(o,n) do dn) dsdt, (3.15)
00 00

forxz, y € Ry, then

S

ez aeon([ o[ [ om) ). o

0
forxz, y € Ry, where

z Y

Qz,y) =a(z,y) + f(s,t)h(s, t) dsdt, (3.17)
0/0/
forz,ye Ry.
(b2) If

u(z,y) < a(z,y)+
s t on

+O/O/f(s,t)< /g(a,n)( /p(sl,tl)u(sl,tl)dsldtl) dadn> dsdt, (3.18)

00 00
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forx, y € Ry, then
y) < Q(z,y)x

con( [ [rn( ] jg(g : < sty oo ). @10
00 00

for x, y € Ry, where Q(x,y) is as defined by (3.17).

Proof. We provide here the proof of (by) only; the proof of (bs) can be
completed similarly.

(b1) Let X >0and Y > 0 be fixed. For 0 <2 < X,0<y <Y, we
assume that a(X,Y") is positive. From (3.15) we have

u(z,y) S@(m,y)+/x/yf(8,t) </S/tp(0ﬂ7)U(07n) dadn> dsdt, (3.20)
0 0 0 0

zy
where q(z,y) =a(X,Y)+ [ [ f(s,t)h(s,t) dsdt. Clearly g(z,y) is nonnega-
00

tive and nondecreasing in each variable z, y € R4. From (3.20) we observe
that
t

v ] frn(] e

0

Define a function z(z,y) by the right-hand side of (3.21). Then 2(0,y) =
z(x,0) =1 and

ray(@,y) = f(z,y / / d . (3.22)

From (3.22) it is easy to observe that

ﬁ M — p(z u(z,y)
Oxdy ( f(z,y) ) =p(@y) a(z,y) (3.23)

Now by using the fact that u(z,y)/q(z,y) < z(z,y) in (3.23) we have

do dn) dsdt. (3.21)

) (@(M))

Oy \dz\ flay) )] _
< p(z,y). 3.24
S (2.9) (3.24)
Since
0 (zzy(2,9) 9
— =) > — >
5o () 20 52w 20, 2(0y) >0,
from (3.24) we observe that
&8 () B B0

f(z,y) Sp(ﬂi, )+ f(z;léx y)

)

z(z,y)
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ie.
9 (Zazy(zy
2 (M) < ). (3.25)

Keeping z fixed in (3.25), set y = n and integrate with respect to n from 0
to y to obtain the estimate

o (Z:ml(w)y)) Y

9z \ f(=zy) /
———= = < [ p(x,n)dn. 3.26
EexTa Rl (3:20)
Since
Zay(2,Y)
72(); Zx\T, Y 20a2$7y >07
fz,y) (0) (r:9)
again as above from (3.26) we observe that
Zay (T,Y) Y
9 ( f(@.y) )
— =) < dn. 3.27
8x< (o y) _/p(x,n) U (3.27)
0

Keeping y fixed in (3.27), set © = o and integrate with respect to o from 0
to x to obtain the estimate

ZME(I X)) (z,y // o,n)do dn. (3.28)
Since zz(x,y) > 0, z,(z,y) > 0 and z(z,y) > 0, from (3.28) we observe that
0 (e, y
T < .
8y( () fxy// p(o,n)do dn. (3.29)

Keeping « fixed in (3.29), set y = t and integrate with respect to ¢ from 0
to y to obtain the estimate

f’i /fzt(// p(o,n dodn>dt (3.30)

Keeping y fixed in (3.30), set © = s and integrate with respect to s from 0
to = to obtain the estimate

z(z,y) Sexp(/x/yf(s,t) (/S/tp(om)dodn) dsdt). (3.31)

Using (3.31) in (3.21) where for 0 < z < X,0 < y <Y, we get the required
inequality in (3.16). The proof of the case where a(X,Y") is nonnegative can
be carried out as above with a(X,Y") + € instead of a(X,Y"), where ¢ > 0 is
an arbitrary small constant and subsequently allowing e — 0 (in the limit)
to obtain (3.16). O
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Remark 3.1. In special cases when a(z,y) = ug, in (3.15) and (3.18) for
x,y € Ry, where ug > 0 is a constant, the bounds obtained in (3.16) and
(3.19) reduce to

s t

u(z, y)<waexp(//fst(//pan dadn)dsdt) (3.32)
0 0

IZ?, S Q(Ivy
an

con( [ [ e[ s Yaessar). 39

for z, y € Ry, respectively, where

—uo+//f (s,t) dsdt.
0

The requirement k£ > 0 can be weakened to k£ > 0 as noted in the proof
of Theorem 3.4. Note that the inequalities given in (3.32) and (3.33) are
two-independent-variable inequalities established by Pachpatte [63, p. 340].

4. GRONWALL-BELLMAN-TYPE NONLINEAR INEQUALITIES I

The fundamental role played by Wendroff’s inequality and its general-
izations and variants in the development of the theory of partial differential
and integral equations is well known. In this section, we present some ba-
sic nonlinear generalizations of Wendroff’s inequality established by Bondge
and Pachpatte [18], [19] and some new variants, which can be used as tools
in the study of certain partial differential and integral equations. Bondge
and Pachpatte [18] proved the following useful nonlinear generalization of
Wendroft’s inequality.

Theorem 4.1 (Bondge and Pachpatte, 1979). Let u(z,y) and p(z,y)
be nonnegative continuous functions defined for x,y € Ry. Let g(u) be
continuously differentiable function defined for uw > 0, g(u) > 0 for u > 0
and g'(u) > 0 for u > 0. If

z Y

u(z,y) < a //p s,t)g t)) dsdt, (4.1)

0

forz, y € Ry, where a(x) >0, b(y) >0, a/(z) >0, b/'(y) > 0 are continuous
functions for x,y € Ry, then for0 <z <z, 0<y <1

-1 [ a'(s) i
u(z,y) <N (Q(a(O)—Fb(y))-ﬁ-O/m ds+0/0/p(s,t) dsdt), (4.2)
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where

Tds
Qr:/—,r>07r>07 4.3
m= |5 0 (13)

Q=1 is the inverse function of Q and 1, y1 are chosen so that

Q(a(0) + b(y)) + /m ds + //p(s,t) dsdt € Dom(Q™1).
0 00

for all x, y lying in the subintervals 0 < x <z, 0 <y <wy; of Ry.

Bondge and Pachpatte [19] gave the following generalization of Wen-
droff’s inequality.

Theorem 4.2 (Bondge and Pachpatte, 1980). Let u(x,y), a(x,y), b(z,y),
and c¢(x,y) be nonnegative continuous functions defined for x,y € Ry.
Let g(u), h(u) be continuously differentiable functions defined for uw > 0,
g(u) >0, h(u) >0 for u > 0 and ¢'(u) > 0, K'(u) > 0 for u > 0, and let
g(u) be subadditive and submultiplicative for u > 0. If

u(z,y) < alz,y)+ b(x,y)h(/x/yc(&t)g(u(s,t)) ds dt), (4.4)
00

forx, y € Ry, then for 0 <z <3, 0 <y <o

u(z,y) < a(z,y)+
x Y

—I—b(x,y)h(G_l {G(A(:c,y))—|—//c(s,t)g(b(s,t)) dsdtD, (4.5)
0 0
where
A(z,y)_j]c(s,t)g(a(s,t)) ds dt, (4.6)
0 0
G(r) =/Tg(sfs)), r>0, ro>0, (4.7)

To

G~ is the inverse function of G and x2,ys are so chosen that

G(A(z,y)) +//c(s,t)g(b(s,t))ds dt € Dom(G™1).
00

for all x,y lying in the subintervals 0 <z < xq, 0 <y <ya of Ry.

Various branches of Gronwall-like inequalities can be found in the book,
Inequalities for Differential and Integral Equations by Pachpatte [63]. The
following theorem provides another useful generalization of Wendrofft’s in-
equality, which appeared in Pachpatte’ book [63, p. 465].
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Theorem 4.3 (Pachpatte, 1998). Let u(x,y), c(z,y), and p(z,y) be non-
negative continuous functions defined for x, y € Ry. Let g(u), ¢'(u), a(x),
a'(x), b(y), and b’ (y) be as in Theorem 4.1 and let g(u) be submultiplicative
on Ry. If

u(z,y) <alz)+b(y // s, t)u(s, t) dsdt+// (s,t)g ) dsdt, (4.8)

forz,y € Ry, then for 0 <z <3, 0 <y <ys

ul(e,y) < qle,y) [ﬂ <Q<a<o> b))+

+/g ds+//p )dsdt)] (4.9)
o) = [ [y asar), (10

Q, Q7! are as defined in Theorem 4.1, and x3, y3 are so chosen that

where

0a(0)+4(5))+ [ 5 hs ds [ [ots tatats 1) dsdre Dom()
0 00

for all x, y lying in the subintervals 0 < x < xz3, 0 <y <wys of Ry.

A slight variant of Theorem 4.3 is given in the following theorem appear-
ing in Pachpatte [63, p. 467].

Theorem 4.4 (Pachpatte, 1998). Let u(x,y), c(z,y), p(z,y), g(u), g'(u),
a(x), d'(x), b(y), and V' (y) be as in Theorem 4.1. If

u(z,y) <a(x)+b(y // s, y)u(s,y) dsdt+// (s,t)g ) dsdt, (4.11)

forx,ye Ry, then for 0 <z <xy, 0 <y <y,

ule,y) < Fla,y) [9 (ﬂ(a«n o)+

x x Y

+/mds+//p(s7t)g(F(s7t)) dsdt)], (4.12)
0 00
= exp (O/C ) ds dt) (4.13)

where
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Q, Q7! are as defined in Theorem 4.1, and x4, y4 are chosen so that

Q(a(0)+b(y))+/mg;(—j)l)w ds+//p(s,t)g(F(s,t)) dsdt€Dom(Q71).
0 00

for all x, y lying in the subintervals 0 < x < x4, 0 <y <wys of Ry.

Another interesting and useful two-independent-variable inequality given
by Pachpatte [64] reads as the following two theorems which can be used
in the qualitative analysis of hyperbolic partial differential equations with
retarded arguments. In what follows, R denotes the set of real numbers;
R, =10,00), Ry =[1,00), and J; = [z, X) and J3 = [yo,Y) are the given
subsets of R; A = J; X Js.

Theorem 4.5 (Pachpatte, 2002). Leta, be C(A, Ry) and a € CY(J1, J1),
B € CY(Jo, J2) be nondecreasing with a(x) < x on Ji, B(y) <y on Jo. Let
c>1,k>0, and p > 1 are constants.

(a1) If u € C(A,R1) and

z y
u(z,y) < k—i—//a(s,t)u(s,t) logu(s,t) dsdt+
Zo Yo

a(z) B(y)
+ / / b(s,t)u(s,t)logu(s,t) dsdt,
a(o) B(yo)
for (z,y) € A, then

u(z,y) < PA@YTE@Y)

Ty a(z) B(y)
for (z,y) €N, where A(x,y)=[ [a(s,t)dsdt, B(x,y)= [  [b(s,t)dsdt.
o Yo a(zo) B(yo)
(a2) If u e C(A,R+) and
z y a(z) B(y)
uP(z,y) <k +//a(s,t)u(s,t) ds dt + / / b(s,t)u(s,t)dsdt,
To Yo a(zo) B(yo)
for (z,y) € A, then
b1 1/(p—1)
) < |60 4 (P22 ) AGo) + By (a.14)
p
z Y a(z) B(y)
for (z,y) €N, where A(z,y)=[ [a(s,t)dsdt, B(z,y)= [  [b(s,t)dsdt.
o Yo a(zo) B(yo)

Theorem 4.6 (Pachpatte, 2002). Leta, be C(A, Ry) and a € Ct(Jy, J1),
B € CY(Ja, J2) be nondecreasing with a(x) < x on Jy, B(y) <y on Jo. Let
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¢c>1,k>0, and p > 1 are constants. Fori=1,2, let g; € C(R4+,Ry4) be
nondecreasing functions with g;(u) > 0 for u > 0.
(a1) If u € C(A,R+) and for (z,y) € A,

u(z,y) < k+//a(s7t)u(s7t)gl(u(s,t))ds dt+

a(z) B(y)
+ [ ] dsuls galu(s, ) dsat

a(zo) B(yo)

then for xg <z <x1, yo <y < 1,

(i) in case ga(u) < g1(u),
(CL‘, y) < Gfl [Gl(k) + A(l‘7 y) + B(CL’, y)} )

(i) in case g1 (u) < ga(u),
u(z,y) < Gy [Ga(k) + A(z,y) + B(=,y)],

where A(z,y), B(x,y) are as defined in Theorem 4.5 and for i =
1,2: Gi_l are the inverse functions of

u

T

Gi(r):/%, r>0, ro >0,
To
and x1 € J1, y1 € J2 are so chosen that for i = 1,2,
Gi(k) + A(z,y) + B(z,y)) € Dom(G; ),
for all x and y lying in [xo, x1] and [yo,y1], respectively.
(a2) If u € C(A, Ry) and for (x,y) € A,

u(z,y) < c+//a(s7t)u(s7t)gl(logu(s,t))dsdt+

a(z) B(y)
+ / / b(s, t)u(s,t)gz(logu(s,t)) dsdt,
a(zo) B(yo)
then for xo <z < x9, Yo <y <y,
(i) in case ga(u) < g1(u),

u(e,y) < exp (G7 [Gi(log o) + Al y) + B(e,y)] ).
(i) in case g1(u) < ga(u),

u(z,y) < exp (051 [Ga(log ) + A(x,y) + B(z,y)] )
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where A(z,y), B(z,y), Gi, G;'' are as in (a1) and 22 € J1, ya € Ja
are so chosen that fori=1,2,

Gi(logc) + A(z,y) + B(z,y) € Dom(G; ),

for all x and y lying in [xo, x2] and [yo, y2], respectively.
(a3) If u € C(A, Ry) and for (x,y) € A,

uP(x,y) < k—i—//a(s,t)u(s,t)gl(u(&t)) ds dt+

a(z) B(y)
+ / / b(s,t)u(s,t)gz(u(s,t)) dsdt,
a(zo) B(yo)
then for xg < x < z3, yo <y < ys,
(i) in case ga(u) < gl(u)

u(w,y) < Hy '[Hi(k) + A(z,y) + B(z,y)],
(i) in case g1(u) < 92( )
u(w,y) < Hy ' [Ha(k) + Az, y) + B(z,y)],
where Agx Y), ( y) are as defined in Theorem 4.5 and for i =

1,2, H;

are the inverse functions of
f ds
Hi(r) = /—gi(sl/p)’ r>0, ro >0,
ro
and x3 € J1, y3 € Jo are so chosen that for i = 1,2,
H;(k) + A(x,y) + B(x,y)) € Dom(H; "),
for all x and y lying in [xo,x3] and [yo, ys] respectively.

Another interesting and useful two-independent-variable inequality given
by Pachpatte [68] reads as in the following theorem. This can be used in the
qualitative analysis of retarded partial differential equations with retarded
arguments. In what follows, R denotes the set of real numbers; R4 = [0, 00),
Ry =[1,00), and J; = [29,X) and Ja = [yo,Y) are the given subsets of R;
A = Jl X Jg.

Theorem 4.7 (Pachpatte, 2004). Let u, a;, b; € C(A,Ry) and o; €
CY(J1, 1), Bi € CY(J2, J2) be nondecreasing with o;(z) < x on Jy, Bi(y) <
yonds fori=1,....,n. Let c >0 and p > 1 be constants.

(a1) If

a(z) B(y)
Pz, y) <c—|—pz / / [ai(s, t)uP (s, t) + bi(s, t)u(s, t)] ds
=La(zo) B(yo)
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for (z,y) € A, then

. a(@) Ay o
u(z,y)S{B(zy exp( Z / / st)dsdt)}p ,
“a(zo) Auo)
for (z,y) € A, where
L al@) B
B(z,y) = {c}%1 Z / / (s,t)dsdt,
(o) Bluo)

for (z,y) € A.
(az) Let w € C(R4, R4) be nondecreasing with w(u) > 0 of (0, 00). If for
(z,y) € A,
_ a(@) Aw)
(x,y) < c—&-pz / / ai(s, tyw(u(s,t)) + bi(s, t)u(s, t)] ds dt,
“La(@o) A(yo)
then for xog <z <x1, yo <y <1,
_ a@) Ay o
u(z,y) < {G_l {G(B(z Y)) Z / / (s,t) dsdt}} ,
i=1
a(zo) B(yo)

where B(x,y) is as defined (a1), G™1 is the inverse functions of

G(T):/ dsl ’ T>O, r0>07
w(

§P-1)

and x1 € J1, y1 € Jo are chosen so that
n @ B(y)
G(B(z,y)) Z / / (s,t)dsdt € Dom(G; ),
i=1
a(xo) B(yo)

for all x and y lying in [xo, x1] and [yo,y1], respectively.

More interesting and useful two-independent-variable inequalities given
by Cheung and Ma [23] read as in the following Theorems 4.8-4.11. These
can be used in the qualitative analysis of partial differential equations with
retarded arguments.

Theorem 4.8 (Cheung and Ma, 2005). Let u(z,y), a(z,y), c(z,y),
and d(z,y) be nonnegative continuous functions defined for x, y € Ry and
w(u) be a nonnegative, nondecreasing continuous function for u € Ry with

w(u) >0 foru> 0 and e(z,y) € C(R2, Ry). Let p(u) € C* (R4, Ry) with
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@' (u) > 0 foru > 0. Here ¢’ denotes the derivative of p. Assume that a(z,y)
and c(x,y) are nondecreasing in x and nonincreasing in y for x, y € Ry. If

<P(u(:uy))Sa(a:,y)—ke(x,y)//go’(u(s,t)) [d(s, t)w(u(s,t))+e(s, t)] dsdt,
0y

forx, y € Ry, then

u(z,y) < G—l{G[<p—1(a(x,y)) + E(z,y)] +c(z,y)]/ood(s,t) dsdt},
0y

forall0 <z <x1,y1 <y < oo, where

x

E(z,y) = C(m,y)//e(&t) ds dt,
0y
G~ is the inverse function of

[ d
G(T)_/w(z)v TZT’0>O,

and x1, y1 € Ry are so chosen that
Gl al ) + Bo)] + clay) [ [ dls.t)dsdt € Dom(G ),
0y

Theorem 4.9 (Cheung and Ma, 2005). Let u(z,y), a(z,y), c(z,y),
and d(z,y) be nonnegative continuous functions defined for x, y € Ry and
w(u) be a nonnegative, nondecreasing continuous function for u € Ry with
w(u) >0 foru> 0 and e(z,y) € C(R%,Ry). Let p(u) € C* (R4, Ry) with
@' (u) > 0 foru > 0, here ¢’ denotes the derivative of p. Assume that a(x,y)
and c(x,y) are nonincreasing in y in each of the variables x, y € R4. If

plute.9)) al ) +eloy) [ [ uls ) dls,hululs, ) +e(s,0)] dsd,
forx, y € Ry, then

u(z,y) < Gl{G[<p1(a(x,y)) + E(z,y)] + c(z,y) /OO/OOd(s,t) ds dt},

x

for all xo < x < 00, Yo <y < 00, where

E(z,y) = ez, y) /Oo/ooe(s,t) ds dt,
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G and G~ are as defined in Theorem 4.8 and x2, y2 € R, are so chosen
that

G[w_l(a(x,y)) + F(x,y)] + c(z,y) //d(s,t) dsdt € Dom(G™1).

Theorem 4.10 (Cheung and Ma, 2005). Let u(x,y), a(z,y), c(z,y),
and d(z,y) be nonnegative continuous functions defined for x, y € Ry and
w(u) be a nonnegative, nondecreasing continuous function for u € Ry
with w(u) > 0 for u > 0 and e(x,y), f(z,y) € C(R3,Ry). Let p(u) €
CYH Ry, Ry) with ¢ (u) > 0 for u > 0, where ¢’ denotes the derivative of .
Assume that b(x,y) and d(z,y) be are nondecreasing in © and non-increasing

my. If

x

p(u(, ) < ale,y) + bz, y) / (5,9)p(u(s,y)) ds+

T d(z,y) / /Ooso’(U(&t))[f(&t)w(U(S,t)) T e(s,1)] dsdt,
forz,y, a € Ry with aog Zc then
u(z,y) < Gl{c[<p1<p<z, y)a(z,y)) + pl(z,y) B (@,1)]+
T oo, y)d(z,y) / 7f<s,t> dsdt},
0y

for all0 <z <x3, y3 <y < oo, where

x x

) = 1+ ) [ els.p) e ( [ mpctmy) dm) ds,

Bie.9) = diwy) [ [ e(sit)dsa,
0y

G and G~ are as defined in Theorem 4.8 and 3, y3 € Ry are so chosen
that

Gle™ (p(x,v)a(z,y)) + p(z,y) Er (z, )]+
+ p(x,y)d(z,y) f(s,t)dsdt € Dom(G™1).
[]

Theorem 4.11 (Cheung and Ma, 2005). Let u(x,y), f(z,y), e(z,y),
o(u), and w(u) be defined as in Theorem 4.10. Let a(x,y), b(z,y), c(z,y),
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and d(z,y) be nonnegative continuous and non-increasing in each variable

{E,yERJr. If

3
p(u(z,y)) < alz,y) + b(x,y)/C(s,y)w(U(s’y))dH

+d(z,y) //ga’(u(s,t)) [f(s,t)w(u(s,t)) + e(s,t)} ds dt,
for x,y, B € Ry with x < 3, then

ul(e,y) < G*{G[ww, y)a(e,y)) + Pl y)Fr . m)] +

T Pz, y)d(,y) /OO/OOﬂs,t) s dt},

forall zy < x <00, ys <y < oo, where
B s

p(z,y) =1+b(w7y)/0(87y) exp(/ b(m, y)e(m, y) dm) ds,

x

E(z,y) = d(z,y) /Oofe(& t) ds dt.

G and G~ are as defined in Theorem 4.8 and x4, y4s € R, are so chosen
that

Gl (B(x,y)a(x,y)) + blx,y)Er(z,9)]+

—i—]_?(x,y)d(ﬂc,y)//f(s,t) dsdt € Dom(G™1).

In [43], Ma and Pecarié established new explicit bounds on the solu-
tions to a class of new nonlinear retarded Volterra—Fredholm type integral
inequalities in two independent variables. These are embodied in Theo-
rems 4.12 and 4.13, which can be used as effective tools in the study of
certain integral equations. In what follows,

E:{(:v,y7s7t)€A2: ro<s<zxz <M, yogtSySN}.
Theorem 4.12 (Ma and Pecari¢, 2008). Let u(x,y), I(z,y) € C(A, Ry),

a(x,y, s, t), b(z,y,s,t) € C(E, Ry) with a(z,y, s, t) and b(z,y, s,t) be non-
decreasing in x and y for each s € J1, and t € Jy, and o € C'(Jy, 1),
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B € CY(Jz, J2) be nondecreasing with a(x) < x on Ji, B(y) <y on Ja. If
a(z) B(y)
v <oy + [ [ oy ouodsde

a(zo) B(yo)
a(M) B(N)

+ / / b(x,y, s, t)u’(s,t)dsdt,
a(zo) B(yo)
for (z,y) € A, wherep>q>0,p>1r>0,p, q, and r are constants and

a(M) B(N) B
AL = r / / b(z,y,s,t)Ky" (s,t)exp(Ai(s,t))dsdt <1,
p
a(zo) B(yo)

for (z,y) € A, then

Ai(w.y) + Bie,y) ’
o e )|

for (z,y) € A and any K;(z,y) € C(A, Ry), i = 1,2, where

u(e,y) < [Z(a:,y) n

a(2) Aw) i
Ay (z,y) = g a(z,y, s, ) K, * (s,t)dsdt,
p
a(zo) B(yo)
a(z) B(y)
= _ q 5 P=q .t
Al(zay) - CL(JC,y, Sat) I_?Kl (Svt)l(sat)+7Kl (Svt) det,
a(zo) B(yo)
a(M) B(N)
J— r r—p p_'r r
Bl(z,y):/ /b(:c,y, 5,1) L—? K7 (s 0l 0+ 0 K (s,t)} ds dt,
a(zo) B(yo)
for (z,y) € A.

Theorem 4.13 (Ma and Pecarié¢, 2008). Let u(z,y), l(z,y) € C(A, Ry),
ai(xz,y,s,t), bi(z,y,s,t) € C(E,Ry) with a;(x,y,s,t) and b;j(z,y,s,t) be
nondecreasing in x and y for each s € Ji, and t € Ja. Let o5, y; €
CY(Ji, ), Bi, §; € CH(Ja, Jo), i = 1,2,...,n, j = 1,2,...,m be nonde-
creasing with o;(z) < z, v;(x) < x on Jy, 51( ) <y, 6;(y) < y on Jo. Let
p>¢q >0 andp>r; >0 be constants. If

n ) Bi(y)
up(x,y)gl(m,y)—i—z / / ai(z,y, s, t)u?(s,t) ds dt+

=1, (2o) Bi(yo)
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(M) 6;(N)

+Z / / bj(x,y, s, t)u"(s,t)dsdt,

1
J 75 (o) 8;(yo)

for (x,y) € A, and

m 75 (M) 6;(N) o
TiTP

= Z % b;(x,y, S,t)K2jP (s,t) exp(Aa(s,t))dsdt < 1,

I=LT 5 (0) 85 (vo)

for (z,y) € A, then

=

) < i) + ZEBERED ety o)

for (x,y) € A and any Ki(z,y), Kaoj(x,y) € C(A,Rp), i@ = 1,2...,n,
7=1,2...,m, where

As(z,y) = Z e / ai(x,y7s7t)K1;T (s,t)dsdt,

i
(s, t)] ds dt,

Je——— S
=R

2

S

S

B = [ [ wwsox

I=15, (o) 6 (yo)

. Tj P o T
|: JKQJP (Svt)l(sat) + P K2§ (S,t):| ds dt,
p p

for (z,y) € A.

In the next we present some new nonlinear retarded Gronwall-Bellman-
type integral inequalities in two independent variables. These are stated as
the following Theorems, which can be used as effective tools in the study
of certain integral equations. In what follows, R denotes the set of real
numbers; Ry = [0,00), Ry = [1,00), and J; = [z0,X) and J2 = [yo,Y)
are the given subsets of R; A = J; x Jo. Given a continuous function
a: Jy x Jy — Ry, we write

a(z,y) = rnax{a(s,t) txo<s<z yp<s< y}. (4.15)

Theorem 4.14. Let u, a, ¢, fi, gi € C(A, ) i = .,n and let
a; € CY(Jy,J1) be nondecreasing with a;(t) < t, i = 1,...,n, and 3; €

C1(Jz, J2) be nondecreasing with B;(t) <t,i=1,...,n. Suppose that ¢ > 0
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is a constant, ¢ € C(R4,R4) is an increasing function with ¢(00) = 0o

and ¥ (u) is a nondecreasing continuous function for u € Ry with ¥ (u) > 0
foru > 0. If

o(u(z,y)) < alz,y)+

n i@ Bi(y)
y)z / ud(s, t fZ s, )(u(s,t)) +gi(s,t)} dtds (4.16)

=t 0) Bi(yo)

for all (x,y) € A, then
u(z,y) <
n ai(z) Bi(y)

Scp—l{(;—l[q)—l(@(k(xo,y))+5(az,y)z / /[fi(sat)] dtds)]} (4.17)
=1, {20)B: (vo)

for all (z,y) € [xo, 21] X [yo,y1], where

5 i) Bi(y)
ko) = Glatwa) +2e )Y [ [ ot tdras,
=i (o) Bi(vo)
[ ds
G(r) = /W7 r>rg>0, (4.18)
[ ds
T)—/m, r>rg >0, (4.19)

G—1, @7t denote the inverse function of G, ® and (x1,y1) € /\ is so chosen
that

n i@ Bi(y)
[(I)(k:(zo, +e,y)> / / [fi(s,1)] dtds] € Dom(®71).
Lo, (o) Bilyo)

Proof. Fixing any numbers X and Y with zo <z < X and yo <y <Y, we
assume that a(X,Y") is positive and define a positive function z(x,y) by

z(z,y) =a(X,Y)+
s i@ Bi(y)
X, 7)Y / / (s, ) (s )b(uls, 1)) + gals, )] di ds.  (4.20)
=i (o) Bs(vo)

Then z(x,y) > 0, z(zo,y) = 2(z,y0) = a(X,Y) and (4.16) can be restated as

u(z,y) < o Hz(x,y)). (4.21)
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It is easy to observe that z(z,y) is a continuous non-decreasing function for
all x € J1,y € Jo and
Diz(z,y) =¢(X,Y)x

n - Bi(y)
<Y [ wttante) 0 [ asta). 0vtularte) ) +ai(aste). 0] at] alfo) <

= Bilwo)

<EUAXY) [0 (2, )]
Bi(y)
x Z[ [ [ 006 Glastoh ) + et o] ] i)
Bi(yo)
Using the monotonicity of ¢~
[ (22, 9)]" = [¢7 ! (2(20,90))]" = [~ (@(X,Y))]*

From the definition of G and the above relation, we have

Diz(z,y)

I'and z, we deduce

D1G(2(x,y)) = m (X, Y)x
n - Biy)
S| [ e (7 o 0) ot 0] o). (02
Bi(yo)

Keeping y fixed in (4.22), setting = o and integrating it with respect to
o from xg to z,x € J; and making the change of variable, we obtain

G(z(z,9)) < G(z(w0, )+
n (@) Bi(y)
+aX, Y)Y / / {fi(s,t)@[;[gp_l(z(&t))] +gi(s,t)}dtds. (4.23)
=i (x0) Bilyo)
Now, define a function k(z,y) by
LX) Bi(Y)
b(r,y) = G@X, V) +aX, 7)Y / / gi(s, ) dtds+
=Lai(x0) Bi(wo)
(@) Bily)

+¢(X,Y) Z / / fils, )0 [~ (2(s,1))] dt ds.

i=1

ai(zo) Bi(yo)
n ai(X) Bi(Y)
Then k(zo,y) = G(a(X,Y))+e(X,Y) Z f [ gi(s,t)dtds, and (4.23)
i=La;(z0) Bi(yo)

can be restated as
2(a,y) < G [k(z, y))- (4.24)



Multidimensional Gronwall—Bellman-Type Integral Inequalities with Applications 49

It is easy to observe that k(x,y) is a continuous non-decreasing function for
all x € J1, y € Jo and

LB
Dyk(z,y) = X, Y) Z[ )0l (las(a), )] ] o) <
n - Bi)
cex et e e} Y| [ .l
=1 Biwo)
From the definition of ¢ and the above relation, we have
Bi(y)
Dik(z, ) C . (cvi(z ol
ST T < C(X’Y);L / St itaita). - (129)

Keeping y fixed in (4.25), setting = o and integrating it with respect to
o from xp to x,x € I and making the change of variable, we obtain

ai(z) Bi(y)
/ [fi(s,t)]dtds.  (4.26)
ai(zo) Bi(yo)

O(k(z,y)) < ®(k(z0,y)) +(X,Y)

M:

=1

Now, using the inequalities (4.24) and (4.26) in (4.21), we get

u(z,y) < so‘l{G_l [@_1 (‘P(k(ﬂCo,y))Jr
ai(z) Bi(y)

+cXYZ/ /[fi(s,t)]dtds”}. (4.27)

ai(zo) Bi(yo)

Taking X = z,Y =y in the inequality (4.27), since X and Y are arbitrary,
we get the required inequality.

If a(x,y) = 0, we carry out the above procedure with € > 0 instead of
a(z,y) and subsequently let € — 0. This completes the proof. O

Corollary 4.15. Letu, ¢, a;€C(A, Ry), a; €CH(J1, J1), Bi €CY(Ja, J2)
be nondecreasing with o;(x) < x on Jy, Bi(y) <y on Jo, fori=1,2,...,n
And let ¢ € C(R4+,Ry) be an increasing function with ¢(o0) = oo, and let
¢ be a nonnegative constant. Moreover, let w1 € C(R4,Ry) be a nonde-
creasing function with wy > 0 on (0,00). If

n - i@ Bi(y)

olu(z,y)) < c(z,y) Z / / a;(s, t)w (u(s,t))dtds|,

=1 i (0) Bi(wo)
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forx e Ji, y € Jo, then forzg <ax <z1,yo <y <y, x1 € J1, y1 € Jo,
ai(z) Bi(y)

u(x,y)ﬁ(pl{Gl {G(E(x,y))+_zn:< / / ai(s,t)dtds)”,
=1 ai(wo) Bilwo)

where
z

ds
G(T)—/m, r>rg >0,

and =1, G=1 are respectively the inverse of v, G, and x1 € J1, y1 € Ja,
are so chosen that

To

L @) A)
G(c(z,y)) + Z( / / a;(s,t) dtds) € Dom(G™1),
=1 (o) Bi(20)
for all x and y lying in [xo,x1] and [yo, y1]-

For the special case p(u) = u? (p > ¢ is a constant), Theorem 4.14 gives
the following retarded integral inequality for nonlinear functions.

Corollary 4.16. Let u, a, ¢, fi, gi, a;, Bi, i =1,...,n and ¥(u) be as
defined in Theorem 4.14. Suppose that p > q > 0 are constants. If
a;i(z) Bi(y)

uP(z,y) <a(z,y)+c(z, y)z / /uq(s, t) [fl(s7 t)h(u(s, t))+g:(s, t)] dtds
i=1

ai(z0)Bi(yo)
for all (z,y) € A, then
u(r,y) <
n i@ Bi(y) 1
1 p — q N r—q
< |6 (Gilki(wo,y) + —=lay) > [fi(s, )] dt ds
=La,(wo) Bilyo)

for all (z,y) € [xo, 21] X [yo,y1], where

L i) Bily)
o) = ) 7 + = Lew) > [ [ s p)deas
izlai(mr))ﬁi(yr))

T

GI(T):/Md—SI7 T2T0>Oa

§P—4q )
Gfl denotes the inverse function of G1 and (z1,y1) € A is so chosen that
L i) Biy)
(G +aeny. [ [ (heoldds) e Don(er )

=La,(wo) Bilyo)
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Corollary 4.17 (Cheung, 2006). Let u,a,b € C(A,Ry) and o, vy €
CY(J1, 1), B, § € C1(Ja, J2) be nondecreasing with a(x) < x, y(z) < x on
Ji, Bly) <y, 6(y) <y on Jo. Let k >0 and p > q > 1 be constants and
¢ € C(R4, Ry) is non-decreasing with o(r) > 0 for r > 0. If

a(z) B(y)
uP(z,y) <k+ % / / a(s,t)ud(s,t)dsdt+
! qa(IO)ﬁ(yo)
v(@) 8(y)
+ % / / b(s, t)ul(s,t)p(u(s,t))dsdt
! q'v(mo) (o)
for (z,y) € A, then
a(z) B(y)
u(z,y) < {@;1[@ (qu/u / / a(s,t) dsdt)—i—
a(zo) B(yo)

v(z) 8(y)
+/ /b(s,t)dsdt”

v(@o) 6(yo)

1
r—aq

for (x,y) € [x0,21] X [yo,y1], where ® ' is the inverse functions of

f ds
Py (r) = / (P(S1/(p7q))7 r >0,
1

and x1 € J1, y1 € Ja are so chosen that

a(z) Bly
@1(k1 q/P+/ / stdsdt) / / (s,t)bds dt € Dom(®; 1)

a(o) B(yo) ¥(20) §(yo)
for all x and y lying in [xo,x1] and [yo, y1], respectively.
In the presence of a nonlinear integral term in (4.16) we can obtain other

results such as the following theorems. In the same way as in Theorem 4.14
we can prove the following theorems.

Theorem 4.18. Let u, a, ¢, fi, gi, ¢, i, Bi, 1 =1,...,n and ¥(u) be
as defined in Theorem 4.14. If
p(u(z,y)) < alz,y)+
n Qg 1) Bi U)
)y / / (s, 1) [1is, (s, 1) + (s, 1)) di s~ (4.28)

i:1az(m0),ﬁz( Yo)
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for all (z,y) € A, then

ule,y) < w‘l{ﬁ(z, ) exp [H <H(k2(170, )+
ai(z) Bi(y)

zy)zn:/ /fi(s,t)dtds)” (4.29)

i:10ti(wo) Bi(yo)

for all (z,y) € [xo,x1] X [yo,y1], where

s i@ Bi(y)
ka(xo,v) —cxyz / /glstdtds
lzla 0) Bi(yo)
r ds
r)= = ., T Z To > 07 4'30
= | s (430)

@ and € are as defined in (4.15), H~' denotes the inverse function of H
and (x1,11) € A is so chosen that

ai(z) Bi(y)

(o) +een > [ [ 5s.0 dvds) € Dom(ir )
1:1011'(10) Bi(yo)
Proof. The proof follows by an argument similar to that in the proof of
Theorem 4.14 with suitable modification. We omit the details here. ]

For the special case p(u) = uP (p > 0 is a constant), Theorem 4.18 gives
the following retarded integral inequality.

Corollary 4.19. Let u, a, ¢, fi, gi, a;, Bi, i =1,...,n and ¥(u) be as
defined in Theorem 4.14. Suppose that p > 0 is a constant. If

u(z,y) < alz,y)+
n ai(z) Bi(y)
sy [ [ w00t 0) + gi(s.0)] deds
izlai(mr))ﬁi(yr))

for all (z,y) € A, then

u(z,y) <ar(z,y)x

ai(z) Bi(y)

xexp[% H11<H1(k2(a:0,y))+8(a:,y)zn: / / fi(s,t) dtdsﬂ

=1, (20) Bi(yo)
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for all (z,y) € [xo,z1] X [yo,y1], where ka(xo,y) is as defined in Theo-
rem 4.18,

T

ds
Hir)=| —/——, 7> 0,
1(7“) /1/)[ap exp(i)] ' "

To

Hl_1 denotes the inverse function of Hy and (x1,y1) € A is so chosen that

L (@) Biy)
(st +2e) > [ [ ) deas) € Do)
i:1ai(wo)3i(y0)

Proof. The proof follows by an argument similar to that in the proof of
Theorem 4.18 with suitable modification. We omit the details here. (I

Theorem 4.20. Let u, a, ¢, fi, gi, ¢, i, Bi, 1 =1,...,n and ¥(u) be
as defined in Theorem 4.14. If

o(u(z,y)) < alw,y)+
n ai(z) Bi(y)

rewn)Y [ [ ) s vl ) + gils,)] deds (431)
=La,(z0) Bi(yo)

for all (z,y) € A, then

L @) Biy)
e < 65" (Galhstan) + e [ [ flsyavas) (s

i:1az‘(I0) Bi(yo)
for all (z,y) € [xo, 21] X [yo,y1], where

n oi(z) Bily)
e 3
k(20 ) = ¢ @) +2o,9) Y / / gi(s. ) dt ds,

=La,(wo) Bilyo)
[d
G2(T) = (Z)u r Z ro > 07 (433)

7o
Gz_l denotes the inverse function of Go and (x1,y1) € A is so chosen that

(Gg(k5(z0,y))+6(x,y)zn: 7(1) ﬁ/(y) fi(s,t) dtds) € Dom(G5 ).

=1, (2o) Bi(yo)
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Proof. Fixing any numbers X and Y with zo <z < X and yo <y <Y, we
assume that a(X,Y) is positive and define a positive function z(x,y) by
2(z,y) = a(X,Y)+
n @) Bi(y)
v Y [ [ ) s 00 0)+ oo, )] dids. (13)
i:10ti(I0) Bi(yo)
Then z(z,y) > 0, z(zo,y) = z(z,y0) = a(X,Y) and (4.31) can be restated
as
u(@,y) < o~ z(z,y))- (4.35)
It is easy to observe that z(z,y) is a continuous non-decreasing function for
allz eI,y € J and

Diz(z,y) < EX,Y)¢ (¢ (2(ai(2), 1)) x

n - BiY)
xz[ [ [asta (e ot ) +aitasto).o)] ae ). (430)
Bi(yo)
From the above relation, we have
Direy)  _.
P ey )
n - Biy)
S| [ [Fe@ vt Gl ) rodao] aai. s
Bi(yo)

Keeping y fixed in (4.37), setting = o and integrating it with respect to
o from xp to z,x € J; and making the change of variable, we obtain

o M z(z,y) < o (2(z0,y))+
" ai(z) Bi(y)
H06Y) Y / / L, 0000 (o5, 0)] + g5, 1)} drds. (438)
=L, (@) Bi(wo)

Now, define a function k(z,y) by

k(z,y) = ¢ ' (2(w0,y)) +A(X,Y) Z / / gi(s,t) dtds+

=La,(wo) Bilyo)

+¢(X,Y) Z / / fils, )0 e~ (2(s,1))] dt ds.
(@) Bilwo)

Then (4.38) can be restated as
¢ (z(2,y)) < k(z,y)). (4.39)
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It is easy to observe that k(z,y) is a continuous non-decreasing function for
all x € J1, y € Jo and

Dik(z,y) = 6(X,Y) Z[ /( Dol Glata), )] di (o) <
"= Bi(wo)

n - B
<X, V) Z[/ (z), )dt] i(@).
=15, (y0)
From the above relation, we have
Bi(y)
Dik(z,y) _ - [ / ]
<¢X,Y) i(ai(z),t) dt 4.40
ok, 9) 12 ¥ i(®) (4.40)
yo)

Keeping y fixed in (4.40), setting x = o, and integrating it with respect to
o from zg to z, x € Ji, using the definition of G and making the change
of variable, we obtain

ai(z) Bi(y)
/ fi(s,t)dtds. (4.41)
@i(wo) Bi(yo)
Now, using the inequalities (4.39) and (4.41) in (4.35), we get
(@) Bily)
u(z,y) < Gy (Gz(k(xo, )+¢(X,Y) Z / / fi(s,t) dtds). (4.42)
“La(wo) i (w0)

Taking X = z,Y = y in the inequality (4.42), since X and Y are arbitrary,
we get the required inequality.

If a(X,Y) = 0, we carry out the above procedure with ¢ > 0 instead of
a(X,Y) and subsequently let € — 0. This completes the proof. O

M:

Ga(k(z,y)) < Ga(k(xo,y)) +e(X,Y)

i=1

Theorem 4.21. Let u, a, ¢, f;, gi € C(ARy), i = 1,...,n, and let
a; € CY(Jy,J1) be nondecreasing with a;(t) < t, i = 1,...,n, and B; €
CY(Js, J2) be nondecreasing with B;(t) <t,i=1,...,n. Let o € CY(Ry, Ry)
be an increasing function with ¢(0c0) = co and ¢’ be a nondecreasing func-
tion. And let 1,92 € C(Ry,Ry) be a non-decreasing function with
¥1,12 > 0 on (0,00). If

p(u(z,y)) < alz,y) + c(z,y)x
n Qi@ Bi(y)

S [ [l ) [ r (o) sl vl )] deds - (1.43

=lai(20) Bi(vo)
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forallx € Ji, y € Ja, then, for xog <z < x2, yo < y < yo with xo € Jq,
yo € Ja, we have the following results.

(1) For the case ¥a(u) < 1 (u),

ulay) < Gy [Gl(so-1<a<x7y>>)+
n (@) Bi(y)
y)Z/ /[fi(s,t)+gi(s,t)]dtds,

i:10ti(wo) Bi(yo)

(2) For the case Y1 (u) < a(u),

ue,y) < G5 Gale™ @) +

n i@ Bi(y)
y)z / / [fi(s,t) + gi(s, )] dtds|,
Lo, (z0) Bi(yo)

where
i ds -
):/m72220>0(2—1a2)7

o1, Gi_l are, respectively, the inverses of ¢, G; for v =1,2 and x4 € Jy,
yo € Jo are so chosen that

L@ Biy)

Gi(¢ ' (@(z,y)))+c(z,y) Z / / fi(s,t)+gi(s, t)] dt ds€ Dom(G; )

=1 0) Bi(yo)
for all x € [xg,x2] and y € [yo, ya].

Proof. Fixing any numbers X and Y with 2o <z < X and yg <y <Y, we
assume that a(X,Y) is positive and define a positive function z(x,y) by

z(z,y) =a(X,Y) +¢(X,Y)x
ai(z) Bi(y)
S [ [t |5 00 uls, )+ (s Oaluts, )] s, (2.40)

=la; (20) Bi(vo)

Then z(z,y) > 0, z(zo,y) = z(z,y0) = a(X,Y) and (4.43) can be restated
as

u(z,y) < o Hz(x,y)). (4.45)
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It is easy to observe that z(z,y) is a continuous non-decreasing function for
all x € J1, y € Jo and

" Bl(y)
Diz(a.y) = A(X,Y) Z[ (). 1))

=t
"= Bilyo)

x| filealw), tyen (uaa(@), 1) + gils(@), ez (ule(w). 1)) dt} al() <

Bi(y)
fl az '@[11( (Z(O‘i(‘r)Jt)))—"

i (o)

(0l 00 (7 c(u(0).0) ] a0,

<X )P [ 2z y)] Y [

i=1

—1

Using the monotonicity of ¢, ¢!, and z, we deduce

¢ [ z(z,)] = @[T (2(20,30))] = ¢'[¢7H(@(X,Y))] > 0.
From the above relation, we have
B'L(y)

—Dlz(gmy) < ; o a;(z
o'l (z(x,y))] — X.¥) ;[ L fz i(2), O (¢ (i), ) +

+ gi(a;(x), t) (90*1(2(041-(55)7 t)))} dt:| Ozé(x). (4.46)

Observe that for any continuously differentiable and invertible function ((£),
by a change of variable n = (~1(¢), we have

/ C’[CCE(S)] B g% =n+e=CHO+e (4.47)

Keeping y fixed in (4.46), setting = o and integrating it with respect to
o from xo to x, x € I, using (4.47) to the left-hand side and making the
change of variable, we obtain

¢ (2(z,y)) <
n i@ Bi(y)
Ssﬂ_l(z(iﬁoay))‘FE(XY)Z/ /{fi(s’t)iﬁl[@_l(z(&t))]‘F

=L, (wo) Bilyo)

+ gi(s,t)1)2 [cp_l (z(s, t))} } dtds. (4.48)
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When 1 (u) > 12(u), from the inequality (4.48), we find

e (2(2,y) < @ (z(20, ) +AX, Y)x

n (@) Bi(y)
X Z / / {[fi(s,t) + gi(s, )1 (071 (2(s, 1)) } dtds. (4.49)
=1, (20) Bi(yo)

Now, using the definition of the function G1, and applying Corollary 4.15
to the inequality (4.49), we conclude that

¢ < 6761 elan )]+
i) Bi(y)

—i—E(X,Y)Z/ / [fi(s,t)+gi(s7t)]dtds]. (4.50)
izlai(mr))ﬁi(yr))

Similarly, when 9 (u) < 41 (u), from the inequality (4.49), we find

o Nz(x,y)) < ¢ (2(z0,y))+
ai(@) Bi(y)
/{[fi(s,t)+gz-(s,t)}w1(sofl(z(s,t)))}dtds. (4.51)
ai(xo) Bi(yo)

Now, using the definition of the function G, and applying Corollary 4.15
to the inequality (4.51), we conclude that

M=

+E(X,Y)
=1

¢ (o) < 63 |Gale (oo +
n i@ Bi(y)
+e(X,Y) Z / / [fi(s,t) + gi(s, )] dtds|. (4.52)
= o (o) Bi(yo)
Now, using the inequalities (4.50) and (4.52) in (4.45), taking X =z, Y =y,
since X and Y are arbitrary, we get the required inequality.

If a(X,Y) = 0 we carry out the above procedure with € > 0 instead of
a(X,Y) and subsequently let ¢ — 0. This completes the proof. O

5. GRONWALL-BELLMAN-TYPE NONLINEAR INEQUALITIES II

During the past twenty years several authors have developed extensions
and variants of Wendroff’s inequality and exhibited applications in partial
differential and integral equations. Next we deal with the Wendroff-type
inequalities investigated by Pachpatte [60] and Bondge and Pachpatte [17],
[18]. These inequalities which can be used in the study of certain partial
differential and integral equations. Pachpatte [60] established the Wendroff-
type inequalities in the following theorem.
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Theorem 5.1 (Pachpatte, 1995). Let u(z,y), a(z,y), and b(z,y) be
nonnegative continuous functions defined for x,y € Ry and let L : R} —
Ry be a continuous function which satisfies the condition

0 < L(z,y,v) — L(z,y,w) < M(z,y,w)(v —w), (5.1)

for z,y € Ry and v > w > 0, where M : R} — Ry is a continuous
function.

(i) If

u(z,y) < a(z,y) +b(z,y)

O\H

/L s, t,u(s,t)) dsdt, (5.2)
0
forxz,y € Ry, then
u(:v,y)ga(ﬂmy)—i—b(x,y)A(w,y)exp( /M(&t,a(s,t))b(s,t)dsdt), (5.3)
0

for xz, y € Ry, where

x Y

://L(s,t7a(s7t))d8dt, (5.4)
00
forz,ye R,.

(ii) Let F(u) be continuous, strictly increasing, convex and submultiplica-
tive function for u >0, lim F(u) = oo, F~! denote the inverse function of
uUu—00

F, a(z,y), B(z,y) be continuous and positive functions defined on R% and
a(z,y) + Blx,y) = 1. If
(@) < a(z,y) + bz, y) F (// (5,1, F(u(s t)))dsdt> (5.5)

forxz, y € Ry, then

u(r,y) < alz,y)+

F—lK//yL s t,a(s,t)F(a (s,t)a_l(&t))) dsdt)x

xexp<//M s, t,a(s, t)F(a(s,t)a (s, t)))
00

x B(s, t)F(b(s,t)B (s, 1)) ds dt)], (5.6)

forz, ye Ry.
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(iii) Let g(u), h(u) be continuously differentiable functions defined for
u >0, g(u) >0, h(u) >0 foru >0 and ¢'(u) > 0, h'(u) > 0 for u > 0,
and let g(u) be subadditive and submultiplicative for u > 0. If

u(z,y) < alz,y)+ b(x,y)h(j]L(s,tg(u(s,t))) ds dt), (5.7)
00

forx, y € Ry, then for 0 <z <1, 0<y <y,
u(z,y) < a(z,y)+

+b(x,y)h {Gl (G(B(:c, y))+j]M(s, t,g(a(s,t))g(b(s, t))) ds dt)} , (5.8)
00
where
B(x,y) = //L(s,t,g(a(s,t))) ds dt, (5.9)
00

and G, G~ are as defined in Theorem 4.2 and 1, y1 are so chosen that

G(B(z,y)) + //M(s,t,g(a(s,t))g(b(s,t))) dsdt € Dom(G™1)
00

for all x, y lying in the subintervals 0 < x <z1, 0 <y <y; of Ry.

The next two theorems proved by Bondge and Pachpatte [18] can be used
more effectively in certain situations.

Theorem 5.2 (Bondge and Pachpatte, 1979). Let u(z,y), ug(z,y),
ug (2, y), and ugy(x,y) be nonnegative continuous functions defined for x,y €
Ry, u(z,0) = u(0,y) =0, and p(z,y) > 1 be a continuous function defined
for x,y € Ry. Let g(u), ¢'(u), a(zx), a’'(z), bly), and b'(y) be as in Theo-
rem 4.1. If

iy (2,9) < a(a) +b(y) +M[u<x,y> + [ [ o gtuts. ) ds dt} (5.10)
0 0
<y

forxz,ye Ry, then for0 <z <uz9,0<y <y

tay(z,y) < H! [H<a<0> by +

f a'(s) -
0/ a(s) + b(0) + g(a(s) + b(0)) ds + Mo/o/p(&t) ds dt], (5.11)

T

ds
H(r)_/rg(s)7 T>O, T‘0>O, (512)

_|_

where

To
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and H~' is the inverse function of H, and x2, y2 are chosen so that

H(a(0) + b(y))+

x Y

[ @(s) y
+!?@+mm+wmywm»“*szﬂﬁﬂﬁﬁemmm ).

for all x, y lying in the subintervals 0 < x < x9, 0 <y <ys of Ry.

Theorem 5.3 (Bondge and Pachpatte, 1979). Let u(z,y), uzy(x,y),
p(z,y), g(u), ¢'(v), a(zx), a'(x), bly), and b'(y) be as in Theorem 5.2. If

z oy
Ugy (2, y) < a(z) +b(y) + //p(s,t)g(u(s,t) + ust(s,t))dsdt, (5.13)
0 0
forx,y e Ry, then for 0 <z <zx3, 0 <y <wys

uw@wsmm+mw+]]mwm0f{me+mm+
0 0

r d/(s1)

‘jRM+wmmam+wm“”j%“””“”ﬂ)“”“ o1

where H, H=! are as defined in Theorem 5.2 and x3, y3 are chosen so that

S

Hw@+mm+/
0

a'(s1)

a(sn) T B(0) + glatsr) + b))

s t
+ //p(sl,tl)dsl dt, € DOm(Qil).
0 0

for all x, y lying in the subintervals 0 < x < x3, 0 <y <ys of Ry.

Another interesting and useful two independent-variable inequalities given
by Cheung and Ma [23] read as following from Theorem 5.4 to 5.5.

Theorem 5.4 (Cheung and Ma, 2005). Let u(z,y), a(z,y) c(x,y) and
d(z,y) be nonnegative continuous functions defined for x,y € R4 and
w(u) be a nonnegative, nondecreasing continuous function for u € Ry
with w(u) > 0 for w > 0 and e(z,y), f(z,y) € C(R3,R). Let p(u) €
CH Ry, Ry) with ¢'(u) > 0 for u > 0, here ¢’ denotes the derivative of .
Assume that b(x,y) and d(z,y) be are nondecreasing in © and non-increasing
iny, and L, M € C(R, Ry) satisfy

0 < L(z,y,v) — L(z,y,w) < M(z,y,w)(v —w)
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for all s,y,v,w € Ry withv > w. If

x

p(u(z,y)) < a(w,y) + b(x,y)/C(s,y)w(U(s’y))dH

—|—d(x,y)//<p/(u(s,t))[f(s,t)L(s,t,u(s,t)) —|—6(S,t>} dsdt,
0y

forz,y, a € Ry with a < x, then
u(z,y) < Ar(z,y) + p(z,y)d(z,y) Az (z, y) exp(As(z,y)),

forall x, y € Ry, where

play) = 1+ b(z, ) c@wmm</wmwdmme}&

89\&

f(s,)p(s,t)d(s,t)M(s,t, A1(s,1)) ds dt.

Theorem 5.5 (Cheung and Ma, 2005). Let u(z,y), f(z,y), e(z,y),
o(u), w(u), L(z,y,v), and M(z,y,v) be as defined in Theorem 5.4. Let
a(z,y), blx,y), clx,y), and d(z,y) be nonnegative continuous and non-
increasing in each variable r, y € Ry. If

B
w@@w»<axy+bxy/ ) ds—+

d(x,y)//d(u(s,t))[f(s,t)L(s,t,u(s,t)) + e(s,t)} ds dt,

forx,y, B € Ry with x < (3, then

u(z,y) < Ai(z,y) +pl,y)d(z, y) Az(z, y) exp(As(z,y))
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forall x, y € Ry, where

x

p(z,y) =1+b(w7y)/mC(s7y) exp(/ b(m, y)e(m, y) dm) ds,

S
x

F(my—dmy// s,t) ds dt,

Ai(z,y) = ¢ 1(?(1? y) (z,9)) + bz, y)E1(z,y),

Zg(z,y)://f(s,t)L(s,t,Al(s,t))dsdt,
0y

Az(z,y) = //fst p(s,t)d(s,t)M(s,t, Ay(s,t))dsdt.
0

<

In [23], Ma and Pecari¢ established new explicit bounds on the solutions
to a class of new nonlinear retarded integral inequalities in two independent
variables as following Theorem 5.6. In what follows,

E:{(:v,y7s7t)€A2: ro<s<zx<M, yogtSySN}.

Theorem 5.6 (Ma and Pecarié, 2008). Let u(x,y), l(z,y) € C(A, Ry),
a(x,y, s, t), b(z,y,s,t) € C(E, Ry) with a(z,y, s, t) and b(z,y, s,t) be non-
decreasing in x and y for each s € J1, and t € Ja, and o € C (Jy,J1),
B € CY(Ja, J2) be nondecreasing with a(z) < x on Ji, B(y) <y on Ja, and
L, M € C(R%,Ry) satisfy

0< L(l’,y7’()) - L(x,y,w) < M(w,y,w)(v - w)
for all s, y, v, w € Ry withv > w. If
a(z) B(y)
v <l + [ [ atpsousdsde

a(zo) Blyo)
a(M) B(N)

+ / / b(x,y,s,t)L(s,t,u(s,t))dsdt,
a(z0) B(yo)
for (z,y) € A, wherep>q>0,p>1r>0,p, q, and r are constants and
Az, y) =
a(M) B(N)
/ b(x,y, s,t)M( s, t, p=1 + - l(s t)) exp(Ai(s,t))dsdt <1
a(zo) B(yo) i

SR
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for (z,y) € A, then

B

Ai(x,y) + Li(x,y)
1- /\('Tv y)

for (z,y) € A and any K1(x,y) € C(A, Ro), i = 1,2, where

u(w,y) < [l(w,y) + exp(A1(z,y))| ,

a(z) () .
Al(:zc,y):g / / a(x, y7st)K 7 (s,t)dsdt,
p
a(o) B(yo)
a(z) B(y)
— q a—p P—q a
Aj(x,y) = / /a(gmy, s,t) [— K7 (s,0)l(s,t)+—— K7 (s,t)| dsdt,
p p
a(zo) B(yo)
a(M) B(N) L1
p—
Li(z,y) = L{s,t,—— + =l(s,t)) dsdt,
o) = [ [ p(st 2 i)
a(zo) B(yo)
for (z,y) € A.

We next present some new nonlinear retarded Gronwall-Bellman-type
integral inequalities in two independent variables as following Theorems,
which can be used as effective tools in the study of certain integral equations.
In what follows, given a continuous function a : J; X Jo — R4, we write

a(z,y) :max{a(snf) cxg<s<uz yg<s< y}

Theorem 5.7. Let u, a, c € C(ANRy), fi, i € C(A,Ry),i=1,...,n,
and let o; € CY(Jy1,J1) be nondecreasing with o;(t) <t, i =1,...,n, and
Bi € CH(Ja,J2) be nondecreasing with B;(t) < t, i = 1,...,n. Suppose
that ¢ > 0 is a constant, ¢ € C(Ry,Ry) is an increasing function with
p(00) = 00 and Y(u) is a nondecreasing continuous function for u € Ry
with ¥(u) >0 foru >0 and let L : A x Ry — Ry be a continuous function
which satisfies the condition

0< L(z,y,v) — L(z,y,w) < M(z,y,w)(v —w), (5.15)

forx,y € Ry and v > w > 0, where M : A x Ry — R4 is a continuous
function. If

p(ulz,y)) < alz,y) + c(z, y)

ai(z) Bi(y)

X Z / w9(s,t)[fi(s,t)L(s, t,u(s, ) + gi(s,t)] dtds (5.16)

=1 0) Bi(yo)
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for all (z,y) € A, then

u(z,y) < 90_1{6'_1 [@_1 (@(k(xoay))-i-
n @) Bi(y)
Ty) Y / / fi(s, t)M(s,t) dtds)” (5.17)
ai(wo) Bilvo)
for all (z,y) € [xo,x1] X [yo,y1], where
L i) Bi(y)
k(z0,9) = G(a(e, y)+0zy) 3 / /[fi(s,t)M(s,t)+gi(s,t)] dt ds,
=lai(w0) Bilwo)

ds
G(r)_/ﬁ 'I"ZT’0>O7

ds
(I)(T)—/W_l(s)), ’I”ZT’O>O7

G~1, ®~! denote the inverse function of G, ® and (x1,y1) € A is chosen
so that
n i@ Bi(y)
[fb(k(xo, + c(z,y) Z / / fi(s,t)M(s,t)dtds| € Dom(®~ ).
=lai(wo) Bilyo)
Proof. Fixing any numbers X and Y with 2o <z < X and yg <y <Y, we
assume that a(X,Y) is positive and define a positive function z(x,y) by
2(@,y) =X, V) + X, V)
L i@ Bi()
x> / / (s, 1) fils, ) L(s,t,u(s, 1) + gi(s, t)] dt ds.  (5.18)
i:1az‘(I0) Bi(yo)

Then z(x,y) > 0, z(zo,y) = z(x,y0) = a(X,Y), and (5.15) can be restated
as

u(@,y) < ¢~ [2(2,y)]- (5.19)
It is easy to observe that z(z,y) is a continuous non-decreasing function for
allz € J1, y € Jo and

n Bl(y)
Dyz(z,y) =¢(X,Y) Z{ x),t)x

=1 Bi(yo)

filau (), t)L(ozi(x),t, u(ai(x),t)) + gi(ai(x), t)} dt] al(z) <
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<AX,Y) [p7 (2 (2, 9)] %
o - Biw)
xz[ / [Frlas(a), DL (i), 07 (2(at), ) Hoa(ae). )] dt}a;@).
Bi(yo)

-1

Using the monotonicity of ¢~ and z, we deduce

[ ()] = [0 (@0, 90))]" = [0 @(X, V)] > 0.
From the definition of G and the above relation, we have

n o BiY)

__ Diz(z.y) 5 (o
D1G(z(z,y)) = @) S (XJ)Z}L(/) [fl( i(2), t)x

X L(ozl-(:zr), t, <p*1(z(o¢i(:c),t)))—|—gi(o¢i(:c),t)} dt} ai(x).  (5.20)

Keeping y fixed in (5.6), setting @ = o, integrating it with respect to o from
xp to z,x € Jp, and making the change of variable, we obtain

G(z(2,y ))<G( (:rm y)) + (X, Y)x

X Z / / fi(s,t)Ls,t, o " (2(s,1))] +gi(s,t)}dtds. (5.21)
Lai(0) B (vo)
Now, define a function k(z,y) by
k(z,y) = G(a(X,Y))+
;i (X) Bi(Y)

+e(X,Y) Z / / [fi(s,t)L(s,t) + gi(s,t)] dtds+
= o (o) Bi(yo)
n i@ Bi(y)
+¢(X,Y) Z [fi(s,t)M (s, t)p~ " (2(s,t))] dt ds.
= a(wo) Bi(yo)
Then
k(zo,y) = G(a(X,Y))+
LX) Bi(Y)
+aX,Y)> [fi(s,t)L(s,t) + gi(s,t)] dt ds,
= o, (o) Bi(yo)

and (5.7) can be restated as
2(z,y) < Gk, y)]. (5.22)
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It is easy to observe that k(z,y) is a continuous non-decreasing function for
all x € J1,y € Jo and

Dik(x,y) =¢(X,Y)x

n - Bi(y)
S| [ fasto) 0t 07 (2es(o), 1) de (o) <
=1 Bi(yo)
" Bw(y)
< X, V) G (ke )] Z[ D) )M (as(2). )t o),
= Bi(vo)
From the above relation, we have
le(xvy)
e G (k(z,y)] —
" Bw(y)
<¢(X,Y) [ x), )M (i (z),t) dt| ().  (5.23)

=1 Bi(yo)

Keeping y fixed in (5.23), setting = o, integrating it with respect to o
from z¢ to =,z € Ji, and making the change of variable, from the definition
of ®, we obtain

ai(z) Bi(y)
D (k(z,y)) < B k0, 9)+2(X, )Y / Fi(s, )M (s, ) dtds. (5.24)
=1
ai(zo) Bi(yo)

Now, using the inequalities (5.22) and (5.24) in (5.19), we get

u(e,y) < w{al [@1 (¢<k<xo,y>>+
ai(z) Bi(y)

—i—cXY;/ /fi(s,t)M(s,t)dtds”}. (5.25)

T ai(zo) Bi(yo)

3

Allowing X = z, Y = y in the inequality (5.25), since X and Y are arbitrary,
we get the required inequality.

If a(X,Y) = 0 we carry out the above procedure with ¢ > 0 instead of
a(X,Y) and subsequently let ¢ — 0. This completes the proof. O

For the special case p(u) = u? (p > ¢ is a constant), Theorem 5.7 gives
the following retarded integral inequality for nonlinear functions.
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Corollary 5.8. Let u, a, ¢, fi, gi, a;(t), Bi, i =1,...,n, L and M be
as defined in Theorem 5.7. Suppose that p > q > 0 are constants. If
uP(z,y) < alz,y) + c(z,y)
n @) Bi(y)
X Z / / u9(s,t)[fi(s,t)L(s, t,u(s, 1)) + gi(s,t)] dtds (5.26)
=ai (o) Bi(vo)

for all (z,y) € A, then

uw) < |Gt (GG )+
ai(z) Bi(y) 1
/ fi(s, )M (s,t) dtds)} (5.27)
ai(zo) Bi(yo)

for all (z,y) € [xo, 21] X [yo,y1], where

+p—q

oz, y)

@
HM:
)

ki(zo,y) = [a(z,y)] ™ +
ai(z) Bi(y)

M:

c(z,y) [fi(s,t)L(s,t) + gi(s,t)] dtds,

N
Il
-

e

0) Bi(yo)

Gl(r):/ di,r2r0>0,
| p(s779)
Gfl denotes the inverse function of G1 and (z1,y1) € A is so chosen that
o il®) Bi(y)
(Gl(kl (a:o,y))—k% cl(z, y)z / /fi(s,t)M(s,t) dt ds>€D0m(G11).
(o) Bi(wo)
In the presence of a nonlinear integral term in (5.16) we can obtain other

results, such as the following theorems. In the same way as in Theorem 5.7
we can prove the following theorems.

Theorem 5.9. Let u, a, ¢, fi, gi, o, Bi(t), 1 =1,...,n, ¢, L and M
be as defined in Theorem 5.7. If

e(u(z,y)) < a(z,y) + c(z, y)x

ai(z) Bi(y)

X Z / / o(u(s,t)) [fi(s,t)L(s,t,u(s,t)) +gi(s,t)} dtds (5.28)
1:10@'(10) Bi(yo)

for all (z,y) € A, then
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) < o~ {ate)exp | G5 (Gatla(an. )+
ai(z) Bi(y)

wﬁi / '/ ﬁ@iﬂﬂgﬂﬁda}} (5.29)

i:10ti(wo) Bi(yo)

for all (z,y) € [xo,21] X [yo,y1], where

n i@ Bi(y)
ka(xo,y) =¢(z,y Z / / [fi(s,t)L(s,t) + gi(s,t)] dtds,
i=1
0) Bi(yo)

T

ds
Ga(r) = /7@71(1)65), r>19 >0,

To

b is a constant, G;l denotes the inverse function of G and (x1,11) € A is
so chosen that

n i@ Bi(y)
(Gathateom) +aten)y. [ [ He0Ms0atds ) € Dow(G; )
i:1ai(10) Bi(yo)
Proof. The proof follows by an argument similar to that in the proof of
Theorem 5.7 with suitable modification. We omit the details here. O

Theorem 5.10. Let u, a, ¢, fi, gi, i, Bi(t), i=1,...,n, p, L and M
be as defined in Theorem 5.7. If

plule,y)) < ale,y) + ez, y)x
L @) Biw)
X Z / / @ (u(s, ) [ fi(s, ) L(s, t,u(s, t)) + gi(s,t)] dtds (5.30)
= o (20) B (yo)
for all (z,y) € A, then
n i@ Bi(y)
u(z,y) < ks(z,y) exp( Z / / fils, )M (s,t) dtds)} (5.31)
=L a; (o) Bi(yo)
for all (z,y) € [xo,x1] X [yo,y1], where
ai(w) Bi(y)
kaan.g) = M @e. )42 )y [ [l DL 0+ i, 0)] e,
o (wo) i (wo)

Proof. The proof follows by an argument similar to that in the proof of
Theorem 5.7 with suitable modification. We omit the details here. O



70 Ravi P. Agarwal, Young-Ho Kim, and S. K. Sen

Theorem 5.7, Theorem 5.9 and Theorem 5.10 can easily be applied to gen-
erate other useful nonlinear integral inequalities in more general situations.
For example, we have the following results, Theorem 5.11, Theorem 5.13
and Theorem 5.14, respectively.

Theorem 5.11. Let u, a, ¢, fi, gi, i, Bi(t), i =1,...,n, p, L and M
be as defined in Theorem 5.7. If

pulz,y)) <alz,y) + c(z,y)x

L @) By
X Z / / u9(s,t)[fi(s, t)L(s, t,u(s, ) + gi(s, t)u(s, t)] dtds (5.32)
1:10@'(10) Bi(yo)

for all (z,y) € A, then

e < ¢ {6 0 (@(aan, )+
n i@ Bi(y)
te )y / / [fi(s, )M (s.8) + gi(s,1)] dtdsﬂ} (5.33)
=ai(wo) B (vo)
for all (z,y) € [xo,x1] X [yo,y1], where
L @) B
(@0.9) = Gaw) + )y [ [ 0Ll tdeds

=La,(w0) Bilyo)

[ ds
G(r) = / 7[(,0_1(8)]‘1’ r>rg >0,

To
T

ds
@(T):/m, r>rg >0,

G~1, ®! denote the inverse functions of G, ® and (w1,7y1) € A is so
chosen that
ai(z) Bi(y)

[(I)(k(mo,y))—i—’c\(x,y)z / /[fi(s,t)M(s,t)—&—gi(&t)] dtds]eDom(fbl).
i=1

a;i(wo) Bi(yo)

Proof. Fixing any numbers X and Y with 2o <z < X and yg <y <Y, we

assume that a(X,Y) is positive and define a positive function z(z,y) by
2(@y) = B(X, Y) + 28X, V)
n Qi) Bi(y)
3 / / (s, 0)[ (s L5, u(s, ) +gi(s. Du(s,0)] deds. (5,34

=i (z0) Bi (yo)
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Then z(z,y) > 0, z(zo,y) = z(z,y0) = a(X,Y) and (5.32) can be restated
as

u(@,y) < o~ z(z,y))- (5.35)
It is easy to observe that z(z,y) is a continuous non-decreasing function for
all z € J1,y € J5 and

n Bz(y)
Dyz(z,y) =¢(X,Y) Z{ x), )X

=1 Bi(wo)
< [Aart). 0 (@s(0).t o). 0) +aata). Oules(o).)] at o) <

<SAXY) [ (= ()]

+ i(aute). Outes (o, 0)] dt ).
and z, we deduce

[ (22, 9)]" = [¢7 (2(0,90))]" = [¢7 " (@(X,Y))]* > 0.
From the definition of G and the above relation, we have

Di2(z,y)
o Gl =

Bi(y)

<X )Y / [ (o) DL (s (a). £ 0™ (o). 1) +

Using the monotonicity of ¢ ~!

D1G(2(z,y)) =

+ gi(outo).utas(o),0)] e ). 6.30)

Keeping y fixed in (5.36), setting = o, and integrating it with respect to

o from xg to z,x € J; and making the change of variable, we obtain
G(z(z,y)) < G(2(x0,y)) + (X, Y)x

ai(z) Bi(y)

<3 / /{fi(s,t)L[s, o (2, 0) i, O (205, 1)} dt ds. - (5.37)
=i (@0) Bi(y0)

Now, define a function k(z,y) by

n @i(X) Bi(Y)

b(r,y) = G@EX, V) +2X, 1) Y / / Fi(s, ) L(s, 1) dtds+

=L, (wo) Bilyo)



72 Ravi P. Agarwal, Young-Ho Kim, and S. K. Sen

n (@) Bi(y)
+aX,Y) Z / / [fi(s, )M (s,t) + gi(s,t) ]~ " (2(s,t)) dt ds.
=ai(zo) Bi(yo)

n O‘I(X ﬁl(Y)
Then k(zo,y) = Ga(X,Y))+eX,Y) > [ [ fi(s,t)L(s,t)dtds, and
i=la;(zo) Bi(yo)
(5.37) can be restated as

2(z,y) < G k(). (5.38)
It is easy to observe that k(x,y) is a continuous non-decreasing function for
all z € J1,y € J5 and

Dik{,y) < 8(X, Y ) [ (k(x,0))] x
n - Bi(w)
XZ{ [ [t 0010 + gias(o).0] dt}a;(x). (5.30)
=1 Bilwo)

From the above relation, we have

le($7 y)
e G (k(z,y))]
n - Bi(y)
<3 { / [fis(@), )M (i), ) + gilei (@), 1)| dt} al(z). (5.40)
i=1
Bi(yo)
Keeping y fixed in (5.40), setting = o and integrating it with respect to o

from xg to x,z € J; and making the change of variable, from the definition
of ®, we obtain

O(k(z,y)) < P(k(zo,y))+
ai(z) Bi(y)
/ [fi(s, )M (s,t) + gi(s,t)] dtds. (5.41)
faulwa) i (o)
Now, using the inequalities (5.38) and (5.41) in (5.35), we get

<eX,Y)x

+cX,Y)

n

2

e < {6 0 (@lhan, )+
n (@) Bi(y)
+(X,Y) Z / / [fl-(s,t)M(s,t) +!]i(5,t)} dtds)] } (5.42)
=lai(@a) Bi(vo)
Taking X = z,Y = y in the foregoing inequality, since X and Y are arbi-
trary, we get the required inequality.

If a(X,Y) = 0, we carry out the above procedure with £ > 0 instead of
a(X,Y) and subsequently let ¢ — 0. This completes the proof. O
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For the special case p(u) = u? (p > ¢ is a constant), Theorem 5.11 gives
the following retarded integral inequality for nonlinear functions.

Corollary 5.12. Let u, a, ¢, fi, gi, a;(t), Bi, i=1,...,n, L and M be
as defined in Theorem 5.11. Suppose that p > q > 0 are constants. If

u(z,y) < a(z,y) + c(z,y) ¥

L alo) Biw)
XZ / /uq(s7 t) [fi(& t)L(s,t,u(s, t)) + gi(s, t)u(s,t)| dtds (5.43)
=lai(x0) Bi(vo)

for all (z,y) € A, then

uw) < |G (GG )+

ai(z) Bi(y) 1

y)zn:/ [fi(s, )M (5,t) + gi(s, 1)] dtds)} " (5.44)

=1

ai(zo) Bi(yo)

for all (l’,y) € [-'L'O,Jil] X [yf)uyl]u where
ki(zo,y) = [a(z,y)] ™ +
n ai(z) Bi(y)
x y)z / / fi(s,t)L(s,t) dt ds,

1:1011'(10) Bi(yo)

d
G(T):/ iaT2T0>O7

§P—a

To

G~ denotes the inverse function of G and (x1,y1) € /\ is so chosen that

p—q
p

ai(z) Bi(y)

X i / [fi(s,t)M(s,t) + gi(s,t)] dtds € Dom(G™).

i:1az(m0)/81( Yo)

G(k1(wo,y)) + (x,y)x

Theorem 5.13. Let u, a, ¢, fi, gi, ci, Bi(t), i=1,...,n, ¢, L and M
be as defined in Theorem 5.11. If

p(u(z,y)) < a(z,y) + c(z,y)x
n i@ Bi(y)

XZ/ /(u(s,t)){fi(s,t)L(s,t,u(s,t))—kgi(s,t)u(s,t) dtds (5.45)

=lai(z0) Bi(yo)
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for all (z,y) € A, then

u(z,y) < so—l{a@c, y) exp [G21 (G2<k2<xo, )+
L o) Biw)

+a(z,y)z/ / [fi(s,t)M(s,tHgi(s,t)]dtd%} (5.46)

“Las(@0) Bi(vo)
for all (z,y) € [xo, 21] X [yo,y1], where
L @) Bily)
ka(z0,y) = (2, 3) S / / fi(s, ) L(s. 1) dt ds,

=1, (20) Bi(yo)

ds
G2(T):/W7 r>r9 >0,

To

b is a constant, GQ_1 denotes the inverse function of G and (x1,y1) € A is
so chosen that

Ga(k2(z0,9)) + ez, y) x
ai(z) Bi(y)
X Z / / [fi(s, )M (s,t) + gi(s,t)] dtds € Dom(G3 ).
=lai(wo) Bi(yo)
Proof. The proof follows from an argument similar to that found in the

proofs of Theorems!5.9 and 5.11 with suitable modification. We omit the
details here. O

Theorem 5.14. Let u, a, ¢, fi, gi, o, Bi(t), i=1,...,n, ¢, L and M
be as defined in Theorem 5.11. If

e(u(z,y)) < a(z,y) + c(z,y)x
5 @ilx) Bi(y)
XZ / /(p/(u(s,t)) [fi(s,t)L(s,t,u(s,t))—|—gi(s,t)u(s,t) dtds (5.47)

i:1011'(10) Bi(yo)

for all (z,y) € A, then

u(z,y) <
<ks(z,y) exp(E(:c,y)zn: a](m) B](y[?fi(s,t)M(s,t)—}gi(s,t)} dtds)] (5.48)

=lay (o) Bi(vo)
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for all (z,y) € [xo,x1] X [yo,y1], where

o
n 7

ka(0,9) = oL@, ) + 2w y) / fi(s, O)L(s. ) dt ds.

=1, (o)
Proof. he proof here also follows from an argument similar to that found in
the proofs of Theorems 5.9 and 5.11 with suitable modification. We omit

the details here. O

6. GRONWALL-BELLMAN-TYPE NONLINEAR INEQUALITIES III

Pachpatte [48], [49] investigated some nonlinear Bihari-type integral in-
equalities which are applicable in certain general situations. In this section
we present some two-independent-variable generalizations of the certain in-
equalities in Pachpatte [48], [49] obtained by Bondge and Pachpatte [18],
[19]. These inequalities can be used as tools in the study of certain par-
tial integro-differential and integral equations. Bondge and Pachpatte [18]
established the following generalization of the inequality given by Pach-
patte [48].

Theorem 6.1 (Bondge and Pachpatte, 1979). Let u(z,y) and p(z,y)
be nonnegative continuous functions defined for x,y € R. Let g(u) be a
continuously differentiable function defined for uw > 0, g(u) > 0 for u > 0
and g'(u) > 0 for u > 0, and let a(x) > 0, b(y) > 0, a’(x) > 0, b'(y) >0
are continuous functions defined for x, y € Ry. If

u(z,y) < alz) +b(y)+
s t

+jjf(57t) (u(s,t)+//p(sl,t1)g(u(sl,tl))dsldtl) dsdt, (6.1)
00 0

0

forx,y e Ry, then for 0 <z <z, 0<y <y,

u(z,y) < alz) +b(y)+

+ O/ O/ p(s,t)H {H(a(O) +b(t))+

s s t

a'(s1)
+b/a(81) T b(()) +g(a(sl) n b(())) d81+0/0/p(81,t1)d81 dt1:| ds dt7 (62)
where
[ ds
H(r):/m, r>rg >0, (6.3)
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H~! denotes the inverse function of H and x1, y1 are so chosen that

f d/(s1)

H(a(0) + b)) + / a(sn) 1 B(0) + glatsr) + b))

0

z Y
+ //p(sl,tl)dsl dt, € DOHI(H_l).
0 0

for all x, y lying in the subintervals 0 < x <z, 0 <y <wy; of Ry.

Bondge and Pachpatte [19] established the following three theorems which
deal with two-independent-variable generalizations of certain inequalities
given by Pachpatte [48], [49].

Theorem 6.2 (Bondge and Pachpatte, 1980). Let u(x,y), a(z,y), and
b(x,y) be nonnegative continuous functions defined for x, y € Ry. Let g(u)
be a continuously differentiable function defined for u > 0, g(u) > 0 for
u >0 and g'(u) > 0 for u >0, and in addition g(u) be subadditive on Ry.

If

u(z,y) < alz, y)+

+O/O/b(s7t) (u(S,t)+O//b s1,t1)g(u(s1,t1)) dsy dtl) dsdt, (6.4)

forx,y € Ry, then for 0 <z <xo, 0 <y < yo,
w(z,y) < a(z,y) + Az, y)+

+ZZb(s,t){H‘1 |:H(A(S7t))+0/sb/tp(slu t1) dsy dtl] } dsdt, (6.5)

S1 t1

xz Y
/b Sl,tl < Sl,tl // SQ,tQ 82,t2))d52 dt2> dSl dtl,
00

H, H=! are as defined in Theorem 6.1 and x2, y2 are chosen so that

where

xz Y
A(z,y)) +//p(81,t1)dsldt1 € Dom(H ™).
0 0

for all x, y lying in the subintervals 0 < x < x9, 0 <y <wys of Ry.

Theorem 6.3 (Bondge and Pachpatte, 1980). Let u(x,y), a(x,y), b(z,y),
and c(xz,y) be nonnegative continuous functions defined for x, y € Ry. Let
g(u) be a continuously differentiable function defined for u > 0, g(u) > 0
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for uw > 0 and ¢'(u) > 0 for uw > 0, and in addition g(u) be subadditive
on Ry. If

x

y
u(m,y)ga(m,y)—i—//b(s t) [ s,t) +//c (s1,t1)u(s1,t1) dsy dt1+
00

S

+0/0/[b(slﬂh)+c(81,t1)}g(u(sl,t1))dsl dtl} dsdt, (6.6)

forx, y € Ry, then for 0 <z < 3, 0 <y < ys,

u(w,y) < a(z,y) + B(x,y)+

+/7;,(5,t){ﬂ1[H(B(s,t))+/s/t[b(sl,t1)+c(sl,tl)] dsldtl]}dsdt, (6.7)
00 00

where

z Yy s1 t1

//b 81,t1< Sl,tl // Sg,tg (82,t2)d82dt2+
0 0

s1 t1

+0/0/[b(sz,trz)+c(32,t2)}g(a(sz,t2))dsz dt2> dsy dty,

H,H~! are as defined in Theorem 6.1 and x3,y3 are so chosen that
H(B(z,y)) + // [b(s1,t1) + c(s1,t1)] dsy dty € Dom(H ™).

for all x, y lying in the subintervals 0 < x < xz3, 0 <y <wys of Ry.

Theorem 6.4 (Bondge and Pachpatte, 1980). Let u(x,y), a(x,y), b(z,y),
c(x,y), and k(x,y) be nonnegative continuous functions defined for z, y €
Ry. Let g(u) be a continuously differentiable function defined for u > 0,
glu) > 0 for u > 0 and ¢'(u) > 0 for w > 0, and in addition g(u) be
subadditive on Ry. If

u(r,y) < a(z,y) + b(x,y)x

t
// s, 1) < s,t)+b(s,t) /k s1,t1)g(u(s1,t1)) dsy dt1> dsdt, (6.8)
00
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forx,y € Ry, then for 0 <z < x4, 0 <y < yy,

u(z,y) < a(w,y)+
+b(z,y) {L(:c,y)—!—//c(s,t)g(b(s,t){Q1{Q(L(s,t))+

+/O/ (s1,41) + K sl,tl)}g(b(sl,tl))dsldtl}}) dsdt} (6.9)

where

x Y
://c(sl,tl)x
0 0
s1 t1

X g(a(sl,tl +b Sl,tl //k 82,t2 (Sg,tg)) dso dtg) dsy dtq,
0

Q, Q7! are as defined in Theorem 4.1 and x4, ys are so chosen that
z oy
QL(z,y)) + // [c(s1,t1) + k(s1,t1)] dsydty € Dom(Q7).

for all x, y lying in the subintervals 0 < x < x4, 0 <y <wyy of Ry.

In view of wider applications, Wendroff’s inequality given in Beckenbach
and Belllman [9] has been generalized and extended in various directions.
The current article is devoted to the Wendrofi-like inequalities investigated
by Pachpatte [59], [60], [62] in order to apply them in the study of certain
higher order partial differential equations. Pachpatte [59] established the
Wendroff-like inequalities in the following two theorems.

Theorem 6.5 (Pachpatte, 1988). Let u(z,y) and h(z,y) be nonnegative
continuous functions defined for x,y € Ry. Let a(z), b(y), p(z), q(y) be
positive and twice continuously differentiable functions defined for x,y €
R.y; also let ' (x), V' (y), p'(x), ¢'(y) be nonnegative for x, y € Ry. Define
c(z,y) = a(z) +b(y) + yp(x) + 2q(y), for x, y € R4. Let g be a continuously
differentiable function defined on Ry and g(u) > 0 on (0,00), ¢'(u) >0 on
Ry and

u(z,y) < elz,y) + A[:z:, y, h(s1,t1)g(u(sy, tl))], (6.10)
holds for xz, y € R,.

(i) If a’(z), p"(x) are nonnegative for x > 0, then for 0 < = < xj,
0<y<ys,

)+

~—

u(z,y) < Q7 {Q(C(O’ v)+ I(%
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l// m<§w >@um+Ahy,@hmﬂ, (6.11)
17

where

f ds
Q(T) = /Tg(s), r > O, ro > O, (612)

To

Q! denotes the inverse function of  and x5, ys are so chosen that

Q(c(0, 1)) +x(%)+

// 51 +yp )dslds+A[a,y7h(817t1)] € Dom(H ™).
515

for all x,y lying in the subintervals 0 <z < x5, 0 <y < ys of Ry.
(i) If b"(x), ¢"(z) are nonnegative for y > 0, then for 0 < z < mg,
0<y<ys

u(z,y) < Q1 |:Q(C(JC7O)) + y(M)+

9(c(z,0))
Yy
V(1)
+// \ J(r)a;q Dty dt + Ay, hsn, )] |, (6.13)
1
0

where Q, Q=1 are as defined in (i) and xg, ys are so chosen that

Qe(z,0)) + y(igc(zg gi))+

/!
// b tl 'i(‘)mtq )dtl dt+A[y7x7h(81,t1)] S DOHl(H_l)_
1

for all x, y lying in the subintervals 0 < x < xg, 0 <y <yg of Ry.

Theorem 6.6 (Pachpatte, 1988). Let u(z,y) and h(z,y) be nonnegative
continuous functions defined for x,y € Ry. let a(z), b(y), p(x), q(y) be
positive and twice continuously differentiable functions defined for x,y €
Ry; also let a'(x), V' (y), p'(x), ¢'(y) be nonnegative for x, y € Ry Define
c(z,y) = a(z) +b(y) +yp(z) + 2q(y), for x, y € Ri. Let g be a continuously
differentiable function defined on Ry and g(u) > 0 on (0,00), ¢'(u) > 0
on Ry. Also,

u(z,y) < clz,y)+
+ Ay, hsi,t) [ulsi,t) + Als, 1, hsa, t2)g(u(ss, 12))] ] (6:14)
holds for xz, y € R,.
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(i) If a"(z), p"(x) are nonnegative for x € R, then for 0 < x < w7,
0<y<uyr

u(z,y) < ¢(0,y)) + zc.(0,y)+

—|—// (s1) 4+ yp"(s1)] dsids + Afa,y, h(s1,t1)Q1(s1,t1)], (6.15)

in which

c:(0,y)
oo

83 —|—yp "(s3)
// (53,0 (c(35,0)) d83d82+A[:c,y,h(83,t3)}], (6.16)

Qulasy) < H! [H(C(O, D) +a(

where
T

ds
H(r)= [ —— 0 0
(T) /s—l—g(s)’ r>0, 1o >0,

To

H~=' denotes the inverse function of H and x7, y7 are so chosen that

cz(0,y)
H(c(0,y)) + l’( c(0,y) + g(c(O,y)))jL

53 +yp "(s3) »
// (53,0 (c(s5,0)) dss dsa -I—A[I,y,h(Sg,tg)] € Dom(H ™).

for all x, y lying in the subintervals 0 < x < x7, 0 <y <yr of Ry.
(ii) If ' (x), ¢"(x) are nonnegative for y € Ry, then for 0 < x < xg,
0<y<uys,

u(x,y) < c(z,0)) +yey(z,0)+

+ // [b”(fl) + CEqH(tl)] dtl dt + A[y,l‘h(sl,tl)Qg(Sl,tl)}, (617)
0 0

in which

Qz(z,y) < H ™ [H(C(I’O)) + x(C(z, O)CﬁgZ((l)(Ia 0)))

b// t —|—Iq ( )
// 0 t33 )+ g(c(0,t3)) dt3dt2+A[vaah(537t3)}], (6.18)

_|_
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where H, H=1 are as defined in (i) and zs, ys are so chosen that

¢y(z,0)
( o(2,0) +g(c(z,0))>+

H(c(z,0)) +y

b// t3 +1‘q”(t3) 3
dts dts + Aly, z, h(ss, t5)] € Dom(H™Y).
// 00t2) 7 90e(0.1,7) &t 2 + Aly: @ h(sa,t2)] € Dom(H™)

for all x, y lying in the subintervals 0 < x < zg, 0 <y <yg of Ry.

Pachpatte [63] established the following inequality which can be used in
the study of certain partial differential and integral equations.

Theorem 6.7 (Pachpatte, 1998). Let u(x,y), f(x,y), and p(z,y) be non-
negative continuous functions defined for x, y € Ry. Let g be a continuously
differentiable function defined on Ry and g(u) > 0 on (0,00), ¢'(u) > 0 on
R.. If

U((E, y) SC"_/ f(Slay)U(Slay) dSl ds + A[l’,y,p(sl,tl)g(U(Sl, tl))]? (619)
00
forxz, y € Ry, where ¢ > 0 is a constant, then for 0 < x < xg9, 0 <y < yog,

u(w,y) < Q) {07 [0) + Al y.plor 1)g(Qs1, 1)) |} (620)

where
Q) = exp ( [ [ st as ds),
0 O

Q! are as defined in Theorem 5.5 and w9, yo are so chosen that

Qe) + Alz,y. p(s1,11)9(Q(s1,t1))] € Dom(H ™)
for all x, y lying in the subintervals 0 < x < xg9, 0 <y <wyg of Ry.

Q

7

The inequalities given in the following theorem have been recently es-
tablished by Pachpatte [60], [62] and are motivated by the study of certain
higher order partial differential equations.

Theorem 6.8 (Pachpatte, 1993, 1996). Let u(x,y), a(z,y), and b(z,y)
be nonnegative continuous functions defined for x, y € Ry and h : RS — Ry
be a continuous function which satisfies the condition

0< h(l‘, yvvl) - h(d?, y7’02) < k(ﬁC,y, 1}2)(’01 - UQ)a (621)

for x;y € Ry and vi > v > 0, where k : Ri — Ry is a continuous
function.
(i) If
u(z,y) < alz,y) + b(z,y)Blz,y, h(s,t, u(s, t))], (6.22)
forx, y € Ry, then

u(z,y) < alz,y) + bz, y)p(x, y) exp (B [x,y, k(s,ta(s,t))b(s,t)]), (6.23)
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forx, y € Ry, where

p(z,y) = B[;v, y, h(s,t,a(s, t))} (6.24)

forz,y € Ry.
(ii) Let F(u) be a continuous, strictly increasing, convex, submultiplica-
tive function for u >0, lim F(u) = oo, F~! denote the inverse function of
uUu—00

F, and a(x,y), B(x,y) be continuous and positive functions for x,y € Ry
and a(z,y) + B(z,y) = 1. If

u(e,y) < a(w,y) + b, y) P (Bla,y,his,t, Flu(s, )] ), (6.25)
forxz,y € Ry, then
u(z,y) < a(z,y)+
+b(a,y) P (Bloy, h(s.t, als, O (a(s, )a™ (s,1)) )] x
X exp (B [x v, k(s, t,als, t)F (a(s, t)a~(s, t))) x
x B(s, DF (b(s, 157 (5,1))]) )~ (6:20)

forx,ye Ry.

(iii) Let g(u) be a continuously differentiable function defined for u > 0,
g(u) > 0 for u > 0 and g'(u) > 0 for u > 0 and g(u) is subadditive and
submultiplicative for u > 0. If

u(z,y) < a(z,y) + b(z,y) Bz, y, h(s,t, g(u(s,1)))], (6.27)
forxz,y e Ry, then for 0 <z <z, 0 <y <y,
u(z,y) < alz,y)+
+ bl ) [ a(wy) + Br,y kst glals, 0))g(b(s, )] |, (6.28)
where

Q(fay) = B[;v,y,h(&t,g(a(s,t)))], (6'29)
Q, Q7! are as defined in Theorem 6.5 and o, yo are so chosen that
Qq(,y)) + B[z, y, k(s,t,9(als,1)))g(b(s,1))] € Dom(H ™),
for x, y lying in the subintervals 0 < x < xp, 0 <y <yo of Ry.
We next present some new nonlinear retarded Gronwall-Bellman-type
integral inequalities in two independent variables as following Theorems.
These inequalities can be used as effective tools in the study of certain

integral equations. In what follows, given a continuous function a : J; xJy —
Ry, we write

a(z,y) :max{a(snf) cxg<s<uz yg<s< y}
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Theorem 6.9. Letu, a, ¢, f, g € (A, Ry,) and ¥ (u) be a nondecreasing
continuous function for uw € Ry with ¢(u) > 0 for w > 0. If

u(r,y) < alz,y)+

z Yy s t
+ c(z, y)//f(s7 t) (u(s, t)—|—//g(51, t1)(u(s1,t1)) dsy dtl) dsdt, (6.30)
ToYo ToYo
forx, y € Ry, then
(i) in the case P(u) < u,

u(z,y) < a(x,y)exp (ji [e(z,y) f(s,t) + g(s,1)] ds dt), (6.31)

Zo Yo

for all (z,y) € A and
(ii) in the case (u) > u,

ey) < 1 (HG@le) + / / o)1) 4 9(s.0)] dsar ). (62)

Zo Yo

for all zo < x < x1, yo <y < y1, where

T

H(r) = %, r>ry >0, (6.33)

H~! denotes the inverse function of H and x1, 31 are so chosen that

To

H(a(z,y)) + // [E(:c,y)f(s,t) + g(s,t)} dsdt € Dom(H 1)

Zo Yo

for all x, y lying in the subintervals 0 < x <z1, 0 <y <y; of Ry.

Proof. Fixing any numbers X and Y with 2o <z < X and yg <y <Y, we
assume that a(X,Y") is positive and define a positive function z(x,y) by

z(x,y) =a(X,Y)+

+e(X, Y)/z/?if(&t) (u(s,t)+‘/5‘/g(sl,t1)¢(u(sl,tl)) dsy dtl) dsdt, (6.34)

ZoYo ZToYo

then Z($7y0) = a(X7Y)7 Z(Io,y) = E(Xa Y)7 U($7y) < Z(l‘,y) and

zay(@,y) =C(X,Y) f(z,y) (u(xay)+j79(517t1)¢(u(31,t1))d81 dt1> <

ZoYo

<ECE V) (o) (o) / /yg<sl,t1>w<z<sl,t1>> s dn). (635

ZoYo
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If we put
Ty
v(x,y) = z(z,y) + //9(51, t1)w(z(s1,t1)) dsy dtq
then
’U( » Yo ) = E(X, Y)’ ’U(man) = a(Xv Y)a
Zay(@,y) <AXY)f(@,y)v(z,y), z(zy) < o(z,y)
and

Vay (2, Y) = 2ay (2, y) + 9(z, Y)Y (2(2,y)) <
<X, V) f ()0l ) + 9, )0 (0(, ). (6.36)
When ¢ (u) < u, from the inequality (6.36), we find
) AV o) + o) (637

From (6.37) and by using the facts that v, (z,y) > 0, vy(x,y) > 0, v(z,y) >
0 for x, y € R4, we observe that

a0 <o ¥ ) + glay) + DY),

v, y) iz, )P
dy ( v(z,y) > <eXY) f(zy) + 92, ). (6.38)

Keeping « fixed in (6.38), we set y = t; then, integrating with respect to t
from yo to y and using the fact that v, (x,y0) = 0, we have

2 < [ [ Y) (o) + glant)] . (6:39)

Yo

Keeping y fixed in (6.39), we set x = s; then, integrating with respect to s
from z( to = and using the fact that v(xg,y) = a(X,Y), we have

z Yy
v(z,y) <a(X,Y)exp (// [e(X,Y) f(s,t) + g(s,1)] dt ds). (6.40)
o Yo
Taking X =z, Y =y and using u(z,y) < z(z,y) < v(z,y) in the inequality
(6.40), since X and Y are arbitrary, we get the required inequality (6.31).
When 9(u) > u, from the inequality (6.36), we find

Vay (2,Y)

Pz < OV @ ) + 9 y) (6.41)
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From (6.41) and by using the facts that v, (z,y) > 0, vy(x,y) > 0, v(z,y) >
0, ¥'(v(x,y)) >0 for z, y € R4, we observe that

3

Ury(xvy) o r T v (2, Y)Y (v x,y))vy(a:,y)
o) <X, Y)f(z,y) +g(z,y) + (. y)) P

ie.
0 ( (% ((E, y) ) ~
— | ————= | <dAX,)Y)f(x,y) + 9(z,y). 6.42
oy \ oy ) = OV F ooy (0:42)
Keeping z fixed in (6.42), we set y = ¢; then, integrating with respect to ¢
from yo to y and using the fact that v, (z,y0) = 0, we have

y

vz (T,y) < / [Q(X,Y) f(z,t) + g(z,t)] dt. (6.43)

Keeping z fixed in (6.43), we set & = s; then, integrating with respect to s
from z¢ to  and using the fact that v(zo,y) = a(X,Y) and the definition
of the function H, we have

z Y
v(z,y) <H ! <H(Zi(X, Y)) +// [C(X,Y)f(s,t)+g(s,t)] dt ds>. (6.44)
Zo Yo
Taking X = 2, Y = y and using u(z,y) < z(z,y) < v(z,y) in the inequality
(6.44), since X and Y are arbitrary, we get the required inequality (6.32).
If a(X,Y) = 0 we carry out the above procedure with ¢ > 0 instead of
a(X,Y) and subsequently let ¢ — 0. This completes the proof. O

Theorem 6.9 can easily be applied to generate other useful nonlinear
integral inequalities in more general situations. For example, we have the
following result (Theorems 6.10-6.11).

Theorem 6.10. Let u, a, ¢, f, g € (A, R4,) and ¥(u) be a nondecreas-
ing continuous function for w € Ry with ¥(u) > 0 for u > 0. Suppose that
@ € CY(Ry, Ry) is an increasing function with ¢(o0) = oo and ¢’ (u) is a
nondecreasing continuous function for uw € Ry. If

o(u(,)) < alz,y) + c(z,y) / / f(s.t) (u<s,t>w'<u<s,t>>+

Zo Yo

‘|‘//9(51,tl)wl(u(sht1))1/1(u(81,t1)) dsq dtl) ds dt, (645)

Zo Yo

forxz,y € Ry, then
(i) in the case Y(p~1(2)) < p=1(2) for 2 € Ry,

—=
\cﬁ

u(x,y>sw<a<z,y>>exp( (B ) f(5,8) + 9(5,0)] dsdt), (6.46)

Zo Yo
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for all (z,y) € A.
(ii) in the case Y(p~1(2)) > ¢~ 1(2) for z € Ry,

w(a,y) < H (H«a%a(z, u))+ / / [ola, ) f(s,8) +g(s,1)] ds dt), (6.47)

ZoYo

for all xo < x < w1, yo <y < y1, where

f ds
H(T) = w, r>rg >0, (648)

To

H~' denotes the inverse function of H and x1, y1 are so chosen that

H(o ' (a(z,y))) + // [/c\(x7y)f(s7t) + g(s,t)} dsdt € Dom(H ™).

Zo Yo

for all x, y lying in the subintervals 0 < x <zx1, 0 <y <y; of Ry.

Proof. Fixing any numbers X and Y with 2o <z < X and yg <y <Y, we
assume that a(X,Y) is positive and define a positive function z(z,y) by

z(z,y) —@(XvY)JrE(X,Y)/I/yf(S,t) <U(Svt)¢’(U(S,t))+

Zo Yo

‘|‘//9(51,tl)wl(u(sl,t1))1/)(u(81,t1)) dsq dtl) ds dt; (649)

Zo Yo

then z(r,y0) = a(X,Y), 2(z0,y) = a(X,Y), u(x,y) < ¢~ *(2(x,y)) and

ze (2, y) :E(XvY)/f(I,t) <U(I,t)<p’(U(I,t))+

+/x/tg(sl,tl)w’(u(sl,tl))w(u(sl,tl))d31 dt1> dt <

< o7 ). Y) [ 7o) (wl(Z(%t))Jr

x t

[ [ atsrtaute Glsrtn) dssan, ) ar

Zo Yo
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i.e.

__ @y Cl y x 2z
Tt <o [ (e e

+//9(81,tl)’@/J((p_l(Z(Sl,tl)))dSl dt1> dt. (650)

Zo Yo

Keeping y fixed in (6.50), we set 2 = s; then, integrating with respect to s
from z( to = and using the fact that z(xo,y) = a(X,Y’), we have

o (2(z,9)) < o @(X,Y)) + X, Y) / / f(s.t) <<p1<z<svt>>+

Zo Yo

—|—/S/tg(51,t1)1/)(cp1(2(51,151)))(181 dtl) dsdt. (6.51)

Zo Yo

Taking X = z, Y = y, since X and Y are arbitrary, by applying Theo-
rem 6.9 to (6.51), we get the required inequalities (6.46) and (6.47) from
the inequality u(z,y) < o~ 1(z(z,y)).

If a(X,Y) = 0 we carry out the above procedure with ¢ > 0 instead of
a(X,Y) and subsequently let € — 0. This completes the proof. O

Theorem 6.11. Let u, a, ¢, f, g € (A, Ry, ), and ;(u),i = 1,2 be non-
decreasing continuous functions for u € Ry with ¥;(u) > 0 for u > 0.
Suppose that ¢ € CY(R4, Ry) is an increasing function with ¢(o0) = co. If

p(u(z,y)) < a(z,y) +C(I,y)/w/yf(57t) <¢1(U(S,t))+

Zo Yo

+/S/tg(sl,tl)wg(u(sl,tl))dsl dtl) dsdt, (6.52)

o Yo

forx, y € Ry, then
(i) in the case P1(p71(2)) < (e~ (2)) for 2 € Ry,

ey) < o7t |y (Falate )+

+E(z,y)f]f(s,t)<1—|—/S/tg(51,t1)dsl dt1> dsdt)], (6.53)

o Yo To Yo
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Jor all xo < x < w2, yo <y < y2, where
Hy(r) /76“ >0 >0 (6.54)
2\T") = , T=2To ) .
Ya(p~1(s))
ro

H; ' denotes the inverse function o Hs, x5 and yo are so chosen that
2 Y
Hs(a(z,y))+

—i—E(:my)/m/yf(&t) (1+/s/tg(817f1)d81 dtl) dsdt € Dom(H; ")

To Yo o Yo

for all x, y lying in the subintervals 0 < x < x9, 0 <y <ys of Ry.
(ii) in the case 1 (o~ 1(2)) > Ya(p~1(2)) for z € Ry,

ey < o7t |7 (M@t )+

citan [ [re0(1s [ [mtamm) wa)]. @

To Yo o Yo

for all xo <z < 3, yo <y < ys, where
Hi(r) /7‘15 > 7o >0 (6.56)
1\r) = , '=2To ) .
P1(p1(s))
To

Hfl denotes the inverse function of Hy, x3 and y3 are so chosen that

Hy(a(z,y))+

+E(:c7y)/m/yf(s7t)<1+/s/tg(Slafl)dsl dtl) dsdt € Dom(H; ")

To Yo To Yo

for all x, y lying in the subintervals 0 < x < x3, 0 <y <ys of Ry.

Proof. Fixing any numbers X and Y with 2o <z < X and yo <y <Y, we
assume that a(X,Y) is positive and define a positive function z(z,y) by

2(,y) = G(X,Y) + (X, V) / / F(s.1) (wl (u(s, 1)+

Zo Yo

+/5/tg(sl,tl)wg(u(sl,tl))dsl dtl) dsdt, (6.57)

Zo Yo
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then z(z,y0) = a(X,Y), 2(z0,y) = a(X,Y), u(z,y) < o~ (2(x,y)) and

22 (%, y) :E(X,Y)/f(wﬂf) (¢1(u(m,t))+

+ ]/9(81,t1)¢2(u(817t1))d81 dtl) dt <

Zo Yo

< X.Y) /f (a1 (w (s, )+

// (51,41 )00 ((sl,tl)))dsldtl) &t (6.58)

o Yo

When 91 (¢~ 1(2)) < ¥2(p~1(2)), from the inequality (6.58), we find

m(ﬁé@y))) SALY) / f@?) (“/ / (s1,11) dwl) dt. (6.59)

Zo Yo

Keeping y fixed in (6.50), we set x = s; then, integrating with respect to s
from zp to  and using the definition of Hy, we have

Hy(2(x,y)) < Ha(a(X,Y))

+E(X,Y)]/yf(s,t) <1+/Sjg(sl,t1)d51dt1) dsdt. (6.60)

To Yo To Yo

Taking X = z, Y = y in (6.60), since X and Y are arbitrary, we get the
required inequality (6.53) from the inequality u(z,y) < =1 (2(z,v)).
When 1 (07 1(2)) > ¥2(¢71(2)), by following the same argument as in
the proof below the inequality (6.59), we get the required inequality (6.55).
If a(X,Y) = 0 we carry out the above procedure with ¢ > 0 instead of
a(X,Y) and subsequently let € — 0. This completes the proof. O

For the special case 91(u) = ¢(u), Theorem 6.11 gives the following
integral inequality for nonlinear functions.

Corollary 6.12. Let u, a, ¢, f, g € (A, R+,) and ¥(u) be a nondecreas-
ing continuous function for w € Ry with ¥(u) > 0 for u > 0. Suppose that
¢ € C(Ry,Ry) is an increasing function with ¢(oc0) = oo. If

p(u(z,y)) < alz,y) +C(I,y)/m/yf(57t) (w(U(S,t)H

Zo Yo
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+//g(81,t1)¢(u(81,t1)) dSl dtl) det, (661)

Zo Yo
forx, y € Ry, then
(i) in the case Y(p~1(2)) < z for 2 € Ry,

u(z,y) <

< ot men(aten [ [160(1+ ] fotorminan) asar)]

Zo Yo Zo Yo

for all (z,y) € A.
(ii) in the case Y(p~1(2)) > 2z for z € Ry,

e < o7t 17 (MG )+

coten [ [e0(1s [ [stmtnamn) aa)|. @o

To Yo o Yo

for all zo < x < x4, Yo < y < ya, where
[ ds
H(T):/i, r>ro >0, (6.63)
Y(p~(s))
To

H~! denotes the inverse function of H, x4 and y, are so chosen that

H(a(z, y))+

+E(x,y)]]f(s,t) (1+/s/g(sl,t1)dsldt1> dsdt € Dom(H )

o Yo o Yo

for all x, y lying in the subintervals 0 < x < x4, 0 <y <wyy of Ry.

7. MULTIDIMENSIONAL LINEAR INTEGRAL INEQUALITIES

Wendroff’s inequality has received considerable attention and several pa-
pers have appeared in the literature dealing with various extensions, gener-
alizations and applications. During the past few years, many papers have
appeared in the literature which deal with integral inequalities in n inde-
pendent variables. See Agarwal at al. [1], [4], [6], Akinyele [7], Beesack [11],
[12]-[14], Chandra and Davis [21], Conlan and Wang [25], [26], Fink [32],
Ghoshal at al. [35], Pachpatte [58], Singare and Pachpatte [71], Yang [77],
[78], Yeh [79], and Young [80], [81].

We present in this section some inequalities of Wendroff’s type in n in-
dependent variables investigated by Pachpatte alone, Pachoatte and his
co-workers, as well as others.
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In what follows, we adopt the following definitions and notational con-

ventions. Let Q be an open bounded set in R™ and a point (z1,...,2,)

in Q be denoted by x. Let 2° and x(2° < z) be any two points in
x T1 Tn

and [ --- d¢ denote the n-fold integral [ --- [ --- d&, -+ d&, D; = 0/0x;,
@? af  af)

1 < ¢ < n. For any pair z, s of points of 0 with z < s we denote

D(z,s) = {x eR": z<¢L s} C Q and [--- d¢ denotes the n-fold

integralfl---f---dfn---d{l.

1 Tn
Bondge and Pachpatte [18] investigated the inequalities in the following
theorem.

Theorem 7.1 (Bondge and Pachpatte, 1979). Let u(z), p(z), q(x) be
nonnegative continuous functions defined on Q and a;(x;) > 0, aj(x;) > 0
for 1 <@ < n, be continuous defined for x; > z?.

(i) 1f

x

u(e) < Y ailen) + [ p(o)ulw) d. (r.1)

for z € Q, then
) < Ba)esp ([ o) dy ). (72)

for © € Q, where

[ artw)+ar @) - a(on)] [ Saien) +az(af) ~az(aa)]

BE(z)=-"= — =1 . (7.3)
|3 i) + (o) - ag(e)|
=3
(i) 1f
o) < S ate) + [swuan+ v [ ds) a0
for x € Q, then I ’ ’

u() < gj@) = [owEwes( [ +awlas) a9

0 0

x x

for x € Q, where E(z) is defined by (7.3).
A slight variant of Theorem 7.1 appeared in [63, pp. 400-401].

Theorem 7.2 (Pachpatte, 1998). Let u(z), p(x), and q(x) be nonnega-
tive continuous functions defined on Q and let a(x), x € Q, be a continuous
function which is nonnegative and nondecreasing in each component x; of x.
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) 1f
u(z) < ala) + / ply)uly) dy, (76)
for z € Q, then "
u(x) < a(z)exp <]p(y) dy>, (7.7)
forz € Q.
(i) 17
u(z) < alz) + jp(y) (u(y) + /yq(s)u(s) ds) dy, (7.8)
for z € Q, then
o) < )] / sen( / po) +alolds)ay]. (19

for xz € Q.

The following theorem deals with general inequalities which appeared in
[63, pp. 401-402].

Theorem 7.3 (Pachpatte, 1998). Let u(z), a(z), b(z), p(x), and q(x)
be nonnegative continuous functions defined on €.

Q) 1f x
u(w) < ala) + () [ plwuty) do (7.10)
for x € Q, then :
() < alo) + boym(z) exp / b)p(s) o ). (7.11)
for x € Q, where :
m(z) = ] a(y)p(y) dy, (7.12)
forz € Q. :
(i) 1f
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for x € Q, then

x Y

) < ate) +b(a)r(o) |1+ [ o) exw( [1o(6) +atellas ) ], a0
for z € Q, where . :
() = / o) (at0) + 30) / o(s)als) ds ) iy (7.15)

for x € Q.

Inspired by the inequalities given by Gollwitzer [36], Pachpatte [48], and
Singare and Pachpatte [72] established the inequalities in the following the-
orem.

Theorem 7.4 (Singare and Pachpatte, 1981). Let ¢(x), a(x), b(z), and
¢(x) be nonnegative continuous functions defined on Q and u(x) be a positive
continuous function defined on €.

(i) If
u(s) 2 0(a) — als) [ blEo(e)de, (7.16)
forx <s, x, s €, then '
u(s) > 6(a) exp<—a<s> G ds>, (7.17)
forx <s, x, s€.

(ii) 1

)2 0(o) ~ alo)| / b(E)H(E) dé + / v / p)olp)dp) ] (1.15)
3

x x

forx <s, x, s €, then

) 2 0(o)| 1+ ato) / &) exp / ablo) + (o)) dp ) de) |, (719

x x

forx <s, x, s €.

Remark 7.1. Note that the method employed in the proofs of the forego-
ing theorems can also be used to obtain n-independent-variable versions of
various inequalities given in earlier section. Since this translation is quite
straightforward in view of the results given in this section, it is left to the
reader to fill in the details where needed.
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Young [80] extended Snow’s technique to n independent variables. Bondge
and Pachpatte [19] gave more general integral inequalities in n independent
variables by using Young’s technique. The inequalities given in Bondge
and Pachpatte [19] are further generalizations of the inequalities given by
Pachpatte [18]. Next, we deal with the inequalities given by Young [80]
and Bondge and Pachpatte [19], which have many important applications
in the theory of partial differential and integro-differential equations in n
independent variables.

The following inequality is established by Young [80].

Theorem 7.5 (Young, 1973). Let ¢(z),a(x), and b(z) > 0 be nonnega-
tive continuous functions in Q C R™. Let v(&;x) be a solution of the char-
acteristic initial value problem

(=1)"vg,,.6, (& 2) = b(Ev(§52) =0 in Q,

7.20
v(&a)=1 on & =m;, i=1,...,n ( )

and let DT be a connected subdomain of Q containing x such that v > 0 for
allé € DT. If DC DT and

x

o) < alz) + / b(E)B(E) de. (7.21)
then
o(z) < aw) + / a(©b(E)v(E; ) de. (7.22)

Remark 7.2. The existence and regularity property of v can be deduced
from Courant and Hilbert [28]( see also Copson [27]; Garbedian, [33]). In-
deed, the problem (7.20) is equivalent to the integral equation

o) = 1+ [ ba)otia) dn
§
The following two theorems given by Bondge and Pachpatte [19] provide

an extension to the case of n independent variables — the quite general
results established by Pachpatte [51].

Theorem 7.6 (Bondge and Pachpatte, 1980). Let ¢(x), a(zx), b(z), c(x),
and o(x) be nonnegative continuous functions in & C R™. Let v(§;x) be a
solution of the characteristic initial value problem

(=1)"ve, .6, (& 2) = [b(E) + c(O]v(§52) = 0 in Q,

2
v(&x)=1 on & =x;, 1<i<nmn, (7.23)
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and let DT be a connected subdomain of Q containing x such that v > 0 for
alé Cc DY If D€ DT and

6(@) < ale) + / b(o)6(p) dp + / ) o(p) + / ©)0(6) de| dp. (12

+ Jo0) ato)+a0)+ [{a©el@) +6O [a©)+o(O)] Jotsip) de | dp. (725)

Theorem 7.7 (Bondge and Pachpatte, 1980). Let ¢(x), a(z), b(x), c(x),
and k(x) be nonnegative continuous functions defined on Q C R™. Let v(&; )
and w(&; x) be the solutions of the characteristic initial value problems

(=1)"vg, ,...e, (&) — [B(E) + c(€) +k(€)}?(€;x) =0 in Q, (7.26)
v(&x)=1 on & =x;, 1<i<nmn,

and
(=D)"we,,..e, (&) = [b(E) = c(§)]w(& ) =0 in Q, (7.27)
w(gr) =1 on &=, 1<i<n, '

respectively and let DV be a connected subdomain of Q0 containing x such
that v > 0,w > 0 for all € € DT. If D C DV and

b(x) < alx) + / b(0)(0) dp + / (o) ( / HOG(E) d£> dp,  (129)

then
o) Sata)t (i) |ap)b(p)+ (o) [alID(E) +HENo(E: ) ] o (729)

The inequalities established in the following two theorems by Bondge and
Pachpatte [19] can be used in certain applications.

Theorem 7.8 (Bondge and Pachpatte, 1980). Let ¢(x), a(zx), b(z), c(x),
and d(z) be nonnegative continuous functions defined on Q C R™. Let v(&; x)
and w(&; x) be the solutions of the characteristic initial value problems

(1) vey,....6, (& @) — [b(E) + (&) + d(©)]v(&;2) =0 in Q,

7.30
v(&x)=1 on & =x;, 1<i<nmn, ( )

and
(=1)"we, .6, (&) = b w(&;2) =0 in Q,

31
w&a)=1 on & =x;, 1<i<n, (7.31)
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respectively and let DV be a connected subdomain of Q containing = such
that v >0, w >0 for all € € DT. If D C DT and

o) < alx) + / b(m)(n) diy + / b(n) < / (0)(0) dp) it

+/zb(77> (/77 c(p) </P d(§)o(&) df) dp) dn, (7.32)

then

bx) < alx) + / b))+ / wloin) () o) + <))+

+elp) [ al€)[b(6) + () + d(©))o(6: ) d&) dp} dn. (7.33)

20

Theorem 7.9 (Bondge and Pachpatte, 1980). Let ¢(x), a(z), b(z), c(x),
d(z), p(x) and q(x) be nonnegative continuous functions defined on Q@ C R™.
Let v(&x), w(& ) and e(&;x) be the solutions of the characteristic initial
value problems

(=1)"vey,....6, (& @) —[b(€) +c(§) +d(§) +p(§) +a(§) | v(&; 2) =0 in

v(&x)=1 on & =x;, 1<i<nmn,

(7.34)

and

(1) "we, ..., (§2) = [b(E) + c(€) +d(€) — p(§)]w(&;2) =0 in Q,

7.35
w(&a) =1 on & =a;, 1<i<n, (7:35)

and
(—1)"€g,,..e. (&) — [b(E) — c(©)]e(&2) =0 in Q,

7.36
e(éz) =1 on & =a;, 1<i<n, (7:36)

respectively and let DV be a connected subdomain of Q0 containing x such
that v >0, w >0 for all € € DT. If D C DT and

(@) < al@) + /9” b(n)d(n) dn + 7 c(n) ( /’7 d(p)¢(p) dp) dn+
+]C(") </P(P) </pq(§)¢>(£) dﬁ) dp> dn, (7.37)

z0 z0
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then

x

o) < alo) + [ el [a<n>b<n> +en) [ wosn) (a<p> b(p) + d(p)]+

+00p) [ al©)[v(E) + () +d(©) + ] v(&i) dg) dp} dn. (7.38)

8. MULTIDIMENSIONAL NONLINEAR INTEGRAL INEQUALITIES

The integral inequalities involving functions of many independent vari-
ables, which provide explicit bounds on unknown functions play a funda-
mental role in the development of the theory of partial differential equations.
The last few years have witnessed a great deal of research concerning such
inequalities and their applications in the theory of partial differential equa-
tions. This section deals with some basic inequalities established in Pelczar
[70], Headley [40], Beesack [10] and Pachpatte [58] which provide a very
useful and important device in the study of many qualitative properties of
the solutions of various types of partial differential, integral, and integro-
differential equations.

Pelczar [70] initiated the study of some inequalities for a broad class of
operators. In order to present the main results in Pelczar [70] we need the
following definitions found there.

We call a set P partly ordered if, for some pairs of elements z, y € P, a
relation x < y is defined in such a way that:

(a) for each x € P, x < z,

(b) if z <y and y < x then z =y and

(¢)if x <yandy < z, then z < 2.

Let P be a partly ordered set and QQ C P. We call z the upper bound of
QinPifze Pz e, and z < z. We call Z the supremum of the set
Q (abbreviated sup Q) if Z is an upper bound of @ in P and z < Z. Each
partially ordered set can have at most one supremum.

The set P will be said to satisfy the condition (II) if the difference x —y €
P is defined for each z,y € P in such a way that

(d) if x <y, then for each z € P, z — 2z < y — z,

(e) there exists an element 0 € P, such that for each x € p, x —0 = z and

(f) x =y if and only if x —y = 0.

The set P will be said to satisfy the condition (IT*) if, for each z, y € P,
there exists in P, z = sup{z, y}.

The main result established by Pelczar [70] in embodied in the following
theorem.

Theorem 8.1 (Pelczar, 1963). Assume that
(a1) The set P is not empty, partly ordered and fulfils the conditions (II)
and (IT%),
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(az) the functions W (x) and L(x) are defined in the set P and are such
that W(p) C P and L(P) C P,

(a3) if ¢ < L(x), then <0,
(aq) if x <y, then W(x) < W(y),
E%% if 0 <W(x) = W(y), then W(z) — W(y) < L(z —y),

ag) w is a solution of the equation

w=W(w), (8.1)
(a7) v € P is such that
v < W(v). (8.2)
Then we have
v < w. (8.3)

As an application, consider the following equation

u@)sz»+/fwa%u@»d% (8.4)

E
where © = (21,...,2p), y = (Y1, ..,yn) and E is an n-dimensional set, and
the inequality
@) < £@)+ [ Play o) dy. (8.5)
E

Using Theorem 8.1, Pelczar [70] proved the following important result.

Theorem 8.2 (Pelczar, 1963). Assume that

(b1) F(z,vy, 2) is defined and is continuous in Ex Ex R, R = (—00, 00, )

(ba) f(x) is defined and is continuous in E,

(bs) if x < Z, then F(z,y,2) < F(x,y,2),

(by) if |F(z,y,2)—F(z,y,2)| <l(z,y,|2—2]), where the function l(z,y, z)
is defined in E x E x R and is such that if

w@) < [ Uy w(w)d
E
then
W(z) <0,
(bs) u(z) is a solution of equation (8.4) in E,

(be) v(x) is a continuous function defined in E and fulfils the inequality
(8.5). Then in the set E we have

v(z) < u(z). (8.6)

In order to establish the next theorem, given by Headly [40], we require
the following result, given in Beesack [10, p. 88].
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Theorem 8.3 (Beesack, 1975). Let G be an open set in RN, and for
z,y €G let

G(m,y):{zeRN: zj =Nz + (1 =Xj)y;, 0< A <1, 1§j§N},

denote the rectangular parallelepiped with one diagonal joining the points
x, y. Let the points 2°, y € G be such that Gy = G(2°,y) C G, and let
the functions a(x), k(z,t,z) be real-valued and continuous on Gy and on
Gr x R respectively, where

Gr = {(x,t) cx€Gy, te G(mo,x)}.
Suppose also that k is nondecreasing in z for each (x,t) € Gr and that
|k(z,t,2)| < h(t)g(|2]), (8.7)
for (z,t,2) € Gr x R, where h € L(Gy) and g is continuous and nonde-

o0

creasing on Ry with [ ds/g(s) = co. Then the integral equation
1

u(z) = a(z) + / k(x,t,u(t)) dt, (8.8)
G(z0,x)
has a solution which is continuous on Ggo. Moreover, if {e,} is a strictly

decreasing sequence with lime, = 0, and if up, is a continuous solution on
Gy of the integral equation

(@) = a(@) + en + / k(2 b un(t)) d, (8.9)
G(z%,2)

then U(x) = limuy(z) exists uniformly on Go, and U(z) is the mazimal
solution of (8.11).

Headley [40, Theorem 1] considered the case of Theorem 8.3 with k =
Ek(t, z) continuous on Gg x R and nondecreasing in z. Hypothesis (8.7) was
overlooked in [40] and in the case k = k(t, z) of the following theorem given
by Headley [40, Theorem 2].

Theorem 8.4 (Headley, 1974). Let G, Go = G(2°,y) and the functions
a(x), k(x,t,z) be as in Theorem 8.3, and let the function v be continuous
on Gy and satisfy the inequality

v(z) < alx) + / k(z,t,0(t)) dt, =€ Go. (8.10)
G(29,2)
Then
v(z) <U(z), z € Go, (8.11)

where U is the mazimal solution of (8.11) on Gy.
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In our further discussion, some useful integral inequalities in n indepen-
dent variables given by Pachpatte [58] are presented. These are motivated
by a well-known integral inequality due to Wazeski [76]. We use the same
notation as given in Section 3.7 without further mention. Pachpatte [58]
gave the following general version of Wazeski’s inequality given in Wazeski
[76].

Theorem 8.5 (Pachpatte, 1981). Let u(z) and a(x) be nonnegative con-
tinuous functions defined on Q. Let k(x,y,z) and W(x,z) be nonnegative
continuous functions defined on Q% x R and Q2 x R, respectively, and non-
decreasing in the last variables, and k(x,y, z) be uniformly Lipschitz in the
last variable. If

u(z) < alz) + W(x,]k(z,t,u(y))dy), (8.12)

20

then
u(z) < a(z) + Wi, r(zx)), (8.13)
for x € Q, where r(x) is the solution of the equation
(o) = [ klavtaly) + W) do (814)

existing on €.

The following inequality established by Pachpatte [58] combines the fea-
tures of two inequalities, namely, the n— independent-variable generaliza-
tion of Wendroff’s inequality, and the integral inequality given by Headley
[40, Theorem 2]. This inequality can be used more effectively in the theory
of certain integral and integro-differential equations involving n independent
variables.

Theorem 8.6 (Pachpatte, 1981). Let u(zx), f(z), g(x), q(z), and c(x)
be nonnegative continuous functions defined on Q, with f(z) > 0 and non-
decreasing in x and q(x) > 1. Let k(z,y,z) and W(x,x) be nonnegative
continuous functions defined on Q? x R and Q x R, respectively; let k(z,y, z)
be nondecreasing in x and z and is uniformly Lipschitz in z and W (x, z) is
nondecreasing in both x and z. If

) < fla) + (o) / o()uly) dy + / o) / c(s)uls)ds ) dy | +

x x x
x

+ W(w,/k(m,uu(y)) dy), (8.15)
for x € Q, then '
u(z) < Eo(2)[f(z) + W(z,r(x))], (8.16)
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for © € Q, where

Bulo) = (o) 1+ / st exn( / o(o)ate) + el ds) ], s17)

and r(x) is the solution of the equation

x

o) = [ b(o B F0) + Wor@)] ) dye (815)

20

existing on €.

Another interesting and useful integral inequality given by Pachpatte
[58] in n independent variables involving two nonlinear functions on the
right-hand side of the inequality is embodied in the following theorem.

Theorem 8.7 (Pachpatte, 1981). Let u(zx), f(z), g(x), q(z), and c(x)
be nonnegative continuous functions defined on Q, with f(x) > 1 and non-
decreasing in x and q(x) > 1. Let k(z,y,z) and W(x,z) be nonnegative
continuous functions defined on Q? x R and Q x R, respectively; k(z,vy, 2)
is nondecreasing in x and z and is uniformly Lipschitz in z and W (z, z) is
nondecreasing in both x and z. Let H : Ry — Ry be continuously differen-
tiable function with H(u) > 0 for w > 0, H'(u) > 0 for uw > 0 and satisfy
(1/v)H(u) < H(u/v) for v > 1, u > 0 and H(u) is submultiplicative for
w>0. If

) < 50) + a(a) [ gt dy+ W (s, [ K tat)dy). 19)
for x € Q, then for x € Q1 C Q, then
u(z) < Ey(2)[f(z) + W(z,r())], (8.20)
where
Er(z) = q(z)G™! {G(l) +/g(y)H(q(y))dy} (8.21)
in which ’
G(v) = [ s 0 0 8.22
(v) = m,v>,vo>, (8.22)
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for x € Q, and r(z) is the solution of the equation

x

r(z) :/k(I,y,El(y)[f(y)+W(yyr(y))])dy, (8.23)

20

existing on Q.

Pachpatte [58] gave the following inequality, which can be used in more
general situations.

Theorem 8.8 (Pachpatte, 1981). Let u(x), f(x), and g(x) be nonnega-
tive continuous functions defined on Q, with f(x) > 1 and nondecreasing in
x and q(z) > 1. Let k(z,y, z) and w(z,z) be nonnegative continuous func-
tions defined on Q2 x R and Q x R, respectively; k(z,y, z) is nondecreasing
inx and z and is uniformly Lipschitz in z and W (x, z) is nondecreasing in
both x and z. Let H : Ry — Ry be continuously differentiable function with
H(u) >0 foru>0,H (u) >0 for uw >0 and satisfies (1/v)H (u) < H(u/v)
forv>1,u>0.If

u(z) < f(z) +jg(y) (U(y)Jr/yg(S)H(u(S))dS) dy+

0 z0

+W<x,jk(z,t,u(y))dy), (8.24)

for x € Q, then for x € Qy C Q,CE
u(z) < Ea(2)[f(z) + W(z,r(x))], (8.25)
where
Eao) =1+ [ar | F0)+ [oe i s 20
i which z(; .
F(U):/S_Fd%, o>0, o9>0, (8.27)

oo
F~1 s the inverse of F' and
Y
F(1)+ /g(s) ds € Dom(F™1),
20
for x € Qa, and r(x) is the solution of the equation

) = [ Koy Ba)W) + Wor@Dds, (528)

existing on €.
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The details of the proof of this theorem follow by an argument similar to
that in the proof of Theorem 8.7 and the details are omitted here.

Pachpatte[58] has established the following generalization of the integral
inequality given by Young [80].

Theorem 8.9 (Pachpatte, 1981). Let u(z), a(x), b(x), c(z), f(z), and
g(x) be nonnegative continuous functions defined on Q with f(x) > 0 and
nondecreasing in x. Let k(z,y,z) and W (z,z) be nonnegative continuous
functions defined on Q2 x R and Q x R, respectively; let k(z,y,2) be non-
decreasing in x and z and be uniformly Lipschitz in z and W (x, z) be non-
decreasing in both x and z. Let v(y;x) and e(y;x) be the solutions of the
characteristic initial value problems

(1) vy, o (y52) — [a(y)b(y) + aly)g(y) + f(y)] v(y; ) =0 in Q, (8.29)
v(y;2) =1 on y; =x;, 1<i<n,

and
(=1)"eyyoy, (y5 ) — [a(y)by) — c(y)]e(y; 2) = 0 in Q,

8.30
e(y;2) =1 on y; =x;, 1<i<nmn, ( )

respectively, and let DT be a connected subdomain of Q0 containing x such
that v >0, e >0 for ally € D*. If D C D" and

) < ) +alo)| / by)uly) dy + / () / o(syuls) s ) dy |+

0 0 z0

—I—W(:z:,]k(x,t,u(y))dy), (8.31)

20

for x € Q, then
u(z) < E3(x) [f(x) + W, r(x))} , (8.32)
where

Exfo)=1-4a(s) | / e(ys){ (et /y[b<s>+g<s>1v<s; nas) fa, s)

x x

and r(x) is the solution of the equation

x

o) = [ k(o B W) + Wor@)] ) dye (33)

20

existing on €.

We now present some new nonlinear retarded Gronwall-Bellman-type
integral inequalities in many independent variables as following Theorems,
which can be used as effective tools in the study of certain integral equations.

In what follows, we adopt the following definitions and notational conven-
tions. Let 2 be an open bounded set in R™ and a point (z1,...,2,) in Q be
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denoted by z. Let 2% and z(z° < z) be any two points in Q and [ --- d¢ de-

20
note the n-fold integral 7} f -+ d&, D; = 9/0x;, 1 < i < n. For
29 af
anypalrz sofpomtsof(llvvlthx < s, D(z s) ={reR": £ <{<s}CQ
and f - d¢ the n-fold integral f f -+ d&;. Given a continuous
functzion a: Q) — Ry, we write oo
a(x) = max {a(y) : 2° <y < z}.

Theorem 8.10. Let u, a, ¢, f, g € (2, R4,) and ¥(u) be nondecreasing
continuous functions for u € Ry with ¢¥(u) > 0 for w > 0. If

u(e) < a(z) + c(x) / o) (ut) + / o(s)(u(s) ds ) dy.

for x € Q, then
(i) in the case P(u) < u,

w(z) < a(z) exp < / [e(2)f(s) + 9(s)] ds) , (8.35)

for all x € Q and
(ii) in the case ¥(u) > u,

u(z) < H™? (H(ﬁ(m)) + / [E(ac)f(s) + g(s)} ds), (8.36)
for all xg < x < X', where
ds
H(T) = W}

To

r>ro >0, (8.37)

H~! denotes the inverse function of H and X' is chosen so that

x

H((x)) + &) / [£(s) + g(s)] ds € Dom(H~1).

20

for all  lying in the subintervals 0 < x < X1 of Q.

Proof. Fixing any number X € Q with zo < z < X, we assume that a(X)
is positive and define a positive function z(x) by

z(x) 25(X)+5(X)jf(y) (U(y) +/yg(8)¢(u(8))d8) dy,
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then z(2°) = a(X), u(x) < z(z) and

Dy Dyz(x) =l

< e (s + [alowonas). 39
If we put
o) = =(a) + [ gls)utals) ds
v(z) = z(z) on z; = z?, 1 <j <mn,then Dy - Dyz(z) < e(X)f(x)v(x),
z(z) < v(z) and
Dy Dyo() < ) f(@)o(x) + g(2)(v(z)). (8:39)
When ¢ (v) < v, from the inequality (8.39), we find
2Dt <)o) + gl (8.40)
From (8.40) and by using the facts that D,v(x) > 0, Dy -+ D,,_1v(x) > 0,
v(x) > 0 for z € Q, we observe that
() - [v(z)]? ’
D, (W) <AX)f(z) + g(x). (8.41)
Keeping z1, ..., 2,1 fixed in (8.41), we set x,, = s,; then, integrating with

respect to s, from 2 to z, we have

D1 s -Dn_lv(m) <
v(@) -

</[E(X)f(zl,...,xnfl,sn)—|—g(:c1,...,a:n,1,sn)} dsn. (8.42)

0
:ETL

Again as above, from (8.42) we observe that

Dnl(Dl...ﬁg)gv(z)) .

Tn

</[E(X)f(zl,...,:cnfl,sn)—|—g(:c1,...,a:n,1,sn)} dsn. (8.43)

0
Ty
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Keeping z1,...,x,—2 and z, fixed in
integrating with respect to s,_1 from «

43), we set Tp—1 = Sp—1; then,

2 1 to x,_1 we have

Dl N Dn,Q’U(I)
o)

S/ /[E(X)f(zlv vy Tn—2,5n—-1, Sn)’l'g(xlv vy Tn—2,5n—-1, Sn)] dsn dsnfl-

Continuing in this way we have
Dyv(x)
v(x)

S/---/[E(X)f(zl,SQ,...,sn)—|—g(:c1,52,...,5n)]dsn-~-dsz. (8.44)

<

Keeping za,...,z, fixed in (8.44), we set 1 = s1; then, integrating with
respect to s1 from 29 to z; we have

v(x) < a(X)exp (] [E(X)f(s) + g(s)] ds). (8.45)

0
Taking X = x and using u(z) < z(z) < v(z) in the inequality (8.45), since
X is arbitrary, we get the required inequality (8.35).
When (v) > v, from the inequality (8.39), we find

D -+ Dyvu(x)
T oe@) (X)f(z) + g(z). (8.46)

The rest of the proof is immediate by analogy with the last argument when
¥(v) < v, together with the definition of the function H.

If @(X) = 0 we carry out the above procedure with € > 0 instead of @(X)
and subsequently let € — 0. This completes the proof. O

)

IN
o

Theorem 8.10 can easily be applied to generate other useful nonlinear
integral inequalities in more general situations. For example, we have the
following result (Theorems 8.11-12).

Theorem 8.11. Let u, a, ¢, f, g € (Q, Ry, ) and p(u) be a nondecreas-
ing continuous function for u € Ry with ¢(u) > 0 for u > 0. Suppose that
0 € CY(R4, Ry) is an increasing function with p(c0) = oo and ¢'(u) is a
nondecreasing continuous function for uw € Ry. If

p(u(r)) < a(z)+

/ 7o) ()¢ o) + / 960 (u(s))u(s)) ds )y, (.47

20
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for x € Q, then
(i) in the case Y(p™1(2)) < @~ 1(2) for z € Ry,

x

o) < g @) e ([ [0 +a)ldy). 549
forall x, y € Q, )
(ii) in the case Y(p~1(2)) > p~1(2) for z € Ry,

o) < 17 (G @) + [ {0 +aw]ay). (549

for all zg < x < X, where

T

H(r)= %, r>re >0, (8.50)

H~! denotes the inverse function of H and X is so chosen so that

x

H(p™! (@(x))) + e(x) /[f(y) +9(y)] dy € Dom(H™").

20

To

for all x, y lying in the subintervals 0 < x < X of Q.

Proof. Fixing any numbers X € Q with xg < 2 < X, we assume that a(X)
is positive and define a positive function z(x) by
y

“(e)=a(x)+e%) [ 1(0) (u(y)w’(U(y)H ot utsutats) ds> dy,

x

then z(29,z2,...,2,) = a(X), u(z) < ¢~ (2(x)) and
Dyz(z) =

) Tn
—aX)/---/f<z1,y2,...,yn><u<z1,yz,...,yn><p’<u<x1,yz,...,yn>>+
zg x0

xr1 Y2 Yn

s [ [ [aoe it as) i -dn <

0 .0
11 JIJQ x

< ¢'(¢7 (2(@))e(X) 72 : ~7nf(1‘1, Y25+ Yn) <<ﬂ1(2(z17y2, S Yn))t

x

1 Y2 Yn

w [ [ [ atrutom o) ds) i
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) D z(x)
e S
<) [ [ fnpmeen) (7 G )+
n // : 7ng<s>w<w<z<sm s ) di i (851)

Keeping zs, ..., x, fixed in (8.51), we set x1 = s1; then, integrating with
respect to s1 from 29 to z; we have

P~ (2(2) < 7 H(@(X)+

)
o) / 1) (97 ) + /yg<s>w<w ) ds ) dy. (552

20

Taking X = z, since X is arbitrary, by applying Theorem 8.10 to (8.52), we
get the required inequalities (8.48) and (8.49) from the inequality u(z) <

¢~ (2(2)).
If a(X) = 0, we carry out the above procedure with € > 0 instead of
a(X) and subsequently let € — 0. This completes the proof. O

Theorem 8.12. Let u, a, ¢, f, g € (U, Ry,) and ;(u), i = 1,2 be non-
decreasing continuous functions for u € Ry with ¥;(u) > 0 for u > 0.
Suppose that p € C(Ry, Ry) is an increasing function with ¢(00) = oo. If

Plul)) < a(o) + () [ 1) (wl )+ | g(swz(u(s))ds) dy, (8.53)

20

for x, y € Q, then
(i) in the case Y1 (p~1(2)) < ba(p™'(2)) for z € Ry,

) < o7ty (o) +2l0) / o (1+ / o) ds ) dy) |, 85)

20

for all 2° < x < X, where

f ds
Hy(r) :/ D2l 1(5)) r>rg >0, (8.55)
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HQ_1 denotes the inverse function of Ha, X is chosen so that
x Yy
@) + (o) [ 1)(1+ [ als)ds) dy € Dom(rt; )
0 20

for all x lying in the subintervals 2° < x < X of Q,
(ii) in the case 1 (o1 (2)) > Yo(p~1(2)) for z € Ry,

u(z) < ot {H (Hl )+ ¢z /f (1 —I—/ (s) ds> dyﬂ, (8.56)
for all zg < x <Y, where
f ds
r)=[| —————, r>19>0, 8.57
- [y 2 (550
Hfl denotes the inverse function of H1, Y is so chosen that

Hy (@) + ) / s (1+ / o(5)ds ) dy € Dom (i1, )

for all  lying in the subintervals z° <z <Y of Q.

Proof. Fixing any numbers X with 2° < 2 < X, we assume that a(X) is
positive and define a positive function z(x) by

2(a) = a(X) + 2X /f )(atut) + /(wz(()) ) di,

then z(29,z2,...,2,) = a(X), u(z) < ¢ (2(x)) and

Dyz(x / /f :cl,yg,...,yn)<1/) (w(x1,Y2, -y Yn))+

+ // . 79(%(”(8)) ds) dyn -+ dys <

0.4 / /f zl,yQ,...,yn)<¢ (7 (z(@1,y2,- - yn)))+

xr1 Y2 Yn

+//.../g(s)w2(@_1(2(8)))d8> dyp - -~ dy2.  (8.58)
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When 11 (p71(2)) < ¥2(¢71(2)), from the inequality (8.58), we find

Dlz( )
Vot (2(z )))
T1 Y2
<ax / /le,yz,...,yn (1+// / ds>dyn~- dyo
z9 3
(8.59)
Keeping zs, ..., x, fixed in (8.51), we set x1 = s1; then, integrating with

respect to s; from x(l) to z1 and using the definition of Hs, we have
T Y
Ha(2(2)) < Ha(@(X)) + 8(X) / ) (1 + / o(s) ds) dy.  (3.60)
0 0

Taking X = z in (8.60), since X was arbitrary, we get the required inequality
(8.54) from the inequality u(z) < ¢ ~1(2(z)).
When 11 (07 1(2)) > 12(¢1(2)), by following the same argument as in
the proof below the inequality (8.58), we get the required inequality (8.56).
If @(X) = 0 we carry out the above procedure with € > 0 instead of a(X)
and subsequently let € — 0. This completes the proof. O

For the special case 91(u) = ¢(u), Theorem 6.12 gives the following
integral inequality for nonlinear functions.

Corollary 8.13. Let u, a, ¢, f, g € (2, R+,) and ¥(u) be a nondecreas-
ing continuous function for uw € Ry with ¥(u) > 0 for u > 0. Suppose that
v € C(Ry,Ry) is an increasing function with ¢(o0) = oo. If

o(u(x)) < alz) + c(z) / 7o) ((uto) + / o(e)olu(s)ds ) dy

20

for x € Q, then
(i) in the case Y(p~1(2)) < z for 2 € Ry,

ule) < 5 ata) exp (010 /f <1+/ as) dy) .

for all x € Q.
(ii) in the case Y(p~1(2)) > 2z for z € Ry,

o) < ¢ |17 (HGw) + ) / s (1+ / ols)ds) dy)|.
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for all 2° < x < Y, where
f ds
HT:/—,7°27°0>07 8.61
A 6y (561
0
H~! denotes the inverse function of H, Y is so chosen that

H(a(x)) +¢(z) ]f(y) (1 + /yg(s) ds) dy € Dom(H ™)

20

for all x lying in the subintervals 0 < x <Y of Q.

9. APPLICATIONS

Most of the inequalities given here are recently investigated and can be
used as tools in the study of various branches of partial differential, integral,
and integro-differential equations. Akinyele [7] applied inequalities to a cer-
tain nonlinear hyperbolic functional integro-differential equations; Bondge
and Pachpatte [17], [18] applied these to some differential and integral equa-
tions as well as nonlinear hyperbolic partial differential equations; Ghoshal
and Masood [34] and Ghoshal at al. [35] applied them to a non-linear non-
self-adjoint vector hyperbolic partial differential equations; Pachpatte [51],
[54], [56]-[58] applied inequalities to nonlinear hyperbolic integro-differential
equations and to nonlinear non-self-adjoint hyperbolic partial differential
equations; Shastri and Kasture [70] applied them to scalar hyperbolic dif-
ferential equations; Singare and Pachpatte [71] applied these to nonlinear
integral equations; Snow [74] applied inequalities to nonlinear vector hyper-
bolic partial differential equation; Yang [77], [78] applied them to Volterra
integral equations and hyperbolic integro-partial differential equations.

In this section we present application of some of the inequalities given in
earlier sections to study the qualitative behavior of the solutions of certain
partial differential and integro-differential equations. We first consider a
nonlinear hyperbolic partial differential equation of the form

n
D2Dlz(w7y) =ZFi[x,y7z(x,y)], (91)
i=1

with the given boundary conditions

z(z,0) = e1(x), 2(0,y) =ea(y), e1(0)=e2(0)=0, (9.2)

where e, e2 € C(R4,R), F; € C(RL x R,R),i=1,...,n.
The following theorem deals with boundedness on the solution of the
problem (9.1).

Theorem 9.1. Assume that F; : Ri X R — Ri=1,...,n are con-
tinuous functions for which there exist continuous non-negative functions
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CL(JC,y), fl(‘rvy)7 gz(iE,y), 1= 1a s fOT T,y € R+ such that

{|F g, u)| < [ula{ file, v)e(ul) + gi(z, )},

le1(2) + ea(y)| < alz,y), ©3)

where 0 < q¢ < 1 is a constant, and ¥(u) is a nondecreasing continuous
function for u € Ry with ¥(u) > 0 for u > 0. If z(z,y) is any solution of
the problem (9.1) with the condition (9.2), then

s < [ (G0 +a-0 Y [ [ e wa)| " 0
=19 0

for all (z,y) € [0,21] x [0,y1], where

k1(0,9) = [a(z, )]~ + (1 - g) Z//glst dt ds,
=1

GI(T)_/w(jf—lq)’ ’I”Z?"()>O7

(9.5)

ro

Gl_l denotes the inverse function of G1 and x1, y1 € Ry are so chosen that

G1(k1(0,9)) + (1 —q) Z//fi(s,t) dtds € Dom(G11).

z:lo 0

Proof. Tt is easy to see that the solution z(z,y) of the problem (9.1) satisfies
the equivalent integral equation:

x Y

z(z,y) = e1(x) + ea(y) + i Fi(s,t,z(s,t)) dtds. (9.6)
/]

i=1

From (9.3) and making the change of variables, we have

|z(z,y)| < lei(z) + e2(y |+Z//|Fstzst|dtds<

110

alz,y) + z fzst Y(|z(s,t)]) + gi(s,t) ¢ dt ds. 9.7
(2.9 Z//| o(le(s, 0 + gi(s, ) deds. (07)

Now, a suitable application of the inequality given in Theorem 4.14 or Corol-
lary 4.16 to (9.7) yields the desired result. O

Theorem 9.2. Assume that F; : AXR — R, i=1,...,n are continuous
functions for which there exist continuous non-negative functions a(zx,y),
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filz,y), gi(z,y) i=1,...,n forx € J1, y € Ja such that

{Wz,y,u)! < |t filz, y) L(z, y, |u]) + gi(z,y) }
le1(2) + e2(y)| < al,y),

where 0 < q < 1 is constants, and L : A x Ry — Ry be a continuous
function which satisfies the condition

0< L(l’, y7’U) - L(m,y,w) < M(.’L’,y, w)(v - ’lU),
forv>w>0 with M : A X Ry — Ry is a continuous function. If z(x,y)
is any solution of the problem (9.1) with the condition (9.2), then
|2(z,y)] <

n

< [or* (Grthatani) + -0 > / / (s, )M (s, ) dtds)]l_lq 9.5)

for all (z,y) € [xo, 21] X [yo,y1], where

balan.) =la )+ (1= Y [ [T 0L0.0 + (s 0] de s,
e 9.9)

Gl(r):/w(dsl), P> >0,
sT—a

To

Gl_l denotes the inverse function of G1 and (x1,y1) € A is chosen so that

G1(k2(xo,y)) + (1 —q) Z//fz(s,t)M(s,t) dtds € Dom(G7!).

Proof. The proof follows by an argument similar to that in the proof of
Theorem 9.1 and by using Theorem 5.7 or Corollary 5.8 with suitable mod-
ification. We omit the details here. g

We now present an application of Theorem 6.9, Theorem 6.10, or Theo-
rem 6.11 to obtain bounds on the solutions of a nonlinear hyperbolic partial
integro-differential equation of the form

Dy (Zp_l(xvy)Dlz(w7y)) =

T Y
=F(x,y7z<a:,y>7 /] k(x,y7s7t,z<s7t>>dtds), (9.10)
o Yo

with the given boundary conditions
2P(x,90) = e3(x), 2"(wo,y) = ea(y), e3(0) =es(0) =0, (9.11)
where e¢; € C(J;,R), j = 3,4 and F € C(A x R?, R).
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The following theorem deals with a boundedness on the solution of the
problem (9.10) with condition (9.11).

Theorem 9.3. Assume that F': A x R?> — R is a continuous function
for which there exists continuous non-negative functions a(x,y), f(x,y),
g(x,y) forx € J1, y € Jo such that

ler(z) + ea(y)| < alz,y),
|F(z,y,u,0)| < f(z,y)(|u?] + |v]), (9.12)
|

k(2. y, s, t,u)| < g(s, )JuP ™ (|ul),
where p > 1 is a constant, ¥ (u) is a nondecreasing continuous function for

u € Ry with ¥(u) > 0 for u > 0. If z(x,y) is any solution of the problem
(9.10) with the condition (9.11), then

(i) in the case w(zz%) <zv forz € Ry,

12(z,y)| < (@(x,y))7 ex (// pf(s,t) + g(s, )] dsdt> (9.13)

Zo Yo

for all (z,y) € A,
(ii) in the case 1/)(2117) > 2 for z € Ry,

|z(fC7y)|SH—1(H y))?) + // pf(s,t)+g(s,1)] dsdt) (9.14)

o Yo

for all zo < x < z1, yo <y < y1, where
[ ds

H(r)y= | —

¥(s)

To

, T>1rg >0, (915)

H~' denotes the inverse function of H and x1, y1 are so chosen that

H((a(z,y)) ?17 // pf(s,t)+ g(s,t)] dsdt € Dom(H ).

for all x, y lying in the subintervals 0 < x <z1, 0 <y <y; of Ry.

Proof. Tt is easy to see that the solution z(z, y) of the problem (9.10) satisfies
the equivalent integral equation:

2P(z,y) = es(x) +ea(y)+

+p// (s,t,zst // s,t,s1,t1,2 (sl,tl))dsldh)dtds (9.16)

To Yo o Yo
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From (9.14), (9.16), and making the change of variables, we have

2P (2, y)] < a(%y)+p/$/yf(8,t)<lzp(svt)|+

Zo Yo

+//g(sl,t1)|zp1(5,t)|1/1(|z(51,t1)|)dt1d51> dtds. (9.17)

o Yo

Now, a suitable application of the inequality given in Theorem 6.10 to (9.17)
yields the desired result. This completes the proof. 0

Theorem 9.4. Assume that F: Ax R* — R is a continuous function for
which there exists continuous non-negative functions a(x,y), f(x,y), g(x,y)
forx € Ji,y € Jo such that

le1(z) + e2(y)| < a(z,y),
|F (2, y, u,0)| < f(@,y) (@1 (|ul) + o)), (9.18)
k(x,y,5,t,u)| < g(s, t)[¢a(lul),

where ¥;(u),i = 1,2 are nondecreasing continuous functions for v € Ry

with ¥;(u) > 0 for u > 0. If z(x,y) is any solution of the problem (9.10)
with the condition (9.11), then

(i) in the case wl(z%) < ’lﬁg(zl%) for z € Ry,

(o < |y (Fa(ate )+

cof o1+ [ [atmmana)aa)]’. o

Zo Yo Zo Yo

for all xg < x < 9, yo <y < yo, where p > 0 is a constant,

/ ds
Hy(r) = / oD r>rg >0, (9.20)

To

H{l denotes the inverse function of Ha, x2 and y2 are so chosen that

Hg(a(m,y))+pj7f(s,t) <1+/S/t9(81,f1)d81 dtl) ds dt € Dom(H, ')

o Yo o Yo

for all x, y lying in the subintervals 0 < x < x9, 0 <y <y of Ry,
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(ii) in the case yn (zr%) > @[Jg(z%) for z € Ry,

o)l < |7 (Fato)+

o] (s [ [oornanan) war)]. @an

Zo Yo o Yo

forall xg <z < x3, yo <y < ys, where p > 0 is a constant,

T

Hl(T)—/C(Z—S_l), r>rg >0, (9.22)
1(s7

Hfl denotes the inverse function of Hi, x3 and ys are so chosen that

z Y s t
Hl(ﬁ(z,y))+p//f(s,t)<1—|—//g(sl,tl)dsl dt1> dsdtcDom(H; ")
0 Yo 0o Yo

for all x, y lying in the subintervals 0 < x < z3, 0 <y <wys of Ry.

Proof. The proof follows by an argument similar to that in the proof of
Theorem 9.3 and using Theorem 6.11 with suitable modification. We omit
the details here. O

We now present application of Theorem 8.10, Theorem 8.11, or Theo-
rem 8.12 to the boundedness of the solutions of some multivariate nonlinear
hyperbolic partial integro-differential equation of the form

Dy...DyzP(z) = F(:C, z(w)7/k(9c7y, z(y)) dy), (9.23)
o
with the conditions prescribed on z; = 29, 1 < i < n, where k € C(Q? x
R,R) and F € C(Q x R% R).
The following theorem deals with a boundedness on the solution of the
problem (9.23) with condition h(z), z € Q.

Theorem 9.5. Assume that F : Q x R?> — R is a continuous function
for which there exists continuous non-negative functions a(x), f(z), g(x)
for x € Q such that

h(2)] < a(z),
|F(z,u,v)] < f(2)(luP| + |v]), (9.24)
[k, y,u)| < g(y) P~ (Jul),

where p > 1 is a constant, ¥(u) is a nondecreasing continuous function
for w € Ry with (u) >0 for u > 0. If z(x) is any solution of the problem
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(9.23) where the boundary conditions are such that the given equation (9.23)
is equivalent to the integral equation

2P(z) = h(z) + ]F<y,z(y),/yk(y,s,z(s))ds> dy, (9.25)

where h(x) depends on the given boundary conditions, then
(i) in the case w(zzl_?) <27 forz € Ry,
)] < @) exp( [0+ ). (9.20
forall z € Q,
(ii) in the case 11)(2117) > 2 for z € Ry,
sl < 1 (H(@)H) + [1f0) +aldr). @21

Zo

forallzg <x < X, X € Q, where

T

d
Hir) = [ =2 v >r9>0, (9.28)
(s)
70
H~! denotes the inverse function of H and X is so chosen that

)+ [ 11w+ 9(w)] dy € Dom(H ),

o

o=

H{((a(x))

for all x lying in the subintervals 0 <z < X of Q.

Proof. Tt is easy to see that the solution z(z) of the problem (9.23) satisfies
the equivalent integral equation:

2P(z) = h(z) + ]F(y,z(y)7/uk(y7s7z(s)) ds) dy. (9.29)

o xo

From (9.24), (9.29), and making the change of variables, we have

S

|27 ()] Sa(l‘)+/f(y) <|Z||Z”_l(y)|+/9(8)|Zp_1(5)|¢(|2(8)) dS) dy. (9.30)

zo

Now, a suitable application of the inequality given in Theorem 8.11 to (9.30)
yields the desired result. O
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Theorem 9.6. Assume that F : Q x R?> — R is a continuous function
for which there exist continuous non-negative functions a(x), f(x), g(x) for
x € ) such that

[h(2)] < a(z),
|F(x7u, U) < f(:L‘) (¢1(|u|) + |U|)= (9'31)
[F(z,y, w)| < g(y)2(lul),
where ¥;(u), i = 1,2 are nondecreasing continuous functions for u € Ry
with ¥;(u) > 0 for uw > 0. If z(z) is any solution of the problem (9.23) where

the boundary conditions are such that the given equation (9.23) is equivalent
to the integral equation (9.25), then

(i) in the case wl(z%) < 1/)2(2117) forz € Ry,

(o)l < |17 (afate) + / s (1+ / o(s)ds) dy) | S

20

for all 20 <2 <X, where p > 0 is constant,

Hy(r) = / w;(i;) , T >19 >0, (9.33)

To

HQ_1 denotes the inverse function of Ha, X is so chosen that

T Yy
o) + [ £0)(1+ [ ats)as) ay € Domrr; .
0 0
for all = lying in the subintervals x° < x < X of ,
(ii) in the case yn (zr%) > @/Jg(zi) for z € Ry,

o)l < |11 (@) + / o (1+ / ote)ds ) dy)| S

JEO
for all zg < x <Y, where where p > 0 is constant,

Hl(r)_/,l#:%), ’I”Z7’0>07 (935)

To

Hl_1 denotes the inverse function of Hy, Y is so chosen that

Hy(@(e) + / i) (1 " / o(s) ds) dy € Dom(H; ),

20

for all  lying in the subintervals z° < x <Y of Q.
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Proof. The proof follows by an argument similar to that in the proof of
Theorem 9.6 and using Theorem 8.12 with suitable modification. We omit
the details here. ]
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