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IvAN KIGURADZE AND ZAZA SOKHADZE

ON SOME NONLINEAR BOUNDARY VALUE PROBLEMS
FOR HIGH ORDER FUNCTIONAL DIFFERENTIAL
EQUATIONS

Abstract. Sufficient conditions for solvability and unique solvability are
established for the problems of the type
ul (1) = g(u)(1);
w (@) =u"V0) =0 (i=1,...,n);

2n

> (o)™ P (a) + Bk (w)u" TV (B) =0 (j=1,...,2n)
k=1

where g : C" — L is a continuous operator and aj; : C" — R and
Bjr : C™ — R are continuous functionals.

e e o R S
uM (1) = g(u)(t);
wi V(@) =uY0) =0 (i=1,...,n);
> (e (@u™ (@) + B (wu ™I (B) =0 (5 =1,...,2n)
k=1
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Let —00 < a < b < 400, n be a natural number, C™ be the space of n
times continuously differentiable functions w : [a,b] — R with the norm

[ullen = max{ S k@) a<t < b},
k=1
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L be the space of Lebesgue integrable functions v : [a, b] — R with the norm

b
IMu:/meu

and g : C™ — L be a continuous operator such that
g, € L for any p €]0,+oof,
where
g5 =suwp {lg)(®)] : we C, Jlufon < p}.

Consider the functional differential equation
ult™ () = g(u)(t) (1)
with the boundary conditions
w V(@) = VB =0 (i=1,...,n),

Z (O‘jk(u)u(n-’_k_l)( )+/6 k(u ) (k= 1)(b)) =0 (j=1,...,2n), )

k=1
where aj, : C" — R, Bj : C™ — R (j,k = 1,...,2n) are functionals
continuous and bounded on every bounded set of the space C".

We are interested in the case where for arbitrary v € C™, z € R, yx € R
(k=1,...,2n) the condition

2n 2n
Z‘Z ok (v)zk + Bk (v)Yk ’>O
o
for Z(yZn—k-Hyk — Zon—k+12k) >0 (3)
k=1
holds.
The particular case of (1) is the differential equation
uM(t) = ftu(t),. .. 7u(")(t)), (4)

and the particular cases of (2) are the boundary conditions
w Y (a) = w0 =0, yuu" T (@) 4+ 2u® ) (a) = 0,
miu™ D (0) + pu® () =0 (i =1,...,n); (21)
u(iq)(a) _ u(iq)(b) =0, u(mtie 1)( ) = u(nti 1)(1,)
uCm (b)) = 4u (@) (i=1,...,n); (22)

)

and . )
u(z—l)(a) — u(l_l)(b) =0 (2 =1,... ,’I’L),

wHI Y (q) = uHTD0) (i=1,...,n).
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Here f : [a,b] x R"*! — R is a function satisfying the local Carathéodory
conditions, and 714, Y2i, M1, 72i, Vi are constants such that

Y1720 <0, muinzi > 0, y1il + [yeil >0, [mui| +[n2il >0 (i=1,...,n)
and
v #0 (i=1,...,n).
By C*"~! we denote the space of functions u : [a,b] — R absolutely
continuous along with their first 4n — 1 derivatives.
By a solution of Eq. (1) we mean a function v € C*"~1! satisfying this
equation almost everywhere on [a, b].

A solution of Eq. (1) satisfying the conditions (2) is called a solution
of the problem (1), (2).

Definition 1. We will say that a function u : [a,b] — R belongs to the
set DF, if u € C*~1 and

w V() =uV) =0 (i=1,...,n).
Definition 2. We will say that a function u belongs to the set D™, if

u € D and there exists a function v € C”, such that

2n

> (egr()u™™ D (a) + B (0)u" D (B)) =0 (j=1,...,2n).
k=1

Theorem 1. Let there exist 1 €10,1] and lo > 0 such that for an arbi-
trary u € D™ the inequality
b b
ooty <t [t @ de+ o )
is fulfilled. Then the problem (1), (2) has at least one solution.
Corollary 1. Let for an arbitrary uw € D{ the inequality (5) hold, where

1€]0,1[ and ly > 0. Then for every k € {1,2,3} the problem (1), (2x) has
at least one solution.

Theorem 2. Let there exist | €]0, 1] such that for an arbitrary u and
v € D" the inequality

b b
/@w@—mmm@@—w»ﬁg/MWWwamﬁﬁ<®

is fulfilled. Then the problem (1), (2) has one and only one solution.

Corollary 2. If for arbitrary u and v € D{ the inequality (6) holds,
where 1 €10,1[, then for every k € {1,2,3} the problem (1), (2) has one
and only one solution.
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Theorems 1 and 2 and their corollaries are new not only in the general
case, but also in the case where g is Nemytski’s operator, i.e., when Eq.
(1) is of the form (4) (see [1]-[5] and the references therein). We will now
proceed to the consideration just of that case.

Theorem 3. Let on the set [a,b] x Rt the inequality

n+1
flt, @1, ... Tpy1)sgnay §Zlk|xk|+h(t) (7)
k=1
hold, where h € L and ly, (k=1,...,n+4 1) are nonnegative constants such
that "
& b— q\4n—k+1
3 ( “) I < 1. (8)
T
k=1

Then the problem (4), (2) has at least one solution.

Corollary 3. If the conditions of Theorem 3 hold, then for every k €
{1,2} the problem (4), (21) has at least one solution.

Theorem 4. Let on the set [a,b] x R" the condition
n+1
[f(tazla"'7$n+1)_f(t7y17"'7yn+1):| Sgn ‘Tl_yl Zlk|xk_yk| )

hold, where Iy, (k= 1,...,n+4 1) are nonnegative constants satisfying the
inequality (8). Then the problem (4),(2) has one and only one solution.

Corollary 4. If the conditions of Theorem 4 hold, then for every k €
{1,2} the problem (4), (2x) has one and only one solution.

The following two theorems deal with the problem (4), (23).

Theorem 5. Let on the set [a,b] x R"*! the inequality (7) hold, where
heL andl, (k=1,...,n+1) are nonnegative constants such that

+1
< b—a

> (= )4"7k+11,€<4". (10)

k=1

Then the problem (4), (23) has at least one solution.

Theorem 6. Let on the set [a,b] x R the condition (9) hold, where
(k=1,...,n4 1) are nonnegative constants satisfying the inequality (10).
Then the problem (4), (23) has one and only one solution.

As an example, we consider the linear differential equation
n+1

(0 = 3 (a0 + a0 (1)

where
pr€L (k=1,...,n), g€ L.
From Theorems 4 and 6 we have
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Corollary 5. Let almost everywhere on [a,b] the inequalities
pi(t) <li, |pe@®)| <l (k=2,...,n+1)

hold, where l;, (k = 1,...,n+ 1) are nonnegative constants satisfying the
inequality (8) (the inequality (10)). Then each of the problems (11),(2);
(11),(21) and (11),(22) (the problem (11),(23)) has one and only one so-
lution.

In the case n = 1 the above theorems and corollaries generalize the results
of the paper [6].
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