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Abstract. We consider differential-operator inclusions with wy,-pseu-
domonotone multi-valued maps. The problem of the investigation of the
periodic solutions and of the solutions for initial time value problem has
been solved by Faedo—Galerkin method. The important a priory estimates
have been obtained. Some topological descriptions of the resolvent operators
have been made.
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1. INTRODUCTION

One of the most effective approaches to investigation of nonlinear prob-
lems represented by partial differential equations, inclusions and inequali-
ties with boundary values, consists in the reduction of them to equations
in Banach spaces governed by nonlinear operators. In order to study these
objects, modern methods of nonlinear analysis have been used [9], [11], [21].
In [26], by using a special basis, the Cauchy problem for a class of equations
with operators of Volterra type has been studied. The important periodic
problem for equations with monotone differential operators of Volterra type
has been studied in [11]. Periodic solutions for pseudomonotone operators
have been considered in [21], while for wy,-pseudomonotone single-valued
operators in [16].

Convergence of approximate solutions to an exact solution of a diffe-
rential-operator equation or inclusion is frequently proved on the basis of
monotonicity or pseudomonotonity of the corresponding operator. If the
given property of the initial operator takes place, then it is possible to prove
convergence of the approximate solutions within weaker a priori estimates
than it is demanded when using embedding theorems. The monotonicity
concept has been introduced in papers of Weinberg, Kachurovsky, Minty,
Sarantonello and others. Significant generalization to monotonicity was
given by H. Brezis [3]. Namely, Brezis calls an operator A : X — X*
pseudomonotone if

a) the operator A is bounded;

b) from u,, — u weakly in X and from

lim (A(up),un —u)x <0
it follows that
lim (A(un),un —v)x > (A(u),u —v)x Vv e X.

n—oo

In applications, as a pseudomonotone operator the sum of radially con-
tinuous monotone bounded operator and strongly continuous operator was
considered [11]. Concrete examples of pseudomonotone operators were ob-
tained by extension of elliptic differential operators when only their sum-
mands with highest derivatives satisfied the monotonicity property [21]. In
papers of J.-L. Lions, H. Gaevsky, K. Greger, K. Zaharias [11], [21] the
main results of solvability theory for abstract operator equations and dif-
ferential operator equations that are monotone or pseudomonotone in the
Brezis sense are set out. Also the application of the proved theorems are
given to concrete equations of mathematical physics, and in particular, to
free boundary problems.

The theory of monotone operators in reflexive Banach spaces is one of
the major areas of nonlinear functional analysis. Its basis is formed by
so-called variational methods, and since the 60-ies of the last century the
theory has been intensively developing in tight interaction with the theory
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of convex functions and the theory of partial differential equations. The
papers of F. Browder and P. Hess [4], [5] became classical in the given
direction of investigations. In particular, in the work [5] of F. Browder
and P. Hess a class of generalized pseudomonotone operators enveloping
the class of monotone mappings was introduced. Let W be some normed
space continuously embedded in the normed space Y. A multi-valued map
A:Y — 2Y is said to be generalized pseudomonotone on W if for each
pair of sequences {y,}n>1 C W and {d,}n>1 C Y* such that d,, € A(y,),
Yn — y weakly in W, d,, — d x-weakly in Y*, from the inequality

n@o<dn, yn>Y S <d7 y>Y

it follows that d € A(y) and (dn, yn)y — (d,y)y.

A grave disadvantage of the given theory is the fact that in the general
case it is impossible to prove that the set of pseudomonotone (in the classi-
cal sense) maps is closed with respect to summation (the given statement is
problematic). This disadvantage becomes more substantial when investigat-
ing differential-operator inclusions and evolutionary variational inequalities
when we necessarily consider the sum of the classical pseudomonotone map-
ping and the subdifferential (in Gateaux or Clarke sense) for multi-valued
map which is generalized pseudomonotone. 1. V. Skripnik’s idea of passing
to subsequences in classical definitions [33], realized for stationary inclusions
in the papers of M. Z. Zgurovsky and V. S. Mel'nik [22], [25] enabled one
to consider the essentially wider class of Ag-pseudomonotone maps, closed
with respect to summation of maps, which for classical definitions appeared
problematic. In the papers of V. S. Mel’nik and P. O. Kasyanov [16] there
was introduced the class of wy,-pseudomonotone maps which includes, in
particular, the class of generalized pseudomonotone multi-valued operators
and also it is closed with respect to summation of maps. A multi-valued
map A : Y — 2Y with the nonempty, convex, bounded, closed values is
called wy, -pseudomonotone (Ag-pseudomonotone on W) if for any sequence
{Yn}n>0 C W such that y, — yo weakly in W, d,, — dyp *—weakly in Y* as
n — 400, where d,, € A(y,) Vn > 1, from the inequalities

im (dn,yn — o)y <0

it follows the existence of such subsequences {yn, tx>1 of {yn}tn>1 and
{dn, }r>1 of {dy}n>1 for which

lim <dnk7ynk - w>Y = [A(yo)vyo - w]* VweY.

k—o0

Now we have to prove solvability for differential-operator inclusions with
Ao-pseudomonotone on D (L) multi-valued maps in Banach spaces:

Lu+ A(u) + B(u) 3 f, uwe D(L), (1)

where A : X; — 2%X1 B : Xy — 2% are multi-valued maps of D(L),,-
pseudomonotone type with nonempty, convex, closed, bounded values, X1,
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X, are Banach spaces continuously embedded in some Hausdorff linear topo-
logical space, X = X1NXs, L : D(L) C X — X* is linear, monotone, closed,
densely defined operator with the linear domain D(L).
Let us remark that any multi-valued map A : Y — 2Y  defined on a
Banach space Y naturally generates respectively upper and lower forms:
AW)wl = swp ([dwhy,  [Ap)Lwl = inf du)y, yweX.
deA(y) deA(y)
Properties of these objects have been investigated by M. Z. Zgurovsky and
V. S. Mel'nik. Thus, together with the classical coercivity condition for the
operator A,

(A(y), y)y
lylly

which ensures important a priori estimates, arises +-coercivity (and, respec-
tively, —-coercivity):

[A(y), Y] +(—)
lylly

+-coercivity is a much weaker condition than —-coercivity.

When investigating multi-valued maps of wy,-pseudomonotone type, it
was found out that even for subdifferentials of convex lower semicontinuous
functionals the boundedness condition is not natural [15]. Thus it was
necessary to introduce an adequate relaxation of the boundedness condition
which would envelope at least the class of monotone multi-valued maps. In
the paper [13], the following definition was introduced: a multi-valued map
A:Y — 2Y7 satisfies the property (I) if for any bounded set B C Y, any
Yo € Y and for some k£ > 0, d € A for which

(d(y),y — yo)y <k forall y € B,
there exists C' > 0 such that
ld(y)|ly+ < C for all y € B.

— +00 as [lylly — +o0,

— +o00 as [|ylly — +oo.

Recent development of the monotonicity method in the theory of diffe-
rential-operator inclusions and evolutionary variational inequalities ensures
resolvability of the given objects under the conditions of —-coercivity, boun-
dedness and the generalized pseudomonotonicity (it is necessary to notice
that the proof is not constructive). With relation to applications, it would
be topical to relax some conditions on multi-valued maps in the problem (1)
replacing —-coercivity by +-coercivity, boundedness by the condition (II)
and pseudomonotonicity in classical sense or generalized pseudomonotonic-
ity by wy,-pseudomonotonicity.

At present the operator and differential-operator equations and inclu-
sions as well as evolutionary variational inequalities are studied intensively
enough by many authors: J.-P. Aubin, V. Barbu, Yu. G. Borisovich, S. Carl,
H. Frankowska, B. D. Gelman, M. F. Gorodnij, S. Hu, M. 1. Kamenskii,



110 M. O. Perestyuk, P. O. Kasyanov, and N. V. Zadoyanchuk

P. I. Kogut, O. A. Kovalevsky, A. D. Mishkis, D. Motreanu, V. V. Obu-
chovskii, N. S. Papageorgiou, A. M. Samoilenko, N. A. Perestyuk, V. A. Plot-
nikov, N. V. Skripnik, V. Yu. Slusarchuk, O. M. Solonucha, A. N. Vakulenko,
M. Z. Zgurovsky and others [1]—[34].

By analogy with the differential-operator equations, at least four ap-
proaches are well-known: Faedo—Galerkin method, elliptic regularization,
the theory of semigroups, difference approximations. Extension of these ap-
proaches on evolutionary inclusions encounters a series of basic difficulties.
For differential-operator inclusions, the method of semigroups is realized in
the works of A. A. Tolstonogov, Yu. I. Umansky [34] and V. Barbu [2].
The method of finite differences first time was extended on evolutionary
inclusions and variational inequalities by P. O. Kasyanov, V. S. Melnik and
L. Toskano. The method of singular perturbations (H. Brezis [3] and Yu. A.
Dubinsky [8]) and the Faedo—Galerkin method with differential-operator in-
clusions for wjy,-pseudomonotone multi-valued maps have not been system-
atically investigated as yet. It is required to prove the singular perturbations
method and the Faedo—Galerkin method for differential-operator inclusions
with wy,-pseudomonotone multi-valued maps in Banach spaces.

In the present paper, we introduce a new construction to prove the
existence of periodic solutions for differential-operator inequalities by the
Faedo—Galerkin (FG) method for w),-pseudomonotone multi-valued opera-
tors. From the point of view of the applications, we have essentially widened
the class of the operators considered by other authors (see [13], [26]).

2. PROBLEM DEFINITION

Let (V1,]-|lv,) and (Va, ||-||v,) be some reflexive separable Banach spaces
continuously embedded in the Hilbert space (H, (-,-)) and such that
V :=ViNV, is dense in spaces Vi, V5 and H. (2)
After the identification H = H*, we get
VicHcCVS, VoCcHCVS (3)
with continuous and dense embeddings [11], where (V;*, || - ||v+) is the space

topologically conjugate to V; with respect to the canonical bilinear form

<"'>%:V*XV;_’R

3

(¢ = 1,2) which coincides on H with the inner product (-,-) of H. Let us
consider the functional spaces

Xi :LTZ(S7H)0LPZ(S7‘/;)7

where S = [0,7], 0 < T < 400, 1 <p; <1; < +o00 (i =1,2). The spaces
X; are Banach spaces with the norms [ly[x, = [|yllz,, s;vi) + IVllL.. (s:00)-
Moreover, X; is a reflexive space.

Let us also consider the Banach space X = X; N X3 with the norm
lvllx = llyllx, + llyllx,- Since the spaces L, (S;V;*) + LTQ(S;H) and X}
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are isometrically isomorphic, we identify them. Analogously,
X' = X[+ X5 = Lo, (S; V1) + Lo (S5 V2') + Ly (S; H) + Ly (S5 H),
where ry L7/ =p b g = 1

Let us define the duality form on X* x X:

(f.y) = / (Fin(m),y(r)m dr + / (fra(r), y(r)) g drt

S

(f21(7),y(7))y, dT + /<f22(7’), Y(7))y, dr =

S

_|_

(f(7),y(7)) dr,

M\M\m

where f = fi1 + fi2 + fa1 + fa2, f1i € Ly (S;H), fai € Ly, (S;V;"). Note
that for each f € X*

maX{||fll||LT,1 (S:H)

1fllx~ =

inf
f=fi1+fr2+ fa1+ foz:
FEL (SH).Fare Ly, (V) (=12)

1fr2llz,, (ssmy3 1 farllg, (sivis ||f22||Lq2(S;V2*)}-

Let A: X; = X{ and B : X9 =% X3 be multi-valued maps with nonempty
closed convex values, L : D(L) C X — X* be a linear closed densely defined
operator. We consider the problem

Ly+ A(y) + B(y) > f, (4)
y € D(L),

where f € X is arbitrarily fixed.

3. CLASSES OF MAPS

Let Y be some reflexive Banach space, Y* be its topologically conjugate,
()y :Y*xY =R

be the duality form on Y. For each nonempty subset B C Y*, let us consider
its weak closed convex hull ¢o(B) := clx= (co(B)). Further, by C,(Y™*) we
will denote the class of all nonempty convex weakly compact subsets of Y *.

For each multi-valued map A :Y = Y™ we can consider its upper and
lower function of support:

[A(y)a w]Jr = sup <d7 ’LU>X, [A(y)a w]- = inf <da w>Xa
deA(y) deA(y)

where y, w € X. We also consider its upper and lower norms:

[AW+ = sup [ld]|x-, [[A@@)|-= inf |[|dfx-.
deA(y) deA(y)
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The main properties of the given maps are considered in [18]. In particular,
from [29] the following properties of the introduced symbols with brackets
and norms take place.
Let A,B:Y — C,(Y*); then for arbitrary y, v, v1, v €Y
1) the functional Y 3 v — [A(y), v]+ is convex positively homogeneous
and lower semicontinuous;

2) [A(y),v1 + a4 > [A(y), v1]+
(), v1 + vl - < [A(y), v1]+

[A
[A
3) [A(y) + B(y), vl = [A(y),v]+
[A(y) + B(y), v]- = [A(y), v]-
4) [Aly), o+ < AW+l [A®Y),v]- < IIA( M=llvlly;

+ [Ay)

+ [A(y), va] -
+ B
+ B

5) the functional || - ||+ : Cy,(Y*) — Ry defines a norm on C,(Y™*);
6) the functional || - || : C,(Y*) — R satisfies the conditions:
a) 0 € Aly) < [l[AW)[- =0,
b) @A)l = lef[A@)]- Va eR, y €Y,

)
c) [A®) +B)l- <A~ + 1B

7 1AW = B+ = [I14@) 1+~ 1BG)]- |
A =Bl > [A®)]- ~ 1)+
dir (AW). B®)) = 1AW+ ) — 1B+,

where dg (-, -) is the Hausdorff metric;
8) de A(y) <= Vw € Y[A(y),w]+ > (d,w)y
Now we consider the main classes of maps of w),-pseudomonotone type.

In what follows, y, — y in Y will mean that y,, weakly converges to y in
the reflexive Banach space Y.

Definition 1. The multi-valued map A : Y — C,(Y™) is called:

o +(=)-coercive if [yl [A(y), yl+ () — +00 as [lylly — +oo;
o weakly +(—)-coercive if for each f € Y* there exists R > 0 such
that

[Aly) = £yl =0 as fyly =R, yeY;
e bounded if for any L > 0 there exists [ > 0 such that
AW+ <l VyeY: |lylly < L

o Jocally bounded if for any fixed y € Y there exist constants m > 0
and M > 0 such that [|A(¢)||+ < M when ||[y —&|ly <m, £ €Y

e finite-dimensionally locally bounded if for each finite-dimensional
subspace F C Y A‘F is locally bounded on (F,|| - ||y).

Let W be a normed space with the norm || - ||yw. We consider W C Y
with continuous embedding, C(r1;-) : R4 — R is a continuous function for
each r; > 0 and such that 771C(r1;7r2) — 0 as 7 — +0 Vry, 72 > 0, and
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I 14 is a (semi)-norm on Y that is compact with respect to || ||y on W
and continuous with respect to || - ||y on Y.

Definition 2. The multi-valued map A : Y — C,(Y™) is called:

o radially semi-continuous if Vx, h € Y the following inequality takes
place

i [A(e + th), ] < [A(@), Bl

e an operator with semi-bounded variation on W (with (Y, W)-s.b.v.)
if VR > 0 and Vyl, y2 €Y with ||y1||y < R, ||y2Hy < R, the
inequality

[Ar).mn —v2] - > [Aly2). i1 — v2], — C(Rs 1 — wallw)
is fulfilled;

e \-pseudomonotone on W (wy-pseudomonotone) if for every sequence
{Yn}tn>1 C W such that y, — yo in W with yo € W, from the in-
equality

i (dn, yn = yo)y <0, (5)

n

where d,, € A(yn), n > 1, it follows the existence of subsequences

{Wni ti>1 CH{Yntnz1 and {dn, fi>1 C {dn}n>1,
such that

h—m <dnk7ynk - w>Y > [A(y)ayo - w]* Vw e Y; (6)

k—oo

o )\g-pseudomonotone on W (wy,-pseudomonotone) if for each se-
quence {yn}n>1 C W such that

Yn —yo in W, A(yn,)dd, =~dop in Y* with yo €Y, dy € Y™,
from the inequality (5) it follows the existence of
{uni k=1 C{yntnz1 and {dn, izt C {dn}n>

such that (6) is true.
The above multi-valued map satisfies:
e the property (k) if for each bounded set D in Y there exists ¢ € R
such that

[A(v),v]+ > —c|lv]ly Vv e D.

e the property (I1) if for each nonempty bounded subset B C Y, for
each k > 0 and for each selector d € A such that

(d(y),y)y <k for each y € B,
it follows that there exists K > 0 such that
ld(w)]ly+ < K for each y € B.

Remark 1. The idea of the passage to subsequences in the latter definition
was adopted by us from the work of 1. V. Skripnik [33].
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Let Y = Y7 NYa, where (Y1, || - |ly;) and (Y2, ]| - ||v,) are some reflexive
Banach spaces.

Definition 3. The pair of maps A : Y7 — C,(Y7*) and B : Y2 — C,(Y5)
is called s-mutually bounded, if for each M > 0, for each bounded set D C Y
and for each selectors dy € A and dg € B there exists K > 0 such that
from
yeD and <dA(y)vy>Y1 + <dB(y)7y>Y2 <M
we have
or [[da(y)llyy <K or [|ds(y)ly; < K.

Remark 2. A bounded map A : Y — Y* satisfies the property (II); a
map A : Y — Y™ that satisfies the property (II) satisfies the property (x); a
A-pseudomonotone on W map is Ag-pseudomonotone on W. The converse
statement is correct for bounded multi-valued maps.

If one of the operators of the pair (A; B) is bounded, then the pair (A; B)
is s-mutually bounded. Moreover, if each of maps satisfies the condition
(IT), then their sum also satisfies the condition (II) and the pair (A4; B) is
s-mutually bounded.

Now let W = Wy NWa, where (W1, |- |lw, ) and (Wa, | - |lw,) are Banach
spaces such that W; C Y; with continuous embedding.

Lemma 1 ([18]). Let A : Y7 — Cy(Yy*) and B : Yo — C,(Y5") be s-
mutually bounded A\o-pseudomonotone on Wi and respectively on Wo mul-
tivalued maps. Then C := A+ B :Y — C,(Y™*) is a Ag-pseudomonotone
on W map.

Remark 3. If the pair (4; B) is not s-mutually bounded, then the given
proposition takes place only for A-pseudomonotone (respectively on W7 and
on W) maps.

Lemma 2 ([18]). Let A: Y1 = 1™, B : Yy = Yo" be +-coercive maps

which satisfy the condition (k). Then the map C := A+ B :Y = Y* is
+-coercive.

Remark 4. Under the conditions of the last lemma it follows that the
operator C = A+ B:Y — C,(Y*) is weakly +-coercive.

Proposition 1 ([18]). Let A: X = X* be a Ag-pseudomonotone opera-
tor on W, the embedding of W in the Banach space Y be compact and dense,
the embedding of X in'Y be continuous and dense, and let co*B:Y =3 Y™
be a locally bounded map such that the graph of €0*B is closed in Y x Y}
(i.e. with respect to the strong topology of Y and the weakly star topology in
Y*). Then C = A+ B is a A\g-pseudomonotone on W map.

Now we consider a functional ¢ : X — R.

Definition 4. The functional ¢ is said to be locally Lipschitz, if for any
xg € X there are r,c¢ > 0 such that

lo(@) — (W] < cllz —yllx Yo,y € Br(zo) = {z € X [l& - zollx <7}
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For a locally Lipschitz functional ¢ defined on a Banach space X, we
consider the upper Clarke’s derivative [7]
— 1
Li@h)y= 0 — h) — R, 2, heX
parlrh) = lm = (pv+ah) —p(v)) €R, z, he

and Clarke’s generalized gradient
Acip(z) = {p € X" (pv—z)x < cpgl(x,u —z) Vv € X}, z e X.

Proposition 2 ([18]). Let W be a Banach space compactly embedded in
some Banach space Y, ¢ 1Y +— R be a locally Lipschitz functional. Then
Clarke’s generalized gradient Ocip 1 Y = Y™ is A\g-pseudomonotone on W.

Definition 5. The operator L : D(L) CY — Y™ is called

e monotone, if for each yi,y2 € D(L) (Ly1 — Ly2,y1 — Y2)y = 0;
e mazximal monotone, if it is monotone and from (w — Lu,v—u), >0

for each v € D(L) it follows that v € D(L) and Lv = w.

Remark 5. If a reflexive Banach space Y is strictly convex with its con-
jugate, then [21, Lemma 3.1.1] a linear operator L : D(L) C Y — Y*
is maximal monotone and dense defined if and only if L is a closed non-
bounded operator such that

(Ly,y)y >0 Yy € D(L) and (L*y,y),, >0 Vy € D(L"),

where L* : D(L*) CY — Y™ is the operator conjugate to L in the sense of
non-bounded operators theory (see [12]).

4. AUXILIARY STATEMENTS

From (2) and (3) V. = Vi NV, C H with the continuous and dense
embedding. Since V is a separable Banach space, there exists a complete in
V and consequently in H countable system of vectors {h;};>1 C V.

Let for each n > 1 H,, = span{h;}? ;, on which we consider the inner
product induced from H that we again denote by (-,-); P, : H — H, C H
be the operator of orthogonal projection from H on H,, i.e.,

Vhe H P,h=argminl|h— hy,| .
hn€Hn

Definition 6. We say that the triple ({h;}:;>1;V; H) satisfies the condi-
tion (7) if sup || Pyl z(v,vy < +00, i.e., there exists C' > 1 such that

n>1

VoeV, Vn>1 ||[Pully <C-|v|v.

Let us remark that a construction of the basis which satisfies (or not)
the above condition was introduced in the papers [10], [16], [17], [35].

Remark 6. When the system of vectors {h;};>1 C V is orthogonal in H,
the condition () means that the given system is a Schauder basis in the
Banach space V' [35].
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Remark 7. Since P, € L(V,V), its conjugate operator P € L(V*,V*)
and || Pyl zcv,vy = |1Py || v+, v+). Tt is clear that for each h € H, P,h = Pyh.
Hence, we identify P, with P}. Then the condition () means that for each
veVandn>1||Pwlv: <C-|v|lv-.

Due to the equivalence of H* and H, it follows that H} = H,. For
each n > 1, we consider the Banach space X,, = L,,(S; H,) C X, where
po := max{ry,re}, with the norm || - || x, induced from the space X. This
norm is equivalent to the natural norm in Ly, (S; Hy) [11].

The space L, (S; Hy) (qo ' +py ' = 1) with the norm

» L |<f7w> |
[fllxs = sup fm] p D Tx,]
vex (o} 12lx sexoqoy 17llx.

is isometrically isomorphic to the conjugate space X of X,, (further the
given spaces will be identified); moreover, the map

X% X3 o= [ (#0a(0) , dr = [ (F0)a(0) dr = (),
s 5
is the duality form on X x X,,. This statement is correct since

Xy =Lg(S; Hy,) C Ly (S; H) C LTQ(S;H)—&-
+ Lré(S;H) + Lg, (S V1) + Lg, (S5 V5) = X™
(see [11]). Let us remark that (-, '>’X;§xxn ={(,)x,-
Proposition 3 ([16, Proposition 1]). For each n > 1 X, = B, X, i.e.,
X, ={Py()| y(-) € X}, and we have
(f; Pay) = {f,y) Yye X and fe X

Moreover, if the triples ({h;};>1;Vi; H) fori = 1,2 satisfy the condition ()
with C' = C}, then

|1 Pyl x < max{Ci,Ca}|lyllx Yye X and n> 1.

For each n > 1 we denote by I, the canonical embedding of X,, in X
(Vz e X, Inx = x), and by I} : X* — X its conjugate operator. We point
out that

Ml 2t = IMallecoc i eoseg i) = 1

Proposition 4 ([16, Proposition 2]). For each n > 1 and f € X*
(IXf)(t) = Pof(t) for a.a. t € S. Moreover, if the triples ({h;};>1;Vi; H)
fori=1,2 satisfy the condition () with C = C;, then

foreach feX* and n>1 |If|lx- <max{Ci,Ca} | fllx-,
i.e., Sli}; ”I:;HE(X*;X*) < max {01702}.

From the last two propositions and the properties of I it immediately
follows the following
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Corollary 1. For eachn>1 X} =P, X*=1'X, i.e.,
Xy ={PfO FO) e X"} ={L;f| fe X}
Proposition 5 ([16, Proposition 3]). The set |J X, is dense in (X, ||| x)-
n>1
For some linear densely defined operator L : D(L) C Y — Y*, we con-
sider the normed space D(L) with the graph norm

19llpw) = lylly + ILylly- Vy € D(L). (7)

Proposition 6. Let Y be a reflevive Banach space, L : D(L) CY — Y*
be a linear mazximal monotone operator. Then every bounded sequence of
the space D(L) with the graph norm (7) has a weakly convergent in D(L)
subsequence.

5. THE FAEDO—GALERKIN METHOD

For each n > 1 let us set
L,:=I'LI,:D(L,)=D(L)NX, CX, =X, fo=LfeX}
An =I'AlL, : X,, — Cy(X}), Bp:=1I1'Bl,: X, — C,(X}).
Remark 8. We will denote by I also the conjugate operators of the

canonical embeddings of X,, in X; and of X, in X5, because these operators
coincide with I¥ on X{ N X3 which is dense in X7, X3, X*.

By analogy with Proposition 6, we consider the normed space D(L) with
the graph norm (7). We note that if the linear operator L is closed and
densely defined, then (D(L), || - || p(z)) is a Banach space continuously em-
bedded in X.

In addition to the problem (4), we consider the following class of prob-
lems:

(8)

Lyyn + An(yn) + Bn(yn) 2 fn,
yn € D(L,).

Remark 9. We consider on D(L,,) the graph norm
YnllD(z.) = lynllx, + 1 Lnyalx; for each y, € D(Ly).

Definition 7. We say that the solution y € D(L) of (4) is obtained by
theFaedo-Galerkin method, if y is the weak limit of a subsequence {yn, }r>1
from {yn}n>1 in D(L), where for each n > 1 y, is a solution of the prob-
lem (8).

6. THE MAIN SOLVABILITY THEOREM

Theorem 1. Let L : D(L) C X — X* be a linear operator, A : X1 —
Cy(X7) and B : Xo — Cy(X3) be multi-valued maps such that
1) L is mazximal monotone on D(L) and satisfies
e the condition Ly: for each n > 1 and x,, € D(L,,) Lz, € X;
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e the condition Lo: for each n > 1 the set D(Ly,) is dense in Xy ;
e the condition Lg: for eachn > 1 Ly, is mazimal monotone on D(L);

2) there exist Banach spaces Wi and Wy such that Wy C X1, Wa C X5
and D(L) C W1 N Wy with continuous embedding;

3) A is Ao-pseudomonotone on Wi and satisfies the condition (II);

4) B is Ag-pseudomonotone on Wa and satisfies the condition (IT);

5) the pair (A; B) is s-mutually bounded and the sum C = A+ B: X =

X* is finite-dimensionally locally bounded and weakly +-coercive.

Furthermore, let {h;};>1 CV be a complete system of vectors in Vi, Va,
H such that Vi = 1,2 the triple ({h;};>1; Vi; H) satisfies the condition ().
Then for each f € X* the set

Ky(f) := {y € D(L)| y is a solution of (4),
obtained by the Faedo-Galerkin method}

is non-empty and the representation
Ku(f)= ([ U Enlfm)] (9)
n>1 m>n v

is true, where for each n > 1

Kn(fn) = {yn € D(Ly)| yn is a solution of (8)}

and [-]x,, 1is the closure operator in the space X with respect to the weak

topology.
Moreover, if the operator A+ B : X = X* is —-coercive, then Ky (f) is
weakly compact in X and in D(L) with respect to the graph norm (7).

Remark 10. The sufficient condition for the weak +-coercivity of A+ B
is as follows: A is +-coercive and it satisfies the condition (k) on X7, B is
+-coercive and it satisfies the condition (k) on X2 (see Lemma 2).

Remark 11. From the condition Lo on the operator L and from the
Proposition 5 it follows that L is densely defined.

Proof. By Lemma 1 and Remark 2 we consider the \g-pseudomonotone on
W1NWs, (and hence on D(L)), finite-dimensionally locally bounded, weakly
+-coercive map

X3y — Cly) == Ay) + B(y) € Cp(X7),

which satisfies the condition (II).
Let f € X* be fixed. Now let us use the weak +-coercivity condition for
C. There exists R > 0 such that

[Cy)— fyl+ >0 Vye X : |y|lx =R (10)
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6.1. Solvability of approximating problems.

Lemma 3 ([18]). For each n > 1 there exists a solution of the problem
(8) yn € D(Ly,) such that |y.||x < R.

6.2. Passing to limit. Due to Lemma 3, we have a sequence of Galerkin
approximate solutions {y, },>1 that satisfies the conditions

Vn>1 |lynllx < R (11)
Vn>1 y, € D(L,) C D(L), Lnyn +dn(yn) = fn, (12)

where d,(yn) = I:d(yn), d(yn) € C(yn) is a selector.
In order to prove the given theorem, we need to obtain the following

Lemma 4 ([18]). Let for some subsequence {ny}r>1 of the natural scale
the sequence {yn, }r>1 satisfy the following conditions:
e Vk>1y, € D(Lyn,)=DL)NX,,;
o Vk>1 Lnyny + dny (Yni) = fris dny (Yny) = I:;kd(ynk): d(yn,,) €
C(Yny);
o yp, —y inX as k — +oo for some y € X.

Then y € Ku(f).

By (11), (12), Lemma 4, the Banach-Alaoglu theorem and the topological
property of the upper limit [20, Property 2.29.IV.8] it follows that

o# N[ U Kalfa)] | CEKulf).
n>1 m>n v

The converse inclusion is obvious; it follows from the same topological prop-
erty of the upper limit and from D(L) C X with continuous embedding.

Now let us prove that Ky (f) is weakly compact in X and in D(L) under
the —-coercivity condition on the operator C = A+ B : X — C,(X™).
Since (9) holds and D(L) C X with continuous embedding, it suffices to
show that the given set is bounded in D(L). Let {yn}n>1 C Kpu(f) be an
arbitrary sequence. Then for some d,, € C(y,)

Ly, + d(yn) =
If {yn}n>1 is such that
lynllx — +00 as n — oo,

then we obtain the contradiction

—_

+ 00 [C(Yn), yn]— <

~ lunllx
<Lyn + d(yn)v yn>

< (fryn) < fllx- < oo (13)

B 1
lynllx lynllx

Hence, for some k > 0
lyallx <k Vn>1. (14)
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Due to the condition (II) for C, from (13)—(14) it follows the existence of
K > 0 such that:
lldnllx~ < K.

Hence,
[Lynllx- < K +|[flx- and |lynllpw) < k+ K+ |[f]lx--
The theorem is proved. O

7. AN APPLICATION

7.1. On the solvability of an initial time problem by FG method.
Let A: X1 — Cy(X7) and B : Xo — C,(X3) be multi-valued maps. We
consider the problem:

{y’+A(y) + B(y) > f, (15)

y(0)=0
in order to find the solutions by FG method in the class
W={yeX|yeXx},
where the derivative 3’ of an element y € X is considered in the sense of
D*(S;V*). We consider the norm on W
lyllw = llyllx + [ly'llx- for each y € W.
We also consider the spaces W; = {y € X;| ¢y € X*},i=1,2.

Remark 12. The space W is continuously embedded in C(S; H). Hence,
the initial condition in (15) has sense.

In parallel with the problem (15), we consider the following class of prob-
lems in order to search the solutions in W,, = {y € X,,| v € X' }:

Y + An(Yn) + Bn(yn) 3 fa,

where the maps A,,, By, f, were introduced in Section 5, the derivative y/,
of an element y,, € X,, is considered in the sense of D*(S; Hy,).
Let W5 := {y € W| y(0) = 0} and introduce the map

L:D(L)=W;C X — X*

by Ly =y’ for each y € Wy
From the main solvability theorem it follows the following

Corollary 2. Let A : X; — Cy(X5) and B : Xo — Cy(X3) be multi-
valued maps such that

1) A is Ag-pseudomonotone on W1 and it satisfies the condition (II);

2) B is A\g-pseudomonotone on Wo and it satisfies the condition (IT);

3) the pair (A; B) is s-mutually bounded and the sum C = A+ B: X =
X* is finite-dimensionally locally bounded and weakly +-coercive.

(16)
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Furthermore, let {h;};>1 CV be a complete system of vectors in Vi, Va,
H such that for i = 1,2 the triple ({h;};>1;Vi; H) satisfies the condition

()
Then for each f € X* the set

K%(f) = {y € Wy is the solution of (15),
obtained by the Faedo—Galerkin method}

is non-empty and the representation

K5 = N[ U K80

X
n>1 m>n w

is true, where for each n > 1
Kg(fn) = {yn € Wy| yn is the solution of (16)}.
Moreover, if the operator A+ B : X = X* is —-coercive, then Kg (f) is
weakly compact in X and in W.

Proof. First let us prove the maximal monotonicity of L on Wj. For v € X,
w € X* such that for each u € Wy (w — Lu,v —u) > 0 is true, let us prove
that v € Wy and v/ = w. If we take u = hpx € W with ¢ € D(S), z € V
and h > 0, we get

0< <w —¢'hx,v — <phx> =
= (w.0) = { [ (#60006) + 0)ul9) ds, i) + () =
S

= (w,v) + h(v'() — w(p), ),

where v'(¢) and w(p) are the values of the distributions v’ and w on ¢ €
D(S). So, for each p € D(S) and z € V (v'(p) —w(y),z) > 0 is true. Thus
we obtain v'(¢) = w(p) for all ¢ € D(S). This means that v/ = w € X*.

Now we prove v(0) = 0. If we use [11, Theorem IV.1.17] with u(t) =
v(T)% € Wy, we obtain that

0< (@ —Lu,v—u)={ —u,v—u)=

= 2 ()o@ ~ 0O)3) = 5 WOl <0,

N —

and then v(0) = 0.
In order to prove the given statement, it is enough to show that L satisfies
the conditions L1—L3. The condition L; follows from the following

Proposition 7 ([16, Proposition 6]). For each y € X, n > 1 we have
Py’ = (Pny)’, where the derivative of an element x € X is to be considered
in the sense of D*(S; V™).
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The condition Ly follows from [11, Lemma VI.1.5] and from the fact that
the set C'(S; H,,) is dense in Ly, (S, H,) = X,. The condition L3 follows
from the previous conclusions with V = H = H, and X = X,,. O

Remark 13. In the latter Corollary we may relinquish the condition ()
in the following way:

Following by [21], we may assume that there is a separable Hilbert space
V, such that V, C Vi, V, C V5 with continuous and dense embedding,
V, C H with compact and dense embedding. Then

VeCVAiCHCV CV), V,CVaCHCVS CV)
with continuous and dense embedding. For i = 1,2, let us set
Xiﬂ = Ln' (S; H) N Lpi (S§ VU)7 XU = Xl,o N X2,a,
XZUZLT;(SaH)+LQz(SaV;)7 X:':XT,U_FX;J)
Wie={yeXily €X'}, Wo=WioNWs,.
As a complete system of vectors {h;};>1 C V5, let us take a special basis,
i.e.,
(i) {hi}i>1 orthonormal in H;
(ii) {h;}i>1 orthogonal in V,;
(ili) Vi > 1 (hi,v)y, = Ai(hi,v) Vv € V;, where 0 < Ay < Ag,... A —
00 as j — 0o, (+,-)v, is the natural inner product in V.
Then
sup || ]l g(xs; xx) = 1. (17)
n>1
To use this construction, we need to consider some stronger condition for
A, B:
A is A\g-pseudomonotone on W1 o;
B is Ag-pseudomonotone on Wa .
So, in the proof of Theorem 1 we need to modify only “Passing to limit”.

Due to Lemma 3, we have a sequence of Galerkin approximate solutions
{yn}n>1, that satisfies the following conditions:

a) Vn>1: |ynllx <R (18)
b) Vn>1: y, e Wo CW, o +Cn(yn) 3 fu: (19)
c) Vn>1: y,(0)=0. (20)

From the inclusion (19) we have that
Vn>1 3d, € Clyn): Iid, =:d. = fu—yh € Crlyn) = I;:C(y,). (21)

Lemma 5. From the sequences {yn}tn>1, {dn}tn>1 satisfying (18)—(21),
subsequences {yn, te>1 C {yn}n>1 and {dn, }i>1 C {dn}n>1 can be selected
in such a way that for some y € W5, d € X*, z € H the following types of
convergence will take place:

1) yn, ~y in X as k — oo (22)
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2) yp, =y in X; as k — oo; (23)
3) dn, —=d in X* as k — oo; (24)
4) yn, (T)— 2z in H as k — oo. (25)
Moreover, in (25)
z=y(T). (26)
Proof. 1°. The boundedness of {d,, }n>1 in X* is clear. So,
Je1>0: Vn>1 |dy|x+ <e. (27)

2°. Let us prove the boundedness of {y/,}n>1 in X*. From (21) it follows
that Vn > 1y, = I:(f —dy), and therefore keeping in mind (17), (18), (19)

and (27) we have:
lynllxs < llynllw, < B+ c(llfllx- +e1) =t ea < +o0, (28)

where ¢ > 0 is the constant from the inequality

I fllxs <cllfllx- ¥V feX"

3°. From (21) and from W, C C(S; H) with continuous embedding, we
obtain that for eacht € S, n > 1
¢

t
o Ol =2 [ (5). (61 ds =2 [ (£(5) = d(5), () ds <
0 0
< (| fllx- + 1) R.
Hence there exists c3 > 0 such that
Vn>1forall te S |yn(t)|lg < ez < +oo.
In particular,
V21 [lyn(T)|u < cs. (29)
4°. From the estimates (18), (27)—(29), due to the Banach—Alaoglu the-
orem, it follows the existence of subsequences
{ynite>1 CHyntnz1, {dnJrz1 C{dntnz
and of elements y € W,,, d € X* and z € H, for which convergence of types
(22)—(25) take place.
5°. Let us prove that
y=f-d (30)
Let ¢ € D(S), n € Nand h € Hy,. Then Vk: nji > n we have:

<S/ P (n, (7) + i (7)) I, h) = S/ (sﬁ(f) (¥, (7) + (T)),h) dr =

— [ (s ) + o (. () dr = G+ 0,
S

where (1) = h- (1) € X,, C X.
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Note that we use the property of Bochner’s integral here [11, Theo-
rem IV.1.8, c. 153]. Since for ny > n H,, D H,, we have

Uy + s V) = (frp, V)
So, Vk > 1: ni > n it follows that

z/(f(7)7<p(7')h) dT:/(cp(T)f dT_ (/cp T)dr, h)
S

S S
Therefore, for all k : np >n

<S/¢(T)ynk ) dr, h) (/(p —dp, (1)) dr, h> =

S

— [ () = )0l dr = (= do) = (f = d,0) =
S

- (/W)(f(r) —d(r))dr, h) as k — oo, (31)
S

The latter follows from the weak convergence of d,, to d in X*.
From the convergence (23) we have:

([ et tryarn) —
S
= ([etrw @rann) = (@)0) ws koo (32)
S

where

Vo eD(S) y(p)=-yly)=- /y(T)so’(T) dr

is the derivative of the element y considered in the sense of D* (S, V*).
Hence, from (31) and (32) it follows that

Vo eD(S) Vhe |JHe ((g)h) = ( [ et - de h).
n>1 S

Since |J H, is dense in V, we have
n>1

Vo e D(S) y(o) = / o(r)(f() — d(r))dr.

s
So,y=f—-deX*andyeW.
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6°. Prove that y(0) = 0. Let h € H,, ¢ € D(S), n € N, ¢(r) :=
(T —71)h € X,,. From (30) it follows:

W9 = / (v (7). (7)) dr = / (f(r) — d(r), () dr =

S S

tim [ (F7) = du, (1), 6(7)) dr = i (F = du, T ) =

k—o0

S

Noting that ¢'(7) = —h, 7 € S, we obtain:

dim (yf,) = lim { = @y + (o (1) 0(T)) }
= lim {/(ynk(r),h) dT} = /(y(r),h) dr = =, y).
S S

k—oo

The latter is true due to y,, — y in X. On the other hand,

=W y) = (') = W(T), (1)) + (y(0), ¥(0)) = (¥, ¥) + T(y(0), ).

Hence, Vh € |J Hy,
n>1
(' v) = (', ¥) + T(y(0), h) <= (y(0), h) = 0.
From the density of |J H,, in H it follows that y(0) = 0 and y € W.
n>1

7°. To complete the proof, we must show that y(T) = z. The proof is
similar to that of 6°.

Lemma 5 is proved. O

Now, to prove that y is a solution of the problem (16), it is necessary to
show that y satisfies the inclusion from (16). Due to the identity (30), it is
sufficient to prove that d € C(y).

First let us ascertain that

k—o0

Indeed, due to (30), Vk > 1 we have:

<dnk7ynk - y> = <dnk7ynk> - <dnk7y> = <d711k7y7lk> - <dnk7y> =
= <f7lk - y;k,ynk> - <dﬂk7y> = <f7lk7ynk> - <y’¢7,k7y77fk> - <dﬂk7y> =

= (o)~ () — 3 I (D) (39)

Further in left and right sides of the equality (34) we pass to upper limit as
k — oco. We have:

ETN I I . 1
i (dny, Yoo =) < Tm (fyn,) + Tm (dny, —y) = B Sllyn, (D)7 <

k—oo

k
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< (o — (o) = 5 (D)% = (f — dyy) = (') = .

From the conditions (22), (23), (24), (33) and Ag-pseudomonotonicity of
C on W, (it holds due to Lemma 1) it follows that there exist {d,,} C
{dni Y1, {Ym} C {yny br=1 such that

VweX lm (dm,ym —w) > [Cy),y —w] _. (35)

If we prove that
(d,y) > lim (dims Ym) (36)
then from (35) and from the convergence of (27) we will have:

Vwe X [Cly),y—w]_ < {dy-—w),

and we will obtain that this is equivalent to the inclusion y € C(y) €
Cy(X™). Therefore, y will be a solution of the problem (16).
Let us prove (36):

m
m— 00 m— o0

IN

— 1 .
= Tm (fiym) =5 Im Jlyn(TD)F <

m—00

IN

1
(£, = 5 9T = (F9) = W' 9) = (dy).
So, y € W is a solution of the problem (16).

7.2. On searching the periodic solutions for differential-operator
inclusions by FG method. Let A: X; — C,(X7) and B : X5 — C,(X3)
be multi-valued maps. We consider the following problem:

{y’ +A(y) + B(y) > f, (37)

y(0) = y(T)
in order to find the solutions by FG method in the class
W={yeX|yeXx}

where the derivative 3’ of an element y € X is considered in the sense of
scalar distributions space D*(S; V*) = L(D(S); V), with V. =V, N Vo, V¥

r T w

equals to V* with the topology o(V*, V) [32]. We consider the following
norm on W

lyllw = llyllx + [ly'llx- for each y € W.
We also consider the spaces W; = {y € X;| ¢/ € X*},i=1,2.

Remark 14. Tt is clear that the space W is continuously embedded in
C(S;V*). Hence, the condition in (37) has sense.
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In parallel with the problem (37), we consider the following class of prob-
lems in order to search the solutions in W,, = {y € X,,| ¢ € X}}:

Yp, + An(Yn) + Bu(yn) 2 fa,

where the maps A,,, By, f, were introduced in Section 5, the derivative y/,
of an element y,, € X,, is considered in the sense of D*(S; H,,).
Let Wyer :={y € W| y(0) = y(T')} and introduce the map

L:D(L)=Wper CX — X*

by Ly =y’ for each y € Wie,.
From the main solvability theorem it follows

Corollary 3. Let A : X; — Cy(X5) and B : Xo — Cy(X3) be multi-
valued maps such that

1) A is Ag-pseudomonotone on W1 and it satisfies the condition (II);

2) B is A\g-pseudomonotone on Wo and it satisfies the condition (IT);

3) the pair (A; B) is s-mutually bounded and the sum C = A+ B: X =
X* is finite-dimensionally locally bounded and weakly +-coercive.

Furthermore, let {h;};j>1 C V be a complete vector system in Vi, Vo, H
such that for i = 1,2 the triple ({h;};>1;Vi; H) satisfies the condition (7).

Then for each f € X* the set

(38)

K (f) = {y € Wy is the solution of (37),

obtained by the Faedo—Galerkin method}

is non-empty and the representation

K5 = | U KE(fa)]

n>1 m>n

is true, where for each n > 1
KPe(fn) = {yn € Wy yn is the solution of (38)}.

Moreover, if the operator A+ B : X =% X* is —-coercive, then K¥"(f)
is weakly compact in X and in W.

Proof. First let us prove the maximal monotonicity of L on W... For
v € X, w € X* such that for each u € Wy, (w — Lu,v — u) > 0 is true,
let us prove that v € Wy, and v = w. By analogy with the proof of
Corollary 2, we obtain v = w € X*. Now we prove v(0) = v(T). If we use
[11, Theorem VI.1.17] with u(t) = v(T') € Wper, we obtain that

0< (W —Luy,v—u)={ —u',v—u)=

= 5 (I00) = o) = 1900 = oD)) = =5 Jo(0) (D) <0
and then v(0) = v(T).



128 M. O. Perestyuk, P. O. Kasyanov, and N. V. Zadoyanchuk

In order to prove the given statement, it is enough to show that L satisfies
the conditions Li—Ls. The condition L; follows from Proposition 7. The
condition Ly follows from [11, Lemma VI.1.5] and from the fact that the
set C1(S; Hy,) is dense in Ly, (S, H,) = X,,. The condition L3 follows from
[11, Lemma VI.1.7) with V = H = H,, and X = X,,. O

Remark 15. In the latter Corollary we may relinquish the condition (7)
in the way introduced in Remark 13. The proof is similar.

7.3. Example. Let us consider a bounded domain 2 C R" with rather
smooth boundary 992, S = [0,T], @ = Q x (0;T), T'r = 9Q x (0;T). Let,
for i = 1,2, m; € N, Ni(respectively Ni) be the number of the derivatives
with respect to the variable x of order < m; — 1 (respectively mi) and
{AL (2, t,1,€)}a|<m, be a family of real functions defined in @ x RNt x Rz
Let
DFy = {Dﬁu, 18] = k} be the differentiations by =,
o;u = {u, Du, ..., Dmi*lu},
Al (2,t,6;u, D™iv) @ a,t — AL (w,t, diu(x,t), Dm"v(x7t)).
Moreover, let ) : R — R be some locally Lipschitz real function and

let its Clarke’s generalized gradient ® = 0t : R = R satisfy the growth
condition

IC>0: |B@)|+ <CO+ ), [®), ], > é(tQ 1) VteR. (39

Let us consider the following problem with Dirichlet boundary conditions:

% + Z (—D)1*I DY (AL (x,t, 61y, D™ y))+
la|<ma
+ Y (—D)IDY(A2(x,t, 65y, D™y)) + B(y(x, 1) > f(w,t) in Q, (40)
|| <m
D%(x,t) =0 onT'r as || <m; —1 and i = 1,2 (41)
and y(z,0) = y(x,T) in Q, (42)
or y(z,0) =0 in Q. (43)

Let us assume H = Lo(Q) and V; = W (Q) with p; > 1 such that
Vi C H with continuous embedding. Cons1der the function ¢ : Lo(S; H) —
R defined by

0= [ wly(e.0) dedt Vy € Lo(s: ).

Using the growth condition (39) and Lebesgue’s mean value theorem, we
note that the function ¢ is well-defined and Lipschitz continuous on bounded
sets in Ly (S; H), thus locally Lipschitz, so that Clarke’s generalized gradient
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Ocip « L2(S; H) = La(S; H) is well-defined. Moreover, the Aubin—Clarke

theorem (see [7, p. 83]) ensures that for each y € L2(S; H) we have
pE€dcip(y)=p€ Ly, (Q) with p(z,t) €0cip(y(x,t)) for ae. (z,t)€Q.

Under suitable conditions on the coefficients A, the given problems can be
written as:

Y+ Ai(y) + A2(y) + dcie(y) > f, y(0) = y(T), (44)
or, respectively
Y 4 A1(y) + A2(y) + dcie(y) > f, y(0) =0, (45)
where
[ € X" =La(S; La(Q)) + Lg, (S; WT™09(Q)) + L, (S; W% (Q)),
Pl gt =1

Each element y € W that satisfies (44) (or (45)) is called a generalized
solution of the problem (7.3), (41), (42) (respectively (7.3), (41), (43)).

Choice of basis. As a complete system of vectors {h;};>1 C Wy """ (Q)N
Wy'P2(Q) we may consider the spacial basis for H}(Q) with [ € N such
that H}(Q) c WP () with continuous embedding (i = 1,2), or we may
assume that there is a complete system of vectors {h;};>1 C W) (Q) N
W72 () such that the triples

(thsdio We™ (@) La(®), i =1,2,

satisfy the condition (7).

For example, when n = 1, as {h; },>1 we may take the “special” basis for
the pair (Hénax{m“m2}+5(ﬂ);L2(Q)) with a suitable ¢ > 0 [21], [16]. As it
is well-known, the triple ({h;};>1; L, (2); L2(12)) satisfies the condition (vy)
for p > 1. Then, using (for example) the results of [16], [17], we obtain the
necessary condition.

Definition of the operators A;. Let Al (x,t,n,€), defined in Q x
RN x RNz, satisfy the conditions.

1) for almost all x, € Q the map n, & — A% (z,t,1,£) is continuous on
RN x RNz,

2) for all 7, zi the map z, t — A’ (x,t,1,€) is measurable on Q, (46)

3) for all u, v € LP (0, T;V;) = V; AL (x,t,6;u, D™u) € LU4(Q).  (47)

Then for each u € V; the map
w — a;(u, w) = Z Al (2,t,8;u, D™u)D*w dx dt
le|<mi
is continuous on V; and then

there exists A;(u) € V; such that a;(u,w) = (4;(u), w). (48)
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Conditions on A;. Similarly to [21, Sections 2.2.5, 2.2.6, 3.2.1] we have
Ai(u) = A;(uyu), Ai(u,v) = Ay (u,v) + Aja(u),
where

(A (u,v),w) = Z /Ag(:v,tﬁiu,Dmiv)Daw dx dt,

|a\:miQ
(Ao (u),w) = Z Al (2,t,8;u, D™iu) D*w dx dt.
|a\§mi—1Q

We add the following conditions:

(A (u,u),u —v) — (A (u,v),u —v) >0 Yu, v €V (49)
if u; ~wu in V;, u; — in Vf and
if (A (uj,uy) — Aa(uj,u),u; —uy — 0, (50)
then A’ (x,t,06u;, D™u;) — Al (x,t,0u, D™u) in L% (Q);
“coercivity”. (51)

Remark 16. Similarly to [21, Theorem 2.2.8], the sufficient conditions for
(49), (50) are:

; 1
Z Afx(%tmaﬁ)gaw — +00 as [§] — oo

lee|=m
for almost all x,t € @ and || bounded,;
Z (A,ét('CC?t’n?g) - Ag(xvtvnvg*))(ga - 52) >0 as € 7£ f*
lee|=m

for almost all z,t € Q and V1.
The following condition implies the coercivity:

Z Al (x,t,m,6)Eq > cl€PT for rather large |¢].

lo|=m;
A sufficient condition to get (47) (see [21, p. 332]) is:
4G (st O] < Pt + €77 + k()]s ke Lo (@) (52)

By analogy with the proof of [21, Theorem 3.2.1] and [21, Proposition
2.2.6], we get the following

Proposition 8. Let the operators A; : V; — Vi (i = 1,2) defined in (48)
satisfy (46), (47), (49), (50) and (51). Then A; is pseudomonotone on W;
(even on W, , in the classical sense). Moreover, it is bounded if (52) holds.

From the last statement, Corollary 3, Corollary 2, Remark 13 and Re-
mark 15, it follows that under the above listed conditions for each f € X*
there exists a generalized solution of the problem (7.3)—(42) (respectively of
the problem (7.3)-(43)) y € W, obtained by FG method and the represen-
tation (9) holds for all these solutions.
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