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REPRESENTATION FORMULAS OF GENERAL
SOLUTIONS TO THE STATIC EQUATIONS
OF THE HEMITROPIC ELASTICITY THEORY



Abstract. We consider the differential equations of statics of the theory
of elasticity of hemitropic materials. We derive general representation for-
mulas for solutions, i.e., for the displacement and microrotation vectors by
means of three harmonic and three metaharmonic functions. These formu-
las are very convenient and useful in many particular problems for domains
with concrete geometry. Here we demonstrate an application of these formu-
las to the Neumann type boundary value problem for a ball. We construct
explicit solutions in the form of absolutely and uniformly convergent series.
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1. INTRODUCTION

Technological and industrial developments as well as great success in bi-
ological and medical sciences require to use more generalized and refined
models for elastic bodies. In a generalized solid continuum, the usual dis-
placement field has to be supplemented by a microrotation field. Such
materials are called micropolar or Cosserat solids. They model compos-
ites with a complex inner structure whose material particles have 6 degrees
of freedom (3 displacement components and 3 microrotation components).
Recall that the classical elasticity theory allows only 3 degrees of freedom
(3 displacement components).

Experiments have shown that micropolar materials possess quite differ-
ent properties in comparison with the classical elastic materials (see, e.g.,
[1]-[6] and the references therein). For example, in noncentrosymmetric
micropolar materials (which are called also hemitropic or chiral materials)
there propagate the left-handed and right-handed elastic waves. Moreover,
the twisting behaviour under an axial stress is a purely hemitropic (chiral)
phenomenon and has no counterpart in classical elasticity.

Hemitropic solids are not isotropic with respect to inversion, i.e., they
are isotropic with respect to all proper orthogonal transformations but not
with respect to mirror reflections.

Materials may exhibit chirality on the atomic scale, as in quartz and
biological molecules — DNA, as well as on a large scale, as in composites
with helical or screw—shaped inclusions, certain types of nanotubes, bone,
fabricated structures such as foams, chiral sculptured thin films and twisted
fibers. For more details see the references [1], [2], [4], [7]-[15].

Mathematical models describing chiral properties of elastic hemitropic
materials have been proposed by Aero and Kuvshinski [1], [2] (for historical
notes see also [4], [12], [13] and the references therein).

In the mathematical theory of hemitropic elasticity there are introduced
the asymmetric force stress tensor and the moment stress tensor which
are kinematically related with the asymmetric strain tensor and torsion
(curvature) tensor via the constitutive equations. All these quantities are
expressed in terms of the components of the displacement and microrota-
tion vectors. In turn, the displacement and microrotation vectors satisfy
a coupled complex system of second order partial differential equations of
dynamics. When the mechanical characteristics (displacements, microro-
tations, body force and body couple vectors) do not depend on the time
variable ¢, we have the differential equations of statics. These equations
generate a 6 x 6 strongly elliptic, formally self-adjoint differential operator
involving 9 material constants and have very complex form.

The Dirichlet, Neumann and mixed type boundary value problems
(BVPs) corresponding to this model are well investigated for general do-
mains of arbitrary shape and the uniqueness and existence theorems are
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proved. Regularity results for solutions are also established by potential as
well as by variational methods (see [13], [16]-[19] and the references therein).

The main goal of this paper is to derive general representation for-
mulas for the displacement and microrotation vectors by means of har-
monic and metaharmonic functions. That is, we can represent solutions to
the very complicated coupled system of simultaneous differential equations
of hemitropic elasticity with the help of solutions of a simpler canonical
equations (similar formulas in the classical elastostatics are well known as
Papkovich—Neuber representation formulas).

Namely, we prove that the six components of the field vectors (three
displacement and three microrotation components) can be expressed linearly
by three harmonic and three metaharmonic scalar functions. Moreover, we
show that this correspondence is one-to-one. The representation formulas
obtained have proved to be very useful in the study of many problems for
domains with concrete geometry.

In particular, here we apply these representation formulas to construct
explicit solutions to the Neumann type boundary value problem for a ball.
We represent the solution in the form of Fourier-Laplace series and show
their absolute and uniform convergence along with their derivatives of the
first order if the boundary data satisfy appropriate smoothness conditions.

The motivation for the choice of the transmission problems treated in the
paper is that by the same approach one can construct explicit solutions to
transmission problems for layered composites with finitely many spherical
interfaces.

Moreover, the representations obtained can be applied to some gener-
alizations of the classical Eshelby type inclusion problems for hemitropic
materials (see [20], [21]). For a wider overview of the subject concerning
different areas of application we refer to the references [5], [7], [9], [10], [15],
and [22]-[24].

2. GENERAL REPRESENTATION OF SOLUTIONS

The basic equations of statics of the hemitropic elasticity read as follows
[1], [2]
(i + a)Au(z) + (A + p — o) grad div u(z) + (3¢ + v) Aw(z)+
+(0 + » —v) graddivw(z) + 2acurlw(z) = 0,
(s +v)Au(z) + (0 4+ » — v) grad divu(z) + 2a curl u(x)+ (2.1)
+(y+e)Aw(z) + (B+ v —¢) graddivw(z)+
+4v curlw(z) — daw(x) = 0,
where A = 97 4+02+02 is the Laplace operator, 9; = 0/0z;, u=(u1, uz,uz) "
and w = (wy,ws,ws) ! are the displacement vector and the micro-rotation

vector, respectively; «, 3, v, 0, A, i, v, 3 and € are the material constants;
here and in what follows the symbol (-)T denotes transposition.
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The material constants satisfy the following inequalities
u>0, a>0, v>0, >0, A+2u>0, uy—x>>0, ac—v?>0,
A+ 1) (B+7) = (6+5)* >0,
(3\+20) (38 + 27) — (36 + 2x)* > 0,
dy == (u+a)(y+¢e) — (x+v)* >0, (2.2)
do = (A +2p) (B + 2) — (0 4 2)? > 0,
P+ (B +7) = (6 + 2+ A+ p)(py — %) > 0,
(B +21) (38 + 27) — (30 + 250)%] + (3A\ + 2u) (uy — %) > 0.

Now we formulate our basic assertion.

Theorem 2.1. A vector u = (u,w)" is a solution to the system (2.1) if
and only if it is representable in the form

u(z) = grad ®1(z) — agrad [r?(rd, + 1)®2(x)] + rot rot[zr®®s(z)]+
+ rot[zPs(z)] + (0 + 25¢) grad Py(x)+

2
+ Z {rot rot[z¥;(z)] + k; rot[z¥; (x)]] ,
j=1
w(x) = ograd [(27’& +3)(rd, + 1)®s (:c)} —rot[z(2r0, + 3)Pa(z)]+
+ 27 rot rot[x®3(x)] — (A + 2u) grad ®4(z)—
- [rot rot[z 0, (z)] + & rot[zqu(x)]], (2.3)
where © = (z1,29,73) ", r = |z|, 10, = x - grad,
Ad;(z) =0, j=1,2,3, (A—\)Dy(z) =0,
(A+E)V;(z) =0, j=1,2,

1
a=p/(\+2p), 0=—5-[a0+2:) =+ ], Al =da(A+2p)/d,

kyo=2d;! [uu — st/ (i + a)[u(ae — v2) + a(py — %2)]},
— dl
- 204A1

[a(7+€) - 2V(%+V)} n; = kj (01’%2 — o2kj — %)

01

1
09 = —— {a(% +v)dy + 2(py — ax)(a(y +¢e) — 2v(x+ V))] )
OéAl
Ay = da(ay + #* + as — v?) > 0,
dy and dg are defined in (2.2).

Proof. Let u and w solve the system (2.1). Let us show that then they admit
the representation (2.3). Apply the divergence operation to both equations
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of the system (2.1)
A+ 2p)Adivu+ (6 + 22)Adivw = 0,
(6 4+ 2:)Adivu+ [(8 +27)A — 4a] divw = 0.
From this system we get
(A=) divw =0, A(A—-A])divu =0, (2.4)
where
M =4da(\+2p)/d2, do = (A+2u)(B+27) — (6 +2x)%
Now apply the curl operation to both equations of the system (2.1)
(14 a)Arotu + [(>+ v)A + 2arot | rotw = 0,
[(3¢+ v)A + 2arot | rotu + [(v + €)A + 4vrot —4a] rotw = 0.

With the help of the identities rotrot = graddiv—A and divrot = 0 this
system implies

(2.5)

[dq rot rot +4(ase — ) ot +4ap| (Arotu, Arotw) " = 0. (2.6)
Rewrite the first equation of the system (2.1) in the following form
pAu 4+ (A + p) graddivu = v(z) — (§ + 25) grad div w, (2.7)
where
v(z) = arot(rotu — 2w) + (3¢ + v) rot rotw. (2.8)

From the second equation of the system (2.1) we get
2a(rotu — 2w) = — (s + V)Au — (6 + »» — v) graddivu — (v + &) Aw—
—(B+vy—¢)graddivw — 4vrot w.

In view of this equality, from (2.8) we obtain

v(x):—%;—VArotu—FYTHArotw—F(%—V)rotrotw. (2.9)
The equation (2.5) yields
rotrotw = _pto Arotu — el Arotw.
2a o

We can rewrite the equation (2.9) as
v(xz) = a1 Arotu + asArotw, (2.10)
where

alz—ia [a(%+y)+(u+a)(%—u)], agz—% [oz("y+s)—|—%2—1/2 .

From the equalities (2.10) and (2.6) we derive
dy rot rot +4 (e — pv) rot +4ay|v(x) = 0,

ie.,

(rot —k1)(rot —k2)v(x) = 0, (2.11)
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where k1 and ko are the roots of the quadratic equation
d12% + 4(ase — pv)z + dap = 0.
The discriminant of this equation is
D = —16(u+ o) [p(as — v*) + a(py — )] < 0.

Therefore

bia = o [ = aset i/ F @)(alaz — 1)+l —2) .

A solution of the equation (2.11) can be represented as
2

v(z) == pkjv(x), (2.12)

j=1
where

(rot —k;)vj(z) =0, divw;(z) =0. (2.13)
Notice that ks = k1 and ve =74 (the over-bar means complex conjugation).
Moreover, remark that for a vector v = (v, v2,v3) " to be a solution of the
system

rotv(z) F kv(z) =0, dive(z) =0,
necessary and sufficient conditions read as follows

v(z) = rotrot(z¥(x)) £ krot(z¥(z)),

where U is a scalar function satisfying the Helmholtz equation (A + k?)¥ =
0. Due to this remark, we can represent a solution to the system (2.13) as

vj(z) =rotrot(z U;(x)) + kjrot(z ¥, (z)), j=1,2,
where (A + k2)¥;(x) = 0. The functions ¥; and ¥y are mutually complex
conjugate functions. Substituting the expressions of the vectors v; into
(2.12), we get

2
v(z) = — Z pk? {rot rot(z¥;(z)) + kj rot(z¥;(x))|. (2.14)

j=1
Introduce the function ®4 by the equation
divw(z) = A3\ + 2u) Py (). (2.15)
From the equations (2.4) and (2.15) it follows that
(A = 2\)®4(z) = 0.
Taking into consideration the equations (2.14) and (2.15), we get from (2.7)
pAu+ (A+p) graddivu =

= A (A+24)(0+25¢) grad @y () —Z,uk? {rot rot(z¥;(z))+k; rot(z¥; (:c))} :

Jj=1
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The general solution of this equation is written as
u(z) = ug(x) + (6 + 25¢) grad D4 (z)+
2
+ Z {rot rot(z¥;(x)) + kj rot(z¥;(x))|, (2.16)
j=1
where ug is the general solution of the equation
uAug(z) + (A + p) grad divug(x) = 0. (2.17)

Now let us express the vector w from (2.1) in terms of u and divw

1
w = o1 Arotu-+ oy rotrotu+ 5 rotu+ o3 graddivu+ o4 grad divw, (2.18)

where
o1 = 2521 [a(y + ) = 2v(+v)],
oy = ail [a(wr v)dy + 2(pv — ase) (aly +€) — 2v(3 + y))},
o3 = 5112% B AaJrA21N [a(y +€) (3¢ + 3v) — 42 (5 + )],
o4 = B+2y d+2x [a(y + ) (3¢ + 3v) — 42 (¢ +v)].

4o al\q

Further, substitute (2.16) into (2.18) and take into consideration the
equations

Arotug =0, AP[(6+2x)03 — (A +2u)os] = —(A+2p)

to obtain

w(x) = oarotrotug(x) + %rot uo(x) + o3 grad div ug(x)—
2
— (A +2u) grad @a(z) - 3 [rot rot(z; () + k; rot(2¥; (:c))} . (2.19)
j=1

where 1; = k;(01k3 — o2k; —1/2). Tt is known that a solution of the system
(2.17) is representable in the form [28]

up(z) = grad & (z) — a grad 2 (rar + 1) Dy (z)+
+ rot rot(xr?®y(z)) + rot(z®3(x)), (2.20)
where

xr = (I17 T2, xg)—l—7 ror =z -grad7 r = |1‘|’

A®j(zr) =0, j=1,2,3, a=p/(A+2p).
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Substitution of (2.20) into (2.16) and (2.19) completes the proof of the
first part of the theorem. The sufficiency easily follows from the identities
1

09 + aoc3 = E {a(5+2%)—%+1/} :—%7
4(pv — ax) } dq
VSN

& — 2001 = ———

e

dap ax — pv

R T
» 174 dldl 9 o9 = o 5

4 1
(v+e) (ﬂol + —) —4dvoy — daoy = daos — (6 + 2%)} a,

wy — ax [
dy 2

4(py — ax) oy
(v+¢) {O’lT — 02} —4dvoy = Top [40403 —(6+ 2%)} a,

daoy +x—v = —a{4a03 —(0+ 2%)]

The proof is complete. O

3. BAsic BOUNDARY VALUE PROBLEMS

Let €1 be a ball whose boundary is the sphere 92 having radius R and
centered at the origin:

Q={z: 2R’ |z| <R}, 00={z: z€R’ |z|=R}.
Denote 5 = R3 \Q_1 Assume that the regions €7 and 9 are filled by

isotropic hemitropic materials.

Problem (I)*. Find a regular vector U = (u,w) ' satisfying the differen-
tial equations (2.1) in 2 (22) and the boundary condition

[U(2)]* = F(2), z€09Q,
where

F(z) = (1, 12@), 196 = (6.5 6).£(), i=12
In the case of the exterior domain s, the vector U has to satisfy the
following decay conditions at infinity

U(z) = O(|z|™), a%j U(z) = O(lz|™%), j=1,2,3. (3.1)

T
)

Problem (II)*. Find a regular vector U = (u,w) ' satisfying the differen-
tial equations (2.1) in £ (£22) and the boundary condition

[T(0z, n(z))U(z)}i =F(z), z €09, (3.2)

where n(z) is the exterior normal vector to 99, T(9,,n(z))U is the gener-
alized stress vector [17]

T
T(0x,n)U(z) = {H(l)(8w7n)U(m)7H(2)(8w,n)U(m) , (3.3)
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where

HD (92, n)U(z) = T (92, n)u(z) + T (0z, n)w(z),
T(2j_1)(8x,n)u(a:) =

ou(z)

on(z

- 5; + n;n(x) divu(z) + CJ/ [n(z) x rot u(x)], (3.4)

~

T 9z, n)w(z) = £/ Ou(z) +

7 on(z)
+nin(x) divw(z) + (' [n(z) x rotw(z)] + 75[n(z) x w(z)], j=1,2,

with
2u, =1 A l=1
! _ ) ) I ) )
gl_{%{, j=2 ™ {5, 1=2:
/ p—a, =1, 1" 2, 1=1,
G = _ o, SU T _o.
w—v, =2 2y, =2
” 0, I=1, , w—v, =1, 2c, 1 =1,
8, 1=2; y—eg, =2 2u, 1 =2.
Here and in what follows the symbol a x b denotes the cross product of
two vectors a, b € R3.

In the case of the exterior domain 25, the vector U has to satisfy the
decay conditions (3.1).

Transmission Problem (A). Assume that the domains Q;, j = 1,2, are
filled by isotropic hemitropic solids with material constants «;, 3;, ..., »;.
Find a pair of regular vectors U = (u(), wU)T j = 1,2, satisfying the
differential equations

(15 + a))Au + (N + pj — ) graddiv e 4 (5¢ + v;) Aw@ +

+ (8 + 25 — vj) grad divw2a rot w?) = 0,
(5 + 1) Au) 4 (8; + 5 — vj) grad divu) + (v, 4 ;) Aw) 4
+ (Bj+7—¢;) grad div wW4+2a rot u' P +4v; rot w—4a ;W) =0, j=1,2,
in ; and the following transmission conditions on 9S2
U@ - U] =FO(),
[1(02,m)UD ()] " = [T%(02,m)UP ()] = FO)(2).
Again the vector U®) has to satisfy the decay conditions (3.1). Here
FOE) = (f0=).520) " FOR) = (196)./Y) ",
FP@) = (1) 157, 1) s 5 =1.2,3,4
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are given vector functions. The stress vector is defined by the formulas (3.3)
with the appropriate material constants equipped with superscript (j) and
with UV for U.

There hold the following uniqueness theorems [17].

Theorem 3.1. Problems (I)*, (II)~ and (A) have at most one solution.
Solutions to Problem (II)* are defined modulo the rigid displacement vectors
of the type

u(z) =laxz]+b, w(x)=a,
where © = (x1,%2,23) ", and a and b are arbitrary three dimensional con-
stant vectors.

4. EXPLICIT SOLUTIONS OF THE BOUNDARY VALUE PROBLEMS

Here we demonstrate our approach for Problem (IT)", since other prob-
lems can be treated quite similarly.
We look for a solution to Problem (IT)* in the form (2.3), where

Ty (5) Vi@, 9)A% =123,

k=0m=—k
fe’e) k
D=3 > e, 04N, (4.1)
k=0m=—k
o k )
=33 k)Y @,9)BY), =12
k=0m=—k

Here Afi;g, 7 =1,2,3,4, and Bgi, 7 = 1,2, are unknown coefficients,
while

[R Ijy1/2(A1r) [R Tyyrj2(kjr)
Ar) =4 — —F—F—-, hiplkir)=\— —"——"F—, j=1,2,
gk( 1 ) r Ik+1/2()\1R) k( J ) r Ik+1/2(1€]R) J

m 2k+1 (k—m)! _(m im
Yk( )(19,90)_\/ . mPé )(cosﬂ)e e,

P,Em)(cos ) are the Legendre associated polynomials, Zj /2 is the Bessel
function of real argument and Iy, /ois the Bessel function of complex (pure
imaginary) argument [29].

We assume that the functions ®;, j = 1,3, and ¥, j = 1,2, satisfy the
conditions

/Qj(z)ds:o, j=13, /\Ifj(z) ds=0, j=1,2, (4.2)
o o’

where
Q' ={z: 2€R® |z|=R <R}
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Substituting ®;, j = 1,3, and ¥, j = 1, 2, into (4.2) and taking into account
the equalities

2 _ _
/Yém)w’@)ds_{zﬁR for k=0, m =0,

0 otherwise,
o0

we get that AY) =0, j=1,3, and B{) =0, j =1,2.
Substitute ®;, j = 1,3, and ¥;, j = 1,2, into (2.3) and use the rela-
tions [28]

grad [a(r)Yk(m) W, )] = dczlgdr) Xk (9, ) + Ma(rhfmk(ﬁ, ©);
rot [za(r)Y,"™ (0, ¢)] = VE(k + 1) a(r) Zmi (9, 9),
rotrot [xa(r)Yk(m) (0, 9)] = M a(r) Xomr (0, 0)+

k(k+1) (% + %)G(T)Ymk(ﬁa ©),

to get

00 k
u(z) = uoo(r)Xoo(V, ) + Z Z {umk(T)ka(ﬁ, ©)+

k=1m=—k

B+ D) [0k (1) Yous (9, ) + @k (1) Z (0,9)| }.

-k (4.3)
w(x) = Too(r) Xoo (¥, ¢) + Y Z {umk Xk (9, )+
k=1m=
R+ 1) [ammymk (9, 0) + B (1) Zme (9, )| }
where [25], [26]
Xk (9, ) = eTYk(m) (¥,9), >0,
1 (9 &1 0 (m)
= ———— (e = >
Vb0, 9) = s (00 55+ 555 5 ) Vi), k21, »
1 €y 0 0 (m)
= > <
E(k+1) (sinﬁ &p Ce 819) W@, ¢), k21, |ml <k,

er, ey and e, are the unit vectors
- . . . T
e = (cospsind, sinpsind, cos¥) ',
ey = (cos pcos ¥, singcostd, —sindd) ",

ey = (—sing,cosp,0) .
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The system of vectors { X,k (9, ), Yok (9, ), Zmk (9, 0)}, Im| < k, k =
1, 00, is orthogonal and complete in Lo(X1), where ¥ is the unit sphere,

kor\E (1) AR ()
umk(r)—ﬁ(ﬁ) F 40 (k+1)(bk—2a)R(ﬁ) A® 4

d k(k+1)
+ (54+22) 2 gk ()4, @ 4+ (: Zh (k;r)BY) | k>0,
Jj=1

1 k—1 k+1
vmi(r) = 7 (}% AD b+ 1)+ Z)R(}%) A®
(5—|—2%) d )
+ T g Al +(d )thkrB ) k>,

wmk(r):( )A(3)+Zkhkkr kv k>1,
(4.5)

~ ok(k+1)(2k+3 k—1 k(k+1) /r\k-1
umk(r):%(}%) 42 4 (2R ) (L) a0

mk>

2
d k(k+1 ;
—(A+2M)d_rgk(le)A;§;— (T )E:njhk(kjr)B(J) k>0,
j=1

~ 7U(k+1)(2k—|—3) r\ k-1 2) k+1 k—1 (3)
Urni(r) = R (7)) Am+gg (7)) A

mk?

A+2,U, 4
— g A - (— )thkkr BY) | k>1,

B (r) =—(2k + 3) ( ) A® ank hi(kr)BY)  k>1, b=1—a.

Now substitute the vectors v and w into (3.4) and employ the equalities

er X ka(ﬁ, <P) = Oa €r X Ymk(ﬁv <P) = - mk('ﬂ, @)7
ep X ka(’ﬂa 90) = Ymk(ﬁv <P)a

div [a(r) Xme (9, ¢)] = (dir + %)a(r)Yk(m)(ﬁ, ®),
div [a(r) Yo (9, )] = —V/k(k + 1) alr )y<m>w ),
div [a(r) Zmk(9, )] = 0,

rot [a(r)ka(ﬁ, ga)} =Vk(k+1) a_r) Zmk (9, ),
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to obtain
HM(02,n)U (x) = aoo(r) Xoo (9, ¢) +Z Z {amk Xonk (0, @)+
k=1m=—k

VR [Bk () Yok (9, 9)+ o (1) Zoni (9, 9)| |- )

H(2)(8x,n) ( ) = aoo XOO 19 , © +Z Z {amk mk 19 (p)

k=1m=—k

+ k(k+1) P;mk (’I”)Ymk (19, 90)+Emk (T)ka (19’ 90):| }a

where
ami(r) = |(A+2p) % + ?}umk(r) +[(0+22) % + QT_‘S}amk(r)_
Rkt 1)

- [Avmk(r) + 55mk(r)] k>0,

bk(r) = 1 [ (1= 0) i (1) = v () + (o2 = ) @ (r) — Tt ()] +

d d _ -
a Umk(r) + (e + V) o Ok (1) + 20 (1),

mi(r) = [(a+ @) 5 = (= ) ~Jume(r)+

+(p+a)

+ [(% +v) % — (e—v) H(T}mk(r) — 20T (1),

(1) = [0+ 250) 0 1+ 2 ) 4 (8 + 20 1+ 2 i)

dr
N w {&Jmk(r) + Mmk(r)}a

bk (1) = ~ [ (3¢ = ) (e (r) = Vi (1)) + (7 = ) (e () = Tt ()| +

3 1
dir Uk (1) + (v 4+ €) %T)mk(r) + 20D m(r),
Crmi (1) = {(%—i— V) dir —(x—v) mek(r)—&—

+ (et v)

+[(r+e) % (-9 H@mk(” = 200 ().

Here the vectors wmk, Umk, - - -, Wi are given by (4.5).
Represent the boundary data as the Fourier-Laplace series with respect
to the system (4.4)

F9(2) = aff) Xoo (9, ) +Z Z { U Xm0, 0)+

k=1 m=—k

+ VR 1) B0 Yok (9,9) + 150 Zna (0, 9) | | 5= 1,2,
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where o) s VE(k+1) B(J k(k+1) fy(]) are the Fourier coefficients.
In view of the boundary condition (3.2), with the help of the equalities
(4.6) we arrive at the system of linear algebraic equations
aoo<R> = afy, Goo(R) = afy ;
mi(R) = all, b (R) = 8Ll emt(R) = 11,
A (R) = al), bpi(R) =), Ean(R) =4); (4.7)
i (R) = i), b (R) = AL, cmr(R) =50,
dmi(R) = alnks buk(R) = B, Eni(R) = 7o, k> 2.

Let us analyze the solvability of this system. To this end, we prove the
following assertion.

Lemma 4.1. Let the conditions (4.2) be fulfilled. Then the vectors u
and w represented the by formulas (2.3) vanish identically if and only if @;,
j=1,2,3,4, and ¥;, j = 1,2, vanish.

Proof. The sufficiency is trivial. Let us show the necessity. From the equa-
tions (2.3) we get
1
AT(A +2p)
0+ 2

(27“(;9 +3)( (;9 + 1)@2(96) = % [divu(m) + Nt divw(z)|.

If u and w vanish, then by the formulas (4.1) we see that

Dy(z) = — divw(z),

Dy(z) =0, Py(z) =0. (4.8)
Again from (2.3) by (4.8) we have
2
w(z) — % rotu(x) = — Z (77j + %l@) {rot rot(z¥;(x)) + kj rot(z¥;(x))|.
j=1

Whence, if u and w vanish, we get
rotrot(z¥;(z)) + kjrot(z¥;(z)) =0, j=1,2.

Taking scalar product of this equation by x leads to

" % (T(,f—r +1) + 7282 W) =0, j=1,2.
Whence by (4.1) and (4.2)
V() =0, j=1,2 (4.9)
The equations (4.8) and (4.9) along with (2.3) imply
u(z) = grad @ (x) + rot(zP3(x)),

w(x) = % rotrot(z®3(x)).
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From (4.10) we get

0/ 0
rw (ra— + 1)@3( ) =2(z - w(x)).
If we substitute in these equations w(xz) = 0 and apply (4.1) and (4.2),
we obtain ®3(x) = 0. In accordance with this equation we get
grad @1 (z) = u(x).
Whence ®1(z) = const, and by (4.2) we conclude that ®,(z) = 0. O

Necessary and sufficient conditions for Problem (IT)™ to be solvable read
as follows

/f(l)(z)ds =0, / [z x fP(2) + fP(2)] ds = 0. (4.11)
o0 o0

Substituting fU), j = 1,2, into (4.11) and taking into consideration the
equations

[(0—1m — O1m)er — i(6—1m + O1m)e2+
/ka (W, 9)d +V200mes| R, k=1, m = £1,
0 otherwise;

2./% [(6-1m — 01m)e1 — i(6—1m + 61m)ea+
/Ymk (0, ¢)d +V268omes| R?, k=1, m==£l,
0 otherwise;

k(9,p)ds =0 for all k and m,
asz

where dx; is the Kronecker symbol, e; = (1,0,0)7, es = (0,1,0)7, e3 =
(0,0,1)7, we get (4. 12)

alt) 4250 a® +28% 1 oRy ) =0, m=0,+1.  (4.12)

ml —

Theorem 3.1 and Lemma 4.1 imply that the system (4.7) is solvable.
Moreover, from (4.12) it follows that we can define all unknown coefficients
but Agi)l and AS)D m = 0,%1. This is natural and reflects the fact that the
solution is defined modulo a rigid displacement vector.

In our analysis we need the following technical results [27].

Theorem 4.2. For k > 0 the following inequalities are true

4
2k(k+1)
| Zni (9, 9)] < 2B D) s,

2k+1 7 T
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Theorem 4.3. If f9) € CY(dN), where OQ is a sphere, then the coeffi-
cients oz,(jj), ﬂ,(j]) and ’y](é) admit the bounds

all =0k, ) = 0k™"71), ) = 0k,

mk
Applying the above theorems and the asymptotic behavior of the Bessel
functions, we can show that for x € ; the series are absolutely and uni-
formly convergent in the interior domain.
Let now z € 04, i.e., r = R. In this case, due to Theorem 4.2 the
majorizing number series for (4.3) and (4.6) is

S kS (ol + k(85 + ]

k=ko  j=1

By Theorem 4.3 this series is convergent if f(9) € C?(99).
Thus the series (4.3) and (4.6) are absolutely and uniformly convergent
if £U) € C2(00).
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