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Short Communications

MALKHAZ ASHORDIA

ON THE SOLVABILITY OF A MULTIPOINT BOUNDARY
VALUE PROBLEM FOR SYSTEMS OF NONLINEAR
GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Abstract. Necessary and sufficient conditions and effective sufficient con-
ditions are given for the existence of solutions of the multipoint boundary
value problem for a system of nonlinear generalized ordinary differential
equations.
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Let 01,...,0n € {—1,1}; for m € {1,2} and i,k € {1,...,n}, amix :
[~a,a] — R be nondecreasing functions continuous at the points —a and a;
aik(t) = arik (t) — a2ix(t),

A= (aik)?,kzlv Ay = (amik)?,kzl (m =1, 2)5
f = (fu)r_; : [-a,a] x R™ — R" be a vector-function belonging to the
Carathéodory class corresponding to the matrix-function A, and ¢;
BVs([—a,a],R") — R (i = 1,...,n) be continuous functionals which are

nonlinear in general.
For the system of generalized ordinary differential equations

dx(t) = dA(t) - f(t, z(t)), (1)
where z = (z;)!"_;, consider the multipoint boundary value problem
zi(—oia) = pi(x1,...,xn) (1=1,...,n). (2)

In this paper necessary and sufficient conditions as well effective sufficient
conditions are given for the existence of solutions of the boundary value
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problem (1),(2). Analogous results are contained in [1]-[4] for multipoint
boundary value problems for systems of ordinary differential equations.
The theory of generalized ordinary differential equations enables one to
investigate ordinary differential, impulsive and difference equations from a
common point of view (see [5]-[16]).
Throughout the paper the following notation and definitions will be used.
R =]— 00,400, Ry =[0,400[; [a,b] (a,b € R) is a closed segment.
R ™ is the space of all real n x m-matrices X = (z;);j; with the
norm

n
X = max > |ayl;
j=1,...,m P

Rm = {(xij);fﬁl Dy 200 =1,...,m; j:l,...,m)}.

R™ = R"*! is the space of all real column n-vectors z = (z;)%_; R} =
Rn)(l
ok
diag(Aq, ..., An) is the diagonal matrix with diagonal elements A1, ..., Ay;
0;; is the Kronecker symbol, i.e., §;; = 1if i = j and §;; = 0if i # j
(i,j=1,...,n).
b
V(X) is the total variation of the matrix-function X : [a,b] — R™*™,
i.e., the sum of total variations of the latter’s components.
X (t—) and X (t+) are the left and the right limits of the matrix-function
X : [a,b] — R™™ at the point ¢ (we will assume X (t) = X(a) for t < a
and X (t) = X (b) for t > b, if necessary);

X () = X(1) — X (=), daX () = X(t+) — X (1);
1X s = sup {|X(0)]| = t € [a,b]}.

BV ([a, b], R™*™) is the set of all matrix-functions of bounded variation
b
X :la,b] = R™™ (i.e., such that V(X) < 400);

BVs([a,b], R™) is the normed space (BV([a,b], R™), | - ||s);
If By and Bs are normed spaces, then an operator g : By — Ba (nonlin-
ear, in general) is positive homogeneous if

9(Az) = Ag()

for every A € R4 and = € B;.

An operator ¢ : BV([a, b], R") — R" is called nondecreasing if for every
z,y € BV([a,b], R™) such that z(t) < y(t) for ¢ € [a,b] the inequality
e(x)(t) < ¢(y)(t) holds for ¢ € [a, b].
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sj : BV([a,b], R) — BV([a,b],R) (j = 0,1,2) are the operators defined,
respectively, by

s1(z)(a) = s2(x)(a) =0,
s1(z)(t) = Z dyz(r) and so(z)(t) = Z doz(r) for a <t <hb,

a<r<t a<r<t
and
so(z)(t) = x(t) — s1(x)(t) — s2(x)(t) for t € [a,b].
If g : [a,b] — R is a nondecreasing function, x : [a,b] —» R and a < s <
t < b, then
¢

[ atrydgtr) =

S

= [ a(r)dSo(g9)(T) + Y a(r)dig(r) + D x(r)dzg(7),

I s<t<t s<t<t
)

where [ x(7)dso(g)(7) is the Lebesgue-Stieltjes integral over the open
st
interval |s,t[ with respect to the measure pg(so(g)) corresponding to the
function Sp(g).
If a = b, then we assume

and if @ > b, then we assume
b a

[atydgty =~ [ s0)dgte
a b
If g(t) = g1(t) — g2(¢), where g1 and g2 are nondecreasing functions, then
¢ ¢ ¢
/ZE(T) dg(r) = /x(r) dgi(7) — /x(r) dga2(7) for s<t.

L([a,b], R; g) is the set of all functions = : [a,b] — R measurable and
integrable with respect to the measures u(g;) (i = 1,2), i.e. such that

b
/|3:(t)| dg;(t) < +o0 (i=1,2).

A matrix-function is said to be continuous, nondecreasing, integrable,
etc., if each of its components is such.

If G = (gik)li:;:d : [a,b] — RY™™ is a nondecreasing matrix-function
and D C R"*™, then L([a,b], D;G) is the set of all matrix-functions X =
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(Tj)pjey + la,b] — D such that xy; € L([a,b], Rygix) (i = 1,....0; k =
1,..on;j=1,...,m);

l,m

/th(T) - X(1)= (ki/t:vkj(ﬂdgik(ﬂ) for a<s<t<b,
s =1%

S;(G)(t) = (si(gm)(1)hy (5=0,1,2).

If D; C R" and Dy C R™*™, then K([a,b] x D1, Do; G) is the Carathé-
odory class, i.e., the set of all mappings F' = (fx;);;~; : [a,b] X D1 — D3
such that for each i € {1,...,1}, j € {l,...,m}and k € {1,...,n}:

a) the function fx;(-,x) : [a,b] — Dz is p(g:x)-measurable for every
z € Dq;

b) the function fi;(t,-) : D1 — D is continuous for p(g;r)-almost
every t € [a,b], and

sup {|fx; (- x)| : © € Do} € L([a,b], R; gir)
for every compact Dy C D;.

If Gj : [a,b] — R™™ (j = 1,2) are nondecreasing matrix-functions,
G=G; — Gy and X : [a,b] — R™*™, then

t

/tdc(r)-X(r)_/dczl(f)-X(T)—/thQ(T)-X(T) for s <t

Sk(G) = Sk(G1) — Sk(G2) (k=0,1,2),

DL

L([a7b]7D;G): L([avaD;Gj)v

<.
Il
—

D

K([(Lb] X Dl,DQ;G) = K([(Lb] X Dl,Dg; GJ)

<.
Il
—

If G(t) = diag(t, . ..,t), then we omit G in the notation containing G.
The inequalities between the vectors and between the matrices are un-
derstood componentwise.

A vector-function # € BV([—a,a], R™) is said to be a solution of the
system (1) if

t

z(t) = z(s) + /dA(T) - f(ryz(r)) for —a<s<t<a.

S

By a solution of the system of generalized ordinary differential inequalities

da(t) < dA(t) - f(t, (1) (=)



147

we mean a vector-function z € BV([—a, a], R™) such that

x(t) < z(s) + /dA(T) f(ryz(r)) (=) for —a<s<t<a.

S

If s € R and 8 € BV[a,b], R) are such that
L4+ (=1)7d;B(t) #0 for (=1)(t—s)<0 (j=1,2),
then by v3(+, s) we denote the unique solution of the Cauchy problem
dy(t) =~(t) dB(t), ~v(s) =1.
It is known (see [6], [8]) that

exp(s0(B)(t) = s0(8)(s)) [[ (1—dip(r)~"x
<[] a +d26(r))s<f;r§tt > s,
V8t s) = exp(SOEBS)T(?;—SO(ﬂ)(s)) [T = disr)x (3)
< 1 (1+d25(7))i<1ﬁ; t<s,
e 1 for ¢ =s.

Definition 1. Let o1,...,0, € {—1,1}. We say that the pair
((cit)i1=1; oi)izq) consisting of a matrix-function (cq);—,€BV([a, b],R"*")
and a positive homogeneous nondecreasing operator (¢o;)i- : BV ([a, b],R"})
— R belongs to the set U~ if the functions ¢y (i #1; 4,0 =1,...,n)
are nondecreasing on [a, b] and continuous at the point ¢t; = —o;a,

djcii(t) >0 for te€[—a,a] (j=1,2; i=1,...,n)

and the problem

n

oidai(t) <Y mi(t)deq(t) for t € [—a,a]\{-0ia} (i=1,...,n),
=1

(=1 djzi(—0ia) < xi(—0ia)djcii(—oia) (j=1,2; i=1,...,n);
xi(—aia)S(pOi(|x1|,...,|:1:n|) (i=1,...,n)
has no nontrivial non-negative solution.

The set U ~?» has been introduced by I. Kiguradze for ordinary dif-
ferential equations (see [1], [2]).

Theorem 1. The problem (1), (2) is solvable if and only if there ex-
ist vector-functions am = (am)i—y € BV([—a,a],R™) (m = 1,2) and
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matriz-functions (Bmik)i = © [=a,a] — R™™ (m = 1,2) such that Bm, €
L([—a,a], R;ajik) (m,j=1,2;4,k=1,...,n),

" ¢ ¢
ami(w:ami(—oiaHZ( [ i) dan(r) = [ Bamar) daziw))

k=1 *_g.a —oa
(m=1,2; i=1,...,n),
ar(t) < aqs(t) for t € l—a,al, (4)
(=)Mo (fk(t, Ty ey Tim1, 0 (8), Tig1y oy Tn) — ﬁmik(t)) <0
for p(a1q|m—j)ix)-almost every t € [~a,al,
a1(t) < (x)g <ao(t) (m,j=1,2; i,k=1,...,n),

(_1)m (Ii—(—l)j Z fk(t, T1y--- ,:cn)djaik (t)—ami(t)—(—l)jdjami(t)) S
k=1

<0 for t €[—a,a]l, ai(t) < (x;) < aft),
(—1)0; >0 (m,j=1,2; i=1,...,n) (5)
and the inequalities
ari(—0ia) < @i(xr, ..., 2n) < agi(—oa) (i=1,...,n) (6)
are fulfilled on the set {(x;)], € BV([a,b],R"), a1(t) < (z1)], < aa(t) for
t € [—a,al}.

Corollary 1. Let the matriz-function A(t) = (aik)i—, be nondecreas-
ing on [—a,a]. Then the problem (1),(2) is solvable if and only if there
exist vector-functions o, = (ami)i—y € BV([—a,a],R™) (m = 1,2) and
matriz-functions (Bmik)i = © [=a,a] — R™™ (m = 1,2) such that Bm, €
L([—a,a],R;a;) (m=1,2;4,k=1,...,n),

Umi(t) = ami(—0ia) + an < / ﬁmik(f)dam(f))

=1 —oa
(m=1,2; i,k=1,...,n),
the conditions (4)—(6) hold, and the inequalities
(=)0 (fu(t, x1, - Tic1, @i(t), Tigr, - .- Tn) — Bjar(t)) <0
(j=1,2; i,k=1,...,n)
are fulfilled for p(a;)-almost every t € [—a,a] and oy (t) < (x1)]2; < as(t).
Theorem 2. Let the condition
()" M oifilt, 1, wn) sgnas < > pmin ()]21] + gk (t)
=1
for p(amir)-almost every t € [—a,a] (m=1,2; i,k=1,...,n) (7)
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be fulfilled on R™, and let the inequalities
i@, an)l < goi(loal, - Jznl) + G (=1,...,n)

be fulfilled on BV ([~a,a], R"), where (pmiri)y =, € L([—a,a], R"*"; Ay,)
(m=1,2;i=1,...,n), @& = (qri)j=; € L([—a,a], R}; Ay) (m=1,2), G €
Ry (i=1,...,n). Let, moreover, there exist a matriz-function (Cil)?,lzl €

BV ([—a,a], R™*™) such that
((cit)i=r; (0i)izy) € UT7"

and

Z Z /pmikl(T)damik(T) < ei(t) — culs)

m=1k=1"

n t

for —a<s<t<a (i,l=1,...,n).
Then the problem (1), (2) is solvable.
Corollary 2. Let there exist m,mq € {1,2} such that m +m; = 3 and
the conditions (7) and

(=)™ oy frt, w1, ., wp) sgna; < Zmz|ilfl| + ax(t)

=1
for u(am,ik)-almost every t € [—a,a] (i,k=1,...,n)
are fulfilled on R™, the inequalities

be fulfilled on BVs([a,b], R™), and let
0 < dja;(t) < |niu|™* for (1) (t+05a) >0 (j=1,2; i=1,...,n) (9)
and
wivi(si,—oza) <1 (i=1,...,n), (10)
where (pmik)§ =1 € L([—a,a], RT*" Ap) (i = 1,...,n), na € Ry (i # 1;
il=1,...,n), 75 <0 (i =1,...,n), g = (qi)}=; € L([—a,a],R7};Ap)

(m=1,2),¢ € Ry (i=1,...,n), u; € Ry and s; € [—a,a], s; # —0;a
(i=1,...,n),

Qi(t) =Y am(t) (i=1,...,n),
k=1

vi(t,8) =74, (t,8) (i=1,...,n),
ai(t) = 1ii0; (ai(t) — ai(—aia)) (Z = 1, e 7’I’L),

and the functions vq;, (i = 1,...,n) are defined according to (3). Let, more-
over,
gi<l (i=1,...,n)
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and the real part of every characteristic value of the matriz (£u)7,_, be
negative, where

& =i (6 + (1 — 6a)hs) — muaga (i,1=1,...,n),
gi = pi (1 — parvi(si, _Uz‘a))_l%l(si)'i‘
+max {yii(—a),ya(a)} (i,l=1,...,n),
Yil(—oia) =0, va(t) = |Bu(t) — Ba(—0owa)| — (1 — 6u)d; Bu(—0ia)
for (=1)?(t+05a) >0 (j=1,2; i,l=1,...,n),

n

ﬁil(t) = Z /pmikl(T)damik(T) (Z =1,..., n),
k=1

hi=1 for p; <1 and
hi =1+ (i — 1)1 — pivi(si, —o3a)) ™" for pi>1 (i=1,...,n).
Then the problem (1), (2) is solvable.
Remark 1. In Corollary 2 as the matrix-function C' = (cq)7;—; we take
cii(—oa) =0 (i,1=1,...,n),
ca(t) = ni(i(t) — ai(—oia) — (=1 djai(—0ia)) +
+Bu(t) — Bu(—osa) — (—1)d;Bu(—0ia)
for (—=1)(t+0sa) >0 (j=1,2 i,l=1,...,n).
If the matrix-function A = (a;x)7—; : [=a,a] — R™*™ is nondecreasing,
then Corollary 2 has the following form.

Corollary 3. Let the matriz-function A = (ai)} -, : [~a,a] — R™*"
be nondecreasing, the conditions (8)—(10) hold, the condition

O'ifk(t, Tlyen- an) SgN T; S Zni”xl' + qk(t)
=1
for pea)-almost every t € [—a,a] (i,k=1,...,n) (11)
be fulfilled on R™ and let the real part of every characteristic value of the
matric (77il(5il +(1- 5il)hi))?l:1 be negative, where

a;(t) = Zaik(t) (i=1,...,n),
k=1

and the functions v;(t,s) (i = 1,...,n) and a;(t) (i = 1,...,n) and the
numbers h; (i = 1,...,n) are defined as in Corollary 2. Then the problem
(1), (2) is solvable.

Corollary 4. Let the matriz-function A = (ai)} - : [~a,a] — R™*"
be nondecreasing and continuous from the left, the conditions (8), (10), (11)



and
0 < docvi(t) < |nis|™! for t €l —a,al (i=1,...,n)

hold and let the real part of every characteristic value of the matriz (771'1(51'1 +
(1 —6il)hi))zl:1 be negative, where the functions «;(t) (i =1,...,n), v(t,s)
(i=1,...,n) and a;(t) (i =1,...,n) and the numbers h; (i =1,...,n) are
defined as in Corollary 3. Then the problem (1), (2) is solvable.
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