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ON CORRECT SOLVABILITY OF A PROBLEM
WITH LOADED BOUNDARY CONDITIONS
FOR A FOURTH ORDER
PSEUDOPARABOLIC EQUATION



Abstract. It is known that different conditions can be found for correct
solvability of the non-local problem. In this sense, in the paper we find
correct solvability conditions of the non-local problem with loaded boundary
conditions in the integral form for a fourth order pseudoparabolic equation.
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1. INTRODUCTION

Recently a great interest to non-local problems for partial differential
equations has shown itself [1]-[4]. This is connected with their rise in various
problems of physical character. Various classes of problems of non-local
character arise, for example, while studying problems of moisture transfer
in soils [5], heat transfer in heterogeneous media [6], diffusion of thermal
neutrons in inhibitors [7], [8], simulation of various biological processes,
phenomena etc. [9)].

Pseudoparabolic equations are used for sufficiently adequate description
of majority of real processes occurring in nature, technology and so on.
In particular, many processes arising in the theory of fluid filtration in
cracked media are described by pseudoparabolic equations with non-smooth
coefficients [10], [11].

Notice that in this paper the considered equation is a generalization of
many model equations of some processes (e.g., telegraph equation, string
vibration equation etc.).

Therefore, there arises a very urgent question on investigation of problems
of correct solvability for non-local problems connected with pseudoparabolic
equations with dominating derivatives, generally speaking, with non-smooth
variable coefficients.

2. OF THE STATEMENT PROBLEM
Let us consider the equation
(Vaau)(z,t) = D2Dyu(w,t) + ag 1 (2, t) D2 Dyu(w, t) + az o(x, t) D3u(z, t)+
+ ) (@ )DLD]u(@,t) = s (@, t) € Ly(G), (2.1)

i+j<3
i=0,2; j=0,1

under the following loaded boundary conditions

Vo,ou = u(zo,to) = ¢o,0 € R

Vi,0u = Dyu(xo, to) = p1,0 € R;

‘/270’11 = Diu(l'o,to) = ©2,0 S R;

(Vs ou)(z)=D3u(z, to)+v(x) D3u(x, to) = ¢3,0(x) € Ly(G1); (2.2)
(Vo,1u)(t) = Dyu(zo,t) = ¢0,1(t) € Lp(G2);

(Vi,1u)(t) =Dy Dyu(xo, t) +p(t) Do Dyu(To, 1) = 1,1 (t) € Lp(G2);
(Va,1u)(t) (

Xo,t
Voqu)(t Dthu(xo,t)—i-o(t)DiDtu 50,15)290271@)6.[/;0(02),

)

where @;0, i = 0,2, are given constants, and the other @ are given
measurable functions; Dy = % is a generalized differentiation operator in
S. L. Sobolev’s sense. Besides, the above-given a; ;(x,t) are measurable
functions on G = Gy X Go; G1 = (zg, 21), G2 = (to,t1) and satisfy only the
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following conditions:
aio(z,t) € Ly(Q), a;1(x,t) € L;’io(G), 1=0,2;
aso(z,t) € Li’f)p(G).
Notice that here we assume v(x) € Loo(G1), 1(t) € Loo(G2), o(t) €
Lo (G2), where &g € [to, t1], To € [x0,z1] and Ty € [xg, 1] are fixed points.

Under the imposed conditions, the solution u(x,t) of the problem (2.1),
(2.2) is to be found in the S. L. Sobolev space:

WED(G) = {u(x,t) . DiDiu(a,t) € Ly(G), i =0,
1

We will define the norm in the space W,§3’1)(G) by the equality

lu(@, Ollw, 3.1 = > IDLDIu(@, 1)L, ©)-
=03
=01

We will investigate the problem (2.1),(2.2) by the operator equations
method and follow the scheme of the paper [12]. We will preliminarily write
the problem (2.1),(2.2) in the form of the operator equation

Vu = o, (2.3)
where V' is a vector operator defined by the equality
V = (Voo Vi0: Va0, Va0, Vo, Vi1, Vo, Van) : W D(G) — EGD
and ¢ is a given vector element of the form
¥ = (<P0,o, ¥$1,05 £2,0, ¥3,0, 0,1, P1,15 P2,1, 903,1)
from the space
E$Y = Rx R x R x Ly(G1) x Ly(G2) x Lp(Ga) x Ly(G2) x Ly(G).
3,1)

Notice that in the space Eé
way, by means of the equality

we will define the norm in the natural

2
lell g = > lleiollr + lles.o(@)llz, @+
1=0
2
+ Z lpin L, G2 + lesi(z, Oz, )
1=0

Definition 1. If the problem (2.1),(2.2) for any
@ = (0,0,91,0, £2,0, 93,0, 90,1, 91,1, P2,1, P3,1) € BV
has a unique solution u(z,t) € W,Sg’l)(G) such that

HUHWISS‘I)(G) < M||(P||E§73,l),
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we will say that the operator V' of the problem (2.1),(2.2) (or of the equa-
tion (2.3)) is a homeomorphism from W,§3’1)(G) on Eé3’1) or the problem
(2.1),(2.2) is everywhere correctly solvable. Here M is a constant indepen-
dent of .

Obviously, if the operator V' of the problem (2.1),(2.2) is a homeomor-
phism from Wp(3’l)(G) on Eé?”l), then there exists the bounded inverse op-
erator:

Vo EGY — wED(G).

But if v(z) = p(t) = o(t) = 0, then the conditions (2.2) will take the
form
Vo,0u = u(xo,t0) = o0 € R;

Viou = Dyu(wo, to) = 1,0 € B

Vaou = D2u(xo, to) = 2,0 € R;

(Vs,0u)(x) = Diu(z,to) = @30(z) € Ly(G1);

(Voau)(t) = Dyu(wo,t) = @o1(t) € Lp(Ga);

(Vi,1u)(t) = DaDyu(zo,t) = 1.1(t) € Lp(Ga);

(Vo1u)(t) = D2Dyu(o, t) = @2.1(t) € Ly(G2).

These may be considered as Goursat conditions. Such a formulation of the
Goursat problem has a number of advantages:

1) no additional agreement conditions are required in this formulation;

2) namely, such a formulation generates a homeomorphism between two
Banach spaces W,g?”l)(G) and El(f)”l);

3) we can consider this problem as a problem formulated by traces in
S. L. Sobolev spaces W,gg’l)(G).

It should be particularly noted that various aspects of Goursat type
boundary value problems were studied in detail in the papers [13-19] and
etc.

3. EQUIVALENT SYSTEM OF INTEGRAL EQUATIONS FOR NON-LOCAL
PROBLEM WITH LOADED BOUNDARY CONDITIONS
We will study the problem (2.1), (2.2) by means of the following integral
representation of the functions u(z,t) € Wp(g’l)(G) [20]:

(x — x0)?

2 Diu(xo,to)—l—

u(x,t) = u(xo,to) + (¥ — xo) Dru(xo, to) +
+5 [@—r2Dtutrngar + [ Diatan, ) de+

o to

t t
RY)
+@=20) [ DeDuwto, 9 de+ T [ D2Du(en,) e+

to to
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+ %//(m —7)2D2Dyu(r, €) dr dE. (3.1)

zo to

The relation (3.1) shows that the function u(z,t) € W,§3’1)(G) satisfying
the conditions (2.2)1, (2.2)2, (2.2)3 and (2.2)5 is of the form

x t
u(z,t) = Bo(x,t) + %/(:v —7)2b3o(7) dT + (x — xo)/bl,l(g) dé+
x0 to
t x t
_ 2 1
Cok [hs@de+s [ [a-nare aras, 32)
to zo to
where
2 (5 — 2p)’ /
Bo(x,t) =Y TO ©i0 + /@o,l(ﬁ)dé
1=0 ' to

Here 6370(17) S Lp(Gl), blﬁl(t) S LP(GQ), bgyl(t) S Lp(GQ) and bgyl(I, t) S
L,(G) are unknown functions. Now we will choose the functions b3 o(x),
b1,1(t),b2,1(t) and b3 1(z,t) in such a way that the conditions (2.2)4, (2.2)s
and (2.2)7 be fulfilled. To this end, we calculate the derivatives D3u(x,t),
D, Dyu(z,t) and D?Dyu(x,t) of the function (3.2):

t

0% By(z,t
Dbu(e.t) = LEUED )+ [ bt de
to
0?By(x,t r
Dth’UJ(CC, t) = % +b171(t)+ (SC—QS())bQJ(t) +/(CC—T)6371(T, t) dT
and
93 Bo(x,t r
Dthu(x,t) = % + b2,l(t) + /b3,1(T7 t) dr.

xo
The expressions for these derivatives show that the following equalities
are valid

Dgu(x, to) = b3)0(1‘)7

Diu(x,to) = by o(x) + /b3,1($a§)9(t0 — &) dg,
G2
Dthu(l'Q, t) = bl,l(t)’
Dthu(Eo, t) = bl)l(f)—‘r(fo—l'o)bg)l(f)—‘r/(fo—T)b371(7', t)e(fo—T) dT7
G1
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2
Dw D{U,(CC(), t) = b211(t),

DiDtu(EO, t) = b211(t) + / bgﬁl(T, t)e(%o — 7') d7'7
G1
where (1) is the Heaviside function on R, i.e.
1 0
6‘(T) _ , T >
0, 7<0.

Therefore, we can write the conditions (2.2)4, (2.2)¢ and (2.2)7 in the
form

bao(@)[1 + 1(@)] = wa0(x) — v() / b (1, €)0(F0 — E)dE, © € G,y (3.3)

G2
b+ p(t)] + @o — zo)pu(t)b,1(t) =
=11(t) — p(t) /(To —T)bs1(7,t)0(To — ) dr, t € G, (3.4)
G1
b211(t)[1 + O'(t)] = (pgyl(t) — O'(t) /b371(7’, t)o(fo — 7') dT, t € Gs. (35)
G1

Now require the function (3.2) to be a solution of the equation (2.1).
For this, we take into account the expression (3.2) of this function in the
equation (2.1). Then, after the substitution

u(x,t) = Bo(z,t) + u(x, t),

where

x t

1

U(z,t) == [ (x—7)%bs0(r)d7 + (z — 20) [ b11(€)dE+
./ /
(:C - )2 t 1 x t
40 ba,1(§)d + 5 (z —7)%b3.1(7, &) dr dE,

7 s ]

we can write the equation (2.1) in the form

(Vaa1)(z,t) = R(x, 1), (3.6)
where
R(,t) = pa(2,t) = (Va1 Bo)(x, 1),
Obviously, we can calculate the derivatives of the function % by means of
the equalities
x t
Dau(z,t) = /(55 — T)bs,o(7) dr + /51,1(5) dé+
to

Zo
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t

+ (o — o) / baa(€) de + / (& — 7y (7. ) dr de,

to zo to
x t x t
D2i(a,t) = [baar)dr+ [baa(©d+ [ [ barr.) drds
o to zo to

t
Diﬂ(:p, t) = bgﬁo(CC) + /bg,l(:c,f) d§7

to

Dtﬂ(:p,t) = (93_930)171,1(15) + (517—170)

Dthﬂ(IE, t) = blﬁl(t) + (SC - 130)()211(0 + /(II? - T)bgyl(T, t) dT,

Zo
x

D2Dyii(z,t) = by 1 (t) +/b3,1(r, t)dr,
o

D3Dyii(z,t) = bz 1 (, ).
Therefore, we can reduce the equation (3.6) to the form

(Nh)(z,t) = b3 1(z,t)+

T)2 a071(£17, t):| bgyl(T, t)+

+] { [au(z,t) + (z = T)a (2, t) + Gl

Zo

- {GQ’O(fg’t) + (x —7)aro(x,t) + (z _27)2

ao.0(z, t)} bg,o(T)} dr+

+/ {a370(:v,t)b371(x,§) + [aLO(:v,t) +(x — mo)aoﬁ(m,tﬂ b11()+

to

r — X 2
+fan(e0) + @ = sodana(e ) + L2 ana(e0)]bas(6) | der
+//[a270(a@,t)+(x—7)a170(:v,t)+ (CL‘—T)2 ao)o(l',t)] bg)l(ﬂ f) def—l—

+[a11(z,t) + (z — zo)ao (z,t) b1 (E)+

(CC _2'770)2 ao,l(i?a t)} b271(t)+

+az,o(z, )b 0(z) = R(z,t), (x,t) € G, (3.7)

+ |:CL271(IZ?, t) + (z — zo)ar1(z, t) +
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where

h = (bso(@),b1,1(t), b1 (t), b3 1 (z,t)) € EGY =
= Lp(G1) X Lp(Ga) X Lp(G2) x Ly(G)
is the unknown quadruple.
Thus, solution of the problem (2.1), (2.2) in the spaces VV(3 1)((}')

reduced to solution of the system of integral equations (3.3), (3 4), (3.5)7
(3.7) with respect to the quadruple of unknowns h(xz,t) = (bs,o(x),b11(t),

ba,1(t), bs1(z,1)) in the space E(3 2

If 1+ v(z) #0 and Az) = (1 +u( )t
may be determined from the equality (3.3):

brolz) = Aaeanle) — [ V(oA @)bas (0,00 ~ Ol (35)
G2
If 1 +0(t) #0and p(t) = (1 +o(t)"?
may be determined from the equality (3.5):
b211(t) = p(t)(pQJ(t) — /p(t)o’(t)bgyl(T, t)e(%o — T)dT. (39)
G1

If 1+ pu(t) #0 and I(t) = (1 + u(t))~! is bounded on Ga, then by 1(t)
may be determined from the equality (3.4) in the following way:

bi,1(t) = (t)p1,1(t)—

—/l(t)ﬂ(t)(fo = 7)b31(7,1)0(To — 7) dT — (To — 20)l(t) () ba,1(t) =

is bounded on Gy, then b3 o(z)

is bounded on G, then b 1(%)

G1
— 1) (t) - / L) u(t)(Zo — 7)o (7, )00 — ) dr—
G1
(o — zo)l(B)u(t) [p@)soz,l(t) - / ()0 ()b (r, 0G0 — 7) dr | (3.10)

G1

Thus under the above-imposed conditions we have proved

Theorem 3.1. For everywhere correct solvability of the problem (2.1),
(2.2) in the space W(B’l)(G) it is necessary and sufficient that the system of
integral equatzons (3.7), (3.8), (3.9), (3.10) be everywhere correctly solvable
in the space E(

Remark 3.1. Obviously, taking into account the expressions (3.8), (3.9)
and (3.10) for the unknowns b3 o(z), b 1(t) and by 1(t), we can reduce the
equation (3.7) to an independent integral equation with the unknown func-
tion b3 1(z,t):

(Nbgyl)(z‘, t) = 6371(117, t)+
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x

+/{ {am(:c,t) +(z —1)a(z,t) +

Zo

(x—71)°
2

CL011(CC, t):| bgﬁl(T, t)—|—

(x —7)2
2

< [A(T)@s,o(ﬂ - [ 000 - © dg} } drt

G2

+ [az)o(l',t) + (l’ — T)a170(1',t) + ao)o(l',t)] X

+ / {agyo(;’l?, t)bgyl(llf,g) + [&110($,t) + (.T — 930)&010(117, t)} X

to

<[1©06120) - [ 10T ~ s (o0 — ) -

G1

— @o—zo)(E)lE) (p@m,l ©~ [p©r(ba (0G0 d)] ;
G1
(x — 150)2

2
x [p@m,l(s) ~ [ #0100~ 7 dr] } dé+

G1

+ {GZO(%” + (x — zo)ar,o(x, t) + a070(:v,t)} X

z t
2

+//[a2’0(z’t)+(5€—7')a170(z,t)+(56—27')

xo to

ao.0(w, 1)) bs.1(7,€) dr dé+

+ [alyl(:zr, t) + (z — zo)ao,1(z, t)] X

< [l(tm,l(t) - [ 1@ ~ 7t 000 — ) -

G1

(@0~ an)tlt) (0210~ [ plt)otbas(r, 000~ 7)ar ) |+
G1
(z — xp)?

+ {all(%t) + (x — zo)ar,1(x,t) + a071(:v,t)} X

x [p@)soz,l(t) - [ pttro@psatr 9 7 dr} n

G1

+aszo(z,t)bso(x) = R(z,t), (z,t) € G.
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