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Abstract. In the present work we suggest a general method of solution of
spatial axisymmetric problems of steady liquid motion in a porous medium
with partially unknown boundaries. The liquid motion of ground waters
in a porous medium is subjected to the Darcy law. The porous medium is
undeformable, isotropic and homogeneous. The velocity potential ¢(z, p)
and the flow function t(z, p) are mutually connected and separately they
satisfy different equations of elliptic type, where z is the coordinate of the
axis of symmetry, and p is the distance to that axis.

To the domain S(o) of the liquid motion on the plane of complex veloc-
ity there corresponds a circular polygon. The mapping w = ¢ + 2 belongs
to the class of quasi-conformal mappings. Using the functions wo({) =
wo(&,m) +ivo(€,m), o(C) = 2(€,m) +ip(€,n) we map conformally the half-
plane Im (¢) > 0 onto the domains S(¢), S(wo) and S(w((¢)/o’(¢)). These
functions satisfy all the boundary conditions, and the functions ¢1(§,n) =
90(5, 77) — %o (57 77)’ wl (57 77) = 1/}(57 77) - 7/}0(& 77) SatiSfy the system of differ-
ential equations and also zero boundary conditions. The solution of these
equations is reduced to a system of Fredholm integral equations of second
kind which are solved uniquely by rapidly converging series.
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1. LiQuiD MOTION WITH AXIAL SYMMETRY

In this paper we suggest an effective algorithm allowing one to construct
solutions of spatial axisymmetric problems of filtration with partially un-
known boundaries.

Let us consider some spatial axisymmetric problems (with partially un-
known boundaries) of the theory of steady motion of incompressible liquid
in a porous medium obeying the Darcy law. The porous medium is assumed
to be non-deformable, isotropic and homogeneous ([1]-[39]).

The liquid motion is said to be axisymmetric if all velocity vectors lie
in half-planes passing through some line which is called the symmetry axis.
The picture of the liquid flow is the same in all such planes. The field
of velocities of an axisymmetric liquid motion is completely described by
the plane field taken from any of such half-planes. The symmetry axis
is assumed to be the z-axis which is directed vertically downwards. The
distance to the oz-axis is denoted by p = /22 4+ y2, v, and v, denote the
coordinates of the vector of velocity ¢(v.,v,) which is connected with the
velocity potential as follows: ¥(v,,v,) = grad¢(z, p) ([1]-[39]).

Of an infinite set of half-planes we select arbitrarily the one passing
through the symmetry axis on which the moving liquid occupies a certain
simply connected domain S(c), where o = z+ip. Some part of its boundary
is unknown and should be defined.

The lines of intersection of the surface and the planes passing through
the oz-axis of rotation are called meridians, and the lines of intersection
with the planes perpendicular to the oz-axis are called parallels.

1.1. The Notion of a Stream Function for an Axisymmetric Flow.
Let us cite once again the definition of axisymmetric flow, analogous to that
we presented above. The flow is called axisymmetric if the stream planes
passing through the given axis, and every such plane has the same picture
of distribution of flow lines ([1]-[6]). oz is assumed to be the symmetry axis
of the cylindrical system of coordinates p, 8, z. Then it follows from the
definition that the component of velocity, when the liquid flow is potential,
has the form vg = 0. Then the equation of continuity takes the form

= 0. (1.1)

Differential equation of any stream line for axisymmetric flow, v, dz —
v, dp = 0, multiplied by p, is a full differential of some stream function
¥(p, z), dip = pv,dz — pv. dp. Thus v, = L oy vy = —1 9% Op the other

p 9p> p 0z
hand, vzza—f,vp:g—‘;’,and hence
0 10 0 10
e _jlov ., 00 _ 100 (1.2)

0T 00 T T oz
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o v,

If the liquid flow is irrotational, i.e. potential, 8”; = =%, then the stream

function should satisfy the equation
0 /10y 0 /10y
0z ( p 0z ) ( p Op )

=0. 1.3
o (1.3)

Recall that ¢(z,p) is a harmonic function of the cylindrical system of
coordinates. Unlike the plane case, the stream function ¥(z, p) is not har-
monic. It follows from (1.2) that

Ip 0y Oy P _
The system (1.1),(1.3) can be rewritten as
1 0p
Aoz, p)+- 2 —y, 1.5
wlzp)+ 2 5 (1.5)
10y
A(z,p) — =2 —, 1.6
V=0 =25, (1.6)

where A is the Laplace operator. We rewrite the system (1.5),(1.6) as
follows:

P Po 0
0% 0%
874—40[@ =0, (1.8)

where o = p2.

It can be seen from (1.7) and (1.8) that for a = p? # 0 the system is
elliptic. Hence ¢(z, p) = const and 9 (z, p) = const are orthogonal. How-
ever, the mapping f(z + ip) = ¢(z,p) + ib(z,p) is not conformal. The
mappings under consideration constitute a class of quasi-conformal map-
pings. The system (1.2) is elliptic only in the domains not adjoining the
axis of rotation. The system degenerates on that axis and quasi-conformity
is violated.

When the point z + ip approaches the axis of rotation, the ratio of half-
axes of these ellipses infinitely increases. Such violation of quasi-conformity
is a geometric criterion of degeneration of a system on the axis of rota-
tion. In the domains whose closure do not intersect the axis of rotation, the
mappings f = ¢ + i) satisfying the system (1.2) are quasi-conformal, pos-
sessing owing to the system (1.2) the principal properties of quasi-conformal
mappings ([1]-[39]).

A linear elliptic equation is said to be degenerated if in some part of its
domain of definition the quadratic form is defined nonpositively.

It can be seen from (1.7) and (1.8) that the given system for a = p? # 0
is elliptic.

Along the oz-axis, as o — 0, we have

Pp Oy

@4—48_@_07 (1.9)
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0%y
Along the oz-axis of symmetry we have
111%‘2—90:0, lir%%:Q lir%g—wzQ
— — — z
rmmep rnop ’ (1.11)

. 1dp D% . 1oy 0%
lm- —=—=, lim-—=—-.
p—0p Op  0p*’ p—0p Op  Op?
We map the half-plane Im(¢) > 0 (or Im(¢) < 0) of the complex plane
¢ = & + in conformally onto the domains S(o),

o(¢) = z(&,m) +ip(&;n). (1.12)
The system (1.2) takes on the plane £ + in the form
0 1 0
1
51 = e 8¢ (19
that is,
o2 e ZEE] o+ 2 foeon ] 0. )
0 1 0 0 1 0
9 {p(&n) wéijn)} "o [p(f,n) wé%n)} =0 (1.16)
From (1.13) and (1.14) follows the condition (1.4).
The boundary conditions have the following forms.
(1) On the free (depression) surface:
©(z,p) — kz = const, (1.17)
¥(z, p) = const, (1.18)
where k& = const is the filtration coefficient;
(2) Along the boundary of water basins:
»(z, p) = const, (1.19)
a1z+bip+c1 =0, ay,bi,c; = const; (1.20)
(3) Along the leaking intervals:
©(z,p) — kz = const, (1.21)
a2z +bap+co =0, ag,bs,co = const; (1.22)

(4) Along the symmetry axis, when a segment of the oz-axis of symmetry
coincides with a segment of the boundary of S(o):

p=0, (1.23)
¥(z,p) =0, (1.24)
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but if the symmetry axis does not coincide with some part of the boundary
of the flow domain S(¢), then

p#0, p=const, const#0, (1.25)
¥(z,p) = const, const # 0; (1.26)

(5) Along impermeable boundaries:

¥(z, p) = const, (1.27)
aszz +bsp+c3 =0, ag,bs,c3 = const; (1.28)

(6) Along the impermeable boundary, the velocity vector is directed along
that boundary.

(7) The velocity vector is perpendicular to the boundary of water basins.

(8) Along the free surface (depression curve) we have

v} 402 — kv, = 0. (1.29)

It has been stated in our work [31] that on the plane of complex velocity
we have circular polygons of particular types. But this class of problems
is wide enough. There are axisymmetric spatial problems with partially
unknown boundaries when the boundary of the domain does not involve
the symmetry axis, but as is mentioned above, there are problems when the
boundary of the domain involves the axis of symmetry or its parts.

For circular polygons, in particular, for linear polygons, we are able to
solve plane problems of filtration with partially unknown boundaries. State-
ment and solution of the corresponding plane problems of filtration with
partially unknown boundaries can be found in [26]-[39].

Suppose we have solved the plane problem, i.e. constructed analytic
functions by which the half-plane Im(¢) > 0 (or Im(¢) < 0) of the plane
¢ = £+ in is mapped conformally onto a circular polygon.

For general discussion we assume that we have a circular polygon with
number of vertices m. To find such an analytic function, we have to solve
a nonlinear third order Schwarz differential equation whose solution is re-
duced to that of a differential Fuchs class equation. The Schwarz equation,
and hence the corresponding Fuchs class equation involves 2(m — 3) essen-
tial unknown parameters. After integration of the Schwarz equation there
appear six additional parameters of integration. To find these parameters,
we write a system of 2(m — 3) higher transcendent equations and a system
consisting of six equations. The boundary conditions for the problem of
filtration contain additional unknown parameters. Further, using the so-
lutions of the plane problems, we construct solutions ¢(&,n), ¥(&,n) for
the systems (1.13)—(1.16) of differential equations of spatial axisymmetric
problems. They allow one to construct the functions which map quasi-
conformally the half-plane Im({) > 0 onto the domain of the complex po-
tential and onto the domains of the complex velocity, i.e. the onto S(wp)

and S(w((€)/0’(€)).
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For three analytic functions

a(¢) = =(&mn) +ip(&mn), wo(C) = wol&,n) +ivo(&,n),
wo(¢) = wy(€) /" (€)
we introduce the notation
Az(¢,m) =0, Ap(¢,n) =0, Apo(¢,n) =0,
Ago(¢,m) =0, Im(¢) =0,

which map conformally the half-plane Im(¢) > 0 onto the domain S(o) of
liquid motion, the domains of the complex potential S(wg) and the domains
of the complex velocity S(w((¢)/o’(¢)).

Below for the half-plane we will need the Dirichlet problem. Suppose that
on the real axis there is a function u(¢) bounded by a finite number of points
of discontinuity. To find a value at the point ( = & + in of the harmonic in
the upper half-plane function, we have to use the Poisson integral

(1.30)

+oo
I "
u(§) = 7T_/ (t) e dt, (1.31)

where ¢ = £ + .

2. SOLUTION OF THE SYSTEM (1.13),(1.14)

We rewrite the system (1.13), (1.14) as follows:

Ap(€,m) + alg, n) ag +0(&, ) n =0, (2.1)
Aw(E ) = alén) G — b iﬁ 0 (22)
where
ST "SR N Y )
al&m) = p(&,m) 08 bolEm) = p(&,m) on’ 2 92 "oz 23)

Below we will pass to the consideration of the problem of solvability of
the system of differential equations (2.1), (2.2) with respect to the functions
©(&,m) and (€, n) which should satisfy both the compatibility conditions
(1.13) and (1.14) and the mixed boundary conditions (1.17)—(1.28) on the
known and unknown parts of the boundary. First of all, we replace ¢(&,n)
and ¢(§an) by 900(5777) + 901(5777)7 ¢0(§777) + 1/}1(§=77)7 where 900(5777) and
¥o(€,n) are conjugate, harmonic in the domain Im(¢) > 0 functions satis-
fying the boundary conditions. This transformation makes it possible for
the unknown functions 1(£,n) and ¥1(€,7n) to satisfy the zero boundary
conditions. Note that the system of equations (2.1) and (2.2) will alter
hereat.
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As is said above, a solution of the system (2.1) and (2.2) will be sought
with regard for (1.13) and (1.14) in the form

©(&m) = wo(&,n) + p1(&,m), (2.4)
¢(§a 77) = 1/)0(& 77) + ¢1 (5777)’ 2.5

where ¢o(€,n), 1¥o(€,n) are conjugate harmonic functions,

A‘PO(@ 77) = Oa Ad’o(fa 77) = 07 (26)
which satisfy the Cauchy—Riemann conditions

90 _ 9o Opo _ Ot

oc — an on o 2.7)

and also all the boundary conditions.

By means of the functions wo(€) = ¢o(&,n) + itho(&,n), o(C) = z(§,n) +
ip(&,m), the half-plane Im(¢) > 0 (or Im(¢) < 0) of the plane ¢ = & + in is,
as is said above, mapped conformally onto the domains S(w), S(o), S(w),
where w({) = w'(¢)/0’(¢). The functions z(£,n) and p(&, n) should satisfy
the conditions

Az(&n) =0, Ap(&n) =0, (2.8)
Oz _Op 0z dp

7 o (2.9)

The system (2.1), (2.2) can be written with respect to ¢1(&,7), ¥1(&,n) as
follows:

ASDI(&??)—F(J(f,n)%?n) +b(£m)%§’n) _
~—[awien +aen 22 ren 2] @)

Bun(en) — ol n) ZEED i g 24ED)
—[Awo(g,n) a(€, n)%— b(, )8;;70} (2.11)

To simplify our investigation and solution of the system (2.10), (2.11), we
have deliberately left in the right-hand sides of (2.10) and (2.11) the terms
Apo(&,m), Arhg(E,n) which are, according to (2.6), equal to zero.

Transforming the unknown functions 1 (&, ), ¥1(&,1), wo(&,n), Yo(&,n)
as

e1(&m) = p 2E M (Em), Yi(Em) = p 2 (Emwa(E,m),  (2.12)
wo(&,m) = p (€ (En), bo(&m) = p 2 (EmYs(Em),  (2.13)
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we obtain

91 _ 1 5 0p ~1/2 9p2
o€~ 2" e 2(§,m) +p %
Op1 L3 p _1/2 02
3—77_ §p 8—77902(577)+P 8—777
021 —5/2(@)2 L 3O
a¢2 o¢ 2 gz T2

p3/2 9p Opz 1 p=3/2 9p 92 p1/2 95
o0& o0& 2 o0& o€ €2’
Op\ 2 02
—5/2(9pP _ 1 -329P
( ) T2 on? 72
p—3/2 dp 5902 _l —3/2 Ip 5902 +p_1/2 5_50
on On 2P on On on?’

7 1(58) + (o) e

) a ) a
a2 (00 %2 Op 092\ i
(ag 26 " an an)+p Az,
p Opz | Op Opa\ 3 _5/57(0p\?
Lt (ag ag+a—na—n)—z [(a—g)
Bp Doz 9p D
ez (00 002 Op Deay o
(ag o€ | an an)+p Apat

+ (an) v

la_p 173/28 71/2%
+p3§(_2p ag“’” a§)+
LOp (1 4 0p D
By nt)

1 3p3<p1 paw
Aprt 2 (ag 26 an

.-
el ()
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(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.21)

Op 91 8p 8¢1 Op O | Op Do
vy 1 -1/2% ot 0w
o6 2 23 9 " Oy
1 —1/2 8p 1/2 %

—9f 7’[] tp on "’
%1 _ —3/2 8p 1y 0%t —1/20p 0ty
o€ __Zp (ag) Vel e Ta e e

_|_l —1/2@%4_ 1/282@[12

2f " Bc e TP aer

(2.22)
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%1 _ _3/2(0p 12 0P L _1,20p 02
8_772__4p (5 W* e e ooy

27 on On P on? "’
Aty =—ip‘3/2[(gg) + (8”) Ja+

a3 (565 oy an) =10 L(5e) + () T

_1/2(0p 0o 8p Oy
1/2(YF Y2 FYva 1/2

_lﬁ_p 112 8p 1/2 02
At (2p o V2T r ag)

L 17200 0s | /2 0% (2.23)

) T p V2 A, (2.24)

n
(56 + (52) Joer

a(Op Dbs B O
1/2( 9P Y2 _P_
+p (ag o€ "oy an)

Ay = 01/2{A¢2 3 i Kgg) (8p) }wz} (2.26)

Taking into account (2.13), we represent the functions ¢g(€,n) and
1o(€,n) analogously to (2.19) and (2.26) with respect to ¢3(&, 1), ¥3(£,n)
and obtain

+ p' 2 Ay, (2.251)

sevr S (l 5 202
=p1/2{As03 in[(g—g) + (%)) }%}, (2.27)
Atpo — 2 (% ago gz 8611;70)

S (o T Ry S

where Apg = 0, Ay = 0.
Bearing in mind (2.19), (2.27), (2.26) and (2.28), we represent the system
(2.10) and (2.11) as follows:

1
p 2 [Aps + Apripo] = —p /2 [A%’; T3 Pl‘%’;} ; (2.29)

3
P2 [ = pprisa] = =2 [ A5 = % o1 (2.30)
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_ 1 1(9p\2 p\2 _1 _3
wherepl—p—z[(gg) +5§)},)\—Z,u—z.
The equalities (2.29) and (2.30) can be rewritten in the form

1 * 1 *

Aps+ pp2 = = [Ags + 7 pieh] (2.31)
1 1
3 — * 3 *

Aty — 1P11/)2 =—p /2 [A1/)2 - Zp1¢2:|' (2.32)

Assuming that ¢3(£,n) and 3 (£,n) are known functions, we rewrite the
equations (2.31), (2.32) as

1
Alpz +92) = =7 pilw2 +92) = fi(&m), (2.33)
3
Az +42) = 7 12 +43) = f5(€n)- (2.34)
Consider the Poisson equation
Au(€,n) = f1(&mn), (§&1,m) € Im(¢) > 0. (2.35)
Define the function w(£,n) by the formula
1
u(én) = —5- // G mz,y) fi(z,y) dedy, (2.36)
Im(¢)>0

where ( g ( )
1 E—x)"+(n+ty
G(& n;z,y) pym In €2t —y? (2.37)
is Green’s function of the Dirichlet problem for the harmonic in Im(¢) > 0
function, while the function f;(&,n) is bounded and has continuous first
derivatives bounded in Im(¢) > 0, U(&, n) is a regular solution of the Poisson
equation (2.35). It is proved that (2.36) satisfies the boundary condition [4]

(&m—(&o,m0)

Using (2.35) and (2.36) with respect to (2.33) and (2.34), we obtain

palén) =—eien) + 3= [[ Gema i) dody,  (239)

Im(¢)>0

vaen =—vien + o [[ GEmansey dedy. 2a0)

Im(¢)>0

The equalities (2.39) and (2.40) can be written as follows:

p2(&,m) = —p" oo (€,m)+

1
+ o // G(&,mx,y)p1 (2, y) [p2(2,y) + p2p0(,y)] drdy, (2.41)
Im(¢)>0
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Va(&m) = —v* (& m)+
+ % // G(&msa,y)p1 (. y) [a(z, y) + 5 (z, )] dxdy. (2.42)

Im(¢)>0

We rewrite the equations (2.40) and (2.42) in the form

<pz(§,n)=f3(§,n)+8% // G nx,y)pr(x,y)p2(z,y) dedy, (2.43)
Im(¢)>0

valen) = fen + o= [[ Glemaoteiatey) dedy. 240

Im(¢)>0

where

f3(&m) = — p*po(€,m)+

1
T3 // G(& iz, y)pi(x,y)p *po(x,y) dedy,  (2.45)
Im(¢)>0

fa(§m) = =" (€, m)+
* 8% // G m 2, y)p1 (2, y)Y3 (2, y) dz dy. (2.46)

Im(¢)>0

Thus we have obtained the second kind Fredholm’s integral equations
(2.43) and (2.44) with respect to p2(&, 1) and 12(&,n). The problems (2.33)
and (2.34) are, respectively, equivalent to the integral equations (2.43) and
(2.44) which will be solved by using exact methods.

Solutions of the integral equations (2.43) and (2.44) will be sought by
the method of successive approximations in the form of the series

P2(&m) = Y Aa(m) (6 m), (2.47)
n=0
Ga(&m) =D 1 oy (&), (2.48)
n=0
where \ = %,uz%.

Substituting the series (2.47) and (2.48) respectively into the integral
equations and equating the coefficients with the same powers of the param-
eters A and u, we obtain

¥2(0) (57 77) = f3(§= 77)7 (249)

Yam)(§,m) = // G(&m2,9)p1(x, Y)Pa(n—1)(z,y) dz dy, (2.50)
Im(¢)>0



The Exact Solution of Spatial Azisymmetric Problems 105

1/’2(0)(§aﬁ) = f4(§an)7 (251)

¢2(n)(§=n) = // G(@n;l’,y)m (9573/)1#2(7171) (l',y) dx dy7 (252)

The parameters A = slw and p = 8—3; of the integral equations (2.43) and
(2.44) are small enough; this ensures the convergence of the series (2.47)
and (2.48). Recall here that as initial approximations, as usual, have been
taken the free terms f3(£,n) and f4(€, 7).

Basing on (2.47)—(2.52), we can construct general formulas which allow
one to express any approximations through the free terms by means of
iterated kernels.

Assuming that the series (2.47) and (2.48) are constructed, we can mul-
tiply them respectively by p~/2 and p'/2. We obtain

Recall that the boundary conditions along the oz-axis of symmetry, when
some parts of oz coincide with the boundary S(o), have in the coordinates
(z, p) the form

p—0, a:p27
dp _0p da _ Op oY 0P da O (2.55)

= :—-2 N _— = :—-2 .
Op Oa 0p O p=0 Op Oa dp Oa p—0

In the coordinates (§,n), the boundary conditions along the oz-axis have
the form

_o 9 _, 9 _,.
p(&an)_07 %_ ’ 877_0’
9oy _ (99 0z 0OpOdaldpy  _ (0p 0z
Op Oa Op
s =0
ox (9p 8§ p—0 ’

9 dp 0
(55)s0= (52 5p) 0= ©

0 dp 02 Dp da O dp 0 0

() = (3 50 30 35 )0 = (B2 50) e 30—

(2.57)
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Suppose that the oz-axis of symmetry (or its parts) does not coincide
with the boundary of the filtration domain S(o),

p=const #0, a=/p?

dp  O0p da  Op Oy (2.58)

B_p_%_p_% 2p_% 2const, p — const.

0 da Nz B

((9a ap)pﬂconst - (aa) 2C0nSt7 (¢)p:const o ConSt’
(3, =% () ma =
65 p—-const (917 p—-const (2 59)
(22) — (222, 90 50 0y - (%) '
677 p=const B 0z 677 O« (9p (977 p=const N 0z (977 p:const7

Op _
on

Below we present another way of solution of the system (2.10) and (2.11).

1°. Green’s function belongs to the class of fundamental solutions of the
Laplace equation. It is determined as a harmonic function of a pair of
points (P; Q), is symmetric with respect to P and @, equals to zero on the
boundary and is analytic at all points P of the domain D;, except of the
points P = @Q at which it has logarithmic singularity, i.e. at the point P of
the neighborhood of @) the relation

G(P;Q) = 5= Wr(P; Q)+ 9(P;Q) (2.60)

is fulfilled, where r = \/(z —&)? + (y —n)? is the distance between the
points P and (). Moreover, Green’s function, as a function of P, should have
everywhere inside of D;, except the point of @), continuous derivatives up to
the second order and satisfy the Laplace equation, while on the boundary
it should satisfy the limiting condition. Next, G(P; @), as function of P,
should have singularity at the point @ corresponding to the initial charge (or
to the mass) concentrated at the point (). Green’s function of the Laplace
operator for the plane simply connected domain under the limiting condition
U, = 0 is tightly connected with the function which transforms conformally
the above-mentioned domain onto the circle [W| < 1.

G(P; Q) is a harmonic in the domain D; function of the coordinates x
and y ([4], [17], [33]-[30]).

If d is the diameter of the domain D;, then the inequality

d
0<GP;Q) <ln (;) (2.61)
is valid. Green’s function for the circle of radius R = 1 has the form

G(P;Q) = 2—‘; In (@) (2.62)

r
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where p = /€2 + 7?2 is the distance of the point Q(&,7n) from the center of
the circle. rq is defined as follows: 1 = +/(z — £/p?)% + (y — n/p?)>.

20, Consider the inhomogeneous equation

AU(z,y) = —p(z,y). (2.63)

We seek for a solution of (2.63) continuous up to the contour of the
domain and satisfying the limiting equation U | , = 0. There may be only
one such solution ([35]).

The unknown solution has the form

Ule,y) = / / Gy € m)plE,m) de i, (2.64)
D;
that is,
Uteg) = 5 [ [ eteonn de ans
D;
+ [ [ stevnetemin ;- dgan (2.65)
D;
otherwise.

The first summand of (2.65) has inside of D, continuous derivatives up
to the second order, and its Laplace operator is equal to [—p(&,n)]. Tt is
proved that the second summand of (2.65) can be differentiated with respect
to the coordinates (x,y) of the point P(x,y) as many times as desired under
the integral sign. This implies that this summand is a function harmonic
inside of D;, because g(P; Q) is a harmonic function of the point P(z,y).
g(P; Q) is a harmonic function of the point @ with limiting values (% In 7“),
where r = \/(z — €)2 + (y — n)2. It is assumed that P(z,y) is inside of D;.
The formula (2.65) provides us with the solution of the equation (2.63)
satisfying the condition U | , = 0. Recall that there exists a generalized
solution of (2.63).

3%, The linear-fractional conformal mapping of the half-plane Im(¢) > 0
onto the circle |IW| < 1 has the form

1+

ik (=&+1in, w=u-+1iv. (2.66)
It follows from (2.66) that
2¢ E+n?-1

=", V= 2—F—. 2.67
Terarwr T erar? (297

On the other hand, from (2.66) we have

i+w 2u 1—0v? —u?

= = - = 0 - 2.68
¢ 1+iw’ ¢ w2+ (1 —v)2’ K u? + (1 —v)? (2:68)
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4%, Harmonic and analytic functions of a complex variable.

Let

w= f(z) =u(z,y) +iv(z,y), z=x+iy (2.69)

be some function of the complex variable z = x + iy; v and v are the
real functions of the variables  and y. The Cauchy—Riemann conditions
Uy = Uy, Uy = —v, are necessary and sufficient for the function to be
analytic. It follows from these conditions that AU = 0, AV = 0, where A
is the Laplace operator.

Consider the transformation

v =2a(u,v), y=y(u,v), (2.70)
u=u(z,y), v=uv(z,y), (2.71)
where u(x,y), v(z,y) are conjugate harmonic functions. Then the above

transformation is equivalent to (2.69).
By virtue of the Cauchy—Riemann conditions, the relations [36]

ul +up =l vl = v+ i = [f'(2)], tgve +uyvy =0 (2.72)

should be satisfied for the functions v and v.
Let us find out how the Laplace operator changes under that transfor-
mation. We obtain

U=U[z(u,v),y(u,v)] = Uu,v), (2.73)
Ugz + Uyy = (ﬁuu + ﬁuu)|fl(z)|2= (2'74)

whence it follows that, as a result of the transformation w = f(z) = u +

iv, the function U(x,y), harmonic in the domain G, transforms into the

function U = U(u,v), harmonic in the domain G/, if only |f/(2)|? # 0.
Consider the equations

Aw+im¢za (2.75)
Aw—mezQ (2.76)
where p; = pl—2 [(%)2 + (2—5)2] The transformations
v = plz(u,v),y(u,v)] = 3(u,v), (2.77)
v =la(u,),y(u,0)] = d(u,v) (2.78)
result in the equalities
1 1 P 2 ~ ~
v+ >{< e
1 1 op Bp B
+ZL plu,v) [<8u) + 3_1) Plu,v } FEF =0 IfF #0, (279)

U . {( o ( )"} =
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=Lt =2 ()4 () ot i =0, @0

7, 0)

since |f'(2)| # 0, and hence from (2.79) and (2.80) we have
%ﬁ%ﬁip% {(%)2+(g)2}¢:0, (2.81)
Juu+ivv—%p%[(%ﬁ)2+ (%’7)2}{5:0. (2.82)

It follows from the above-said that using the transformations (2.68), (2.71)
and Green’s function (2.62), we can reduce the problem (2.31) (or (2.32)) to
the solution of Fredholm’s integral equation of second kind, where the given
functions, the kernel and the right-hand side are defined in the domain of
the unit circle. In this case, for the convergence of Neumann’s series we can
indicate a simpler condition. In particular, if the kernel is bounded, then for
the convergence of Neumann’s series there exist more plausible condition.

In hydrodynamics, there exists the method of sources and channels. This
method has been for the first time applied by Rankin to the spatial problem
of body streamline. The method consists in the replacement of the body
streamline by such a system of sources and channels that the body surface
is one of the stream surfaces; note that the algebraic sum of abundance
sources should be equal to zero. The choice of a system of sources and
channels by means of a preassigned surface form of a body streamline is of
great mathematical difficulty ([1-3], [7]).

Below we will present an algorithm of finding the functions ¢¢(&,n),
Yo(€,m), z(€,n) and p(€,7n). Recall that the plane of liquid motion coincides
with that of the complex variable o = z +ip, i = —/—1.

In the domain S(o) with the boundary ¢(o) we seek for a complex
potential (i.e., a potential divided by the filtration coefficient) w(o) =
wo(z, p) +io(z, p). The velocity potential ¢g(z, p) and the stream function
o(z, p) satisfy the Cauchy—Riemann conditions and the boundary condi-
tions

akjpo(2, p)+areto(z, p)+aksz+arap = fo, k=1,2, (z,p) € {(0), (2.83)

where ar;, fr, £ = 1,2, j = 1,...,n, are given piecewise constant real
functions; fx, k = 1,2, depend on an unknown parameter ) of the filtrated
liquid discharge.

Using (2.60), we can find a part of the boundary £(wg) of S(wp) and the
boundary ¢(wp) of the domain of complex velocity S(wg), where wg(z) =
dwo/do = %‘l?%, excluding some coordinates of those vertices of circular
polygons which are connected with cut ends. By means of the functions
wo(o) and w(o), we map conformally the domain ¢(c) with the boundary
¢(0) onto the domains S(wp) and S(w). The domain S(w) is a circular
polygon.
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Angular points of the boundaries £(0), ¢(wp) and ¢(w) which can be
encountered at least at one of them when passing in the positive direction
we denote by Ax, k=1,...,n.

The half-plane Im(¢) > 0 of the plane ¢ = £ + in is mapped conformally
onto the domains S(o), S(wp) and S(wp). We denote the corresponding
mapping functions by #(C), wio(¢), w(Go) = wh(C)/o" (C), dwolC)/d¢ = wh(C),
do(¢)/d¢ = o’(¢). To the angular points Ay, k = 1,...,n, there correspond
the points ( = ex, k =1,...,n, along the axis t with —oco <e; <ex < --- <
en—1 < e, < 400, and £ = e,41 = 0 is mapped into the nonangular point
A of the boundary £(o) which is located between the points A, and A;.

3. CONSTRUCTION OF THE FUNCTIONS dwo(¢)/do(¢), wo(¢), o(¢)

We denote by o(§) = 2(£) + ip(§), wo(§) = @o(§) + ivo(§), wo(§) =
uo(€) + tvp(€) the boundary values of the functions o(¢), wo(¢) and wo(¢)
as ¢ — &, ¢ €Im(¢) > 0. By 5(&), wo(§) and wy(§) we denote the complex
conjugate functions corresponding to the functions o (), wo(€) and wp(§).

Introduce the vectors @ (&) =[wo(£),a(£)], Po(&) = [wo(&),T(E)], Py(&) =

[wo(£),0"(E)], @o’(€) = [@0'(€),7"(©)), F(€) = [f1(€), f2(€)]. Then the
boundary conditions ([26]-[31])

©o(€) = g(E)Po(€) +1i-2G71f(€), —00 <€ < +oo, (3.1)

where G71(€)G(€) = g(€) is a piecewise constant nonsingular second rank

matrix with the points of discontinuity ¢ = ex, k = 1,...,n; G=(£) and

G(&) are, respectively, the inverse and complex conjugate matrices to the

matrix G(&), and the vector f(&) is defined by means of (2.83).
Differentiating (3.1) along the boundary &, we obtain

D(§) = g()P((£), —00 <& < Fo0. (3-2)

It can be verified that the equality g(¢) = G - (&)G(&) holds. For the points

&=ej,j=1,...,n, let us consider the characteristic equation ([1]-[31])
det [g;1 (e; + 0)g;(e; — 0) — AE] (3.3)

with respect to the parameter A, where E is the unit matrix, g;(§), e; < { <
€j+1, gjjrll (e;+0), g;(e; —0) are the limiting values of the matrices gjjrll &),
g:(§) at the point { = e; from the right and from the left, respectively.

By means of the roots Ay; of the equation (3.3) we define uniquely the
numbers ag; = (2mi) P In Mgy, k=1,2;7=1...,n ([1]-[30]).

Suppose that among the points Ax, k = 1...,n, of the boundaries ¢(o)
and £(wp) there exist removable points to which on the boundary £(wq) of
S(wp) there correspond regular nonangular points ([26]-[30]).

For the sake of simplicity we assume that the removable singular point
coincides with the point £ = e; to which on the boundaries ¢(c) and ¢(wy)
there correspond the angles /2, while on the boundary £(wg) the angle .
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To remove this point from the homogeneous boundary conditions (3.2), we
introduce a new unknown vector ®4 (&) ([26]-[30])

(1)6(5) = X1 (5)(1)1 (f), (34)
where
(€= \/ ij_— . (3.5)

After the passage from the vector ®'(€) to ®1(&), we multiply the matrix
9i(8) by (=1).
The boundary conditions with respect to ®1(§) take the form
®1(&) = g"(©)P1(8), (3.6)

where

9°(€) = . (O 9(©IX, (9)]. (3.7)

On the contour £(wy) we renumerate singular points and denote them by
aj, 7 =1,...,m. We denote the characteristic points defined uniquely and
corresponding to the points ¢ = a; again by oz, K = 1,2, 7 = 1,...,m.
They satisfy the Fuchs condition.
Now we write the Fuchs class equation ([1]-[39])
u"(§) +p(E)w'(¢) + g(§)u(§) =0, (3.8)

where

p(&) =Y (1 —ay; —ag)(€ —ay) ™, (3.9)

q(€) =Y [anjan; (6 — a;) 7 4 ¢;(€ —ay) '], (3.10)

where c; are unknown real accessory parameters satisfying the conditions

m

Ny =) ¢;=0. (3.11)

Jj=1

By means of matrices, we write the equation (3.8) in the form of the
system ([26]-[39)]

X' (€) = x()2(8), (3.12)
_(n®) ua@) _ (o —g(&))
wo= (i o) c0=( @) e
Further, using linearly independent solutions u; (€) and uz(€) of the equation
(3.8), we construct the general solution

w(€) = pui(§) + qua(§)

= () + sua(©) (8.14)
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of the Schwarz equation ([26]-[30])

ey W) e
{wi} = w'(€) 1,5 (w/(§)> R(¢), (3.15)
where
R(€) = 2q(&) — p'(€) = 0,5[p(9)]* =

= > {051 (01— 0] (¢~ a) P 6 - aj>1}, (3.16)

j=1

Q1 — Qg = Vy, j=17...,m,
¢ =2ci—08; Y. Brla;—ar), (3.17)
k=1, k#j
ﬁkzl_alk_an k:17"’amu

p, q, r and s are constants of integration of (3.14) which satisfy the condition
ps—rq # 0, mv; is the interior angle at the vertex B; of the circular polygon.

Using (3.14), we map conformally the half-plane Im(¢) > 0 (or Im(¢) < 0)
onto the domain S(w) with the boundary ¢(w). Expanding the functions
R(¢) into the serie of powers of 1/(, we obtain

R(¢) =Y M ". (3.18)
k=1

Since the point ¢ = oo is the image of the nonsingular point of the boundary
{(0), the conditions ([1]-[31])

M =3¢ =0, (3.19)
k=1

My =" [akci +0,5(1 —1})] =0, (3.20)
k=1

My =" [aici +ar(l — 7)) =0 (3.21)
k=1

should be fulfilled. From the condition (3.19) follows (3.11), and vice versa.
We can obtain the conditions (3.20) and (3.21) in somewhat different way
and in another form. Taking into account (3.12), the conditions (3.19)—
(3.21) allow one to define three parameters c;, j = 1,2, 3, of the parameters
¢j, j = 1,...,m. Moreover, we choose arbitrarily three of the parameters
t =aj, 7 =1,...,m and fix them according to the Riemann theorem.
Therefore R(¢) defined by the formula (3.16) will depend on 2(m — 3) un-
known parameters aj, ¢j, j = 1,...,m — 3. The equation (3.18) near the
point £ = a; can be rewritten as [26-31]

(€ = aj)*u"(€) + (€ — az)p; (E)u'(€) + ¢;(§)u(€) =0, (3.22)
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where
pi(€) =poj + > pnj(§ — aj)", (3.23)
n=1
poj = (1" > Blaj—an)™", Be=1—ay —aly, (3.24)
k=1, k#j
gj = anjon; +¢(§ = a;) + > ani(§ —a;)", (3.25)
n=2
qnj = (—1)"2 Z [aakaor(n — 1)+
k=2, k#j
+ cx(a; —ap)](aj —ax)™, n=2,3,..., (3.26)
qu = O[ljagj, qu = Cj, j = 1, e, (327)

4. LOCAL SOLUTIONS

Local solutions of the equation (3.32) for the points { = a;, j =1,...,m,
are sought in the form

wi(€) = (€ = ap)™u;(6), (&) =1+ 7€ —a)",  (41)
n=1

where vy, n = 1,...,00, j = 1,...,m, are defined by the recurrence for-
mulas ([26]—[31])
fojay) = aj(aj—1) + pnjaj + qoj = 0, (4.2)
Y1 foi(ej +1) + fij(a;) =0,
Y25 foj(a; +2) + 715 f1j(a; + 1) + faj(ey) =0, (4.4)
where
fnley) = a1jpnj + qnj- (4.5)
If the difference a1; — anj, 7 = 1,...,m, is noninteger, then using the

formulas (4.3)—(4.5), we construct the linearly independent solutions (3.32),

uri(&) = (£ — a;j) ™™ ug;(§),
> 4.6
O =143 A€ —ay k=12 j=1. .m0
n=1

However, if a1; — ag; = n, n = 0,1,2, then u;(£) is constructed by the
formulas (4.3)—(4.5), while ug;(§) by the Frobenius method ([24], [26]-[31]).
Note that for ay; — as; = 0, the function ug;(¢) has the form

u2j () = w1 () — az) + (£ — a;)™ > 2, (€ —a;)", (4.7)
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22 = {d%j(aj)}
nJ dOéj Oéj:a2j'

If a1; — ag; = n, n = 1,2, then for the construction of ug;(£) we have to
differentiate the equality

where

u2i(€) = (§ — a;)® oy — a2 + 32 (E — )] (4.8)
n=1
with respect to a;, then take a; — agj, and obtain

o0

uz () = (6 — )™ [ 30 _lim ()t~ )" ] In(t — ;) +

)e dyij(ay)
+t-ay) ZJ{HZ[ da

P. Ya. Polubarinova—Kochina has proved that a solution for the cut

(t— aj)”}. (4.9)

:|0¢j:0¢2j

end ug;(§), where a1; — as; = 2, does not involve a logarithmic term.
Moreover, for such points she also obtained an algebraic equation connecting
the parameters aj, ¢;, j = 1,...,m. To construct ug;(§) uniquely, we

suggested in our works the following method. For the point t = a;, the
equality (4.4) fails to be fulfilled since

fojla; +2) =0, a; — az;. (4.10)

For the equality (4.4) to take place as a; — aaj, it will be necessary and
sufficient to require the condition

Yjfiley + 1) + falay) =0, a1y — g + 2. (4.11)
After simplification, (4.11) takes the form ([26]-[31])
g2; + Q%j +q1;p1; = 0. (4.12)

To construct uz;(€) uniquely, it suffices to construct v3;(az;) and then
make use of the formulas (4.3)—(4.5) ([26]-[39]). Indeed, suppose a1 # aa;.
Then using (4.4), we find v2;(;) and obtain

Y15 (0) fii(aj +1) + faj(ey)
f()(Oéj + 2)
In the formula (4.13) we remove uncertainty and then pass to the limit
aj — ag;. We have
v3; = —0,5[p1j(p1j + 2q1;) + paj]. (4.14)

Then we define local solutions near the point ¢ = co. The functions p(&)
and ¢(&) near the point ¢ = co can be represented in the form

Y25 (0y) = — (4.13)

=&Y Pt () = €7D guec T, (4.15)
n=0 n=0
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where
Pnoo = Zﬂkaga Poco = Ga (416)
k=1
Gnoo = Z [oaraor(n+ 1) + cpar|af. (4.17)
k=1

Local solutions near the point £ = co have the form

Uoo (§) = €7D oot (@), (4.18)
n=1

where Yp00, 7 =1,...,00, are defined by the formulas
Jooo (Qoo) = Qoo (oo + 1) = Pocctos + Goce = 0, (4.19)
Voo fooo (Qtoo + 1) = Ploc@oo + Q100 = 0, (4.20)
200 fooo (Qoo +2) + Vico (Qoo + 1) = Procios + G200 = 0, (4.21)

where

froo = Qroo — (Qtoo + k) Phoo- (4.22)

Since t = oo is the image of the nonangular point, the equation (4.19)
should have the roots ajo, = 3, aos = 2. Consequently,
qoco = Z [Q1kaar + axcr] = 6. (4.23)
k=1
As far as a0 — @200 = 1, the equations (4.20)—(4.22) allow one to define
only one solution u100(€). To find ugs0(§) as aoe — 200, it is necessary and
sufficient that the condition

Qloo — Ploo®200 = 0 (424)

takes place. To determine vZ__, we act as follows. By virtue of (4.20), for
Qoo F (as0, We find Y140 and obtain

7 — PlooQ®oo — Gloo
> fOOO(O‘oo + 1) '

Since the numerator and the denominator in (4.25) vanish as aeo — @200,
we have to remove uncertainty. We obtain ([26]-[31]) uniquely

'ﬁoo = Pioco- (4.26)

Having defined 7%, , we can find the remaining 72, n = 2,...,00, by
using the formulas (4.20)—(4.22). Consequently, uas(€) is defined uniquely.
Finally, we obtain

(4.25)

Ukoo(§) = £ + Y AR &M= k=1,2. (4.27)

n=1
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The system (3.19), (3.20), (3.21) coincides respectively with the system
(3.11), (4.23), (4.24), and vice versa.

Local solutions uy;(§), k = 1,2, j =1,...,m, contain multi-valued func-
tions of which we choose one-valued branches

exp [ﬁkj In(¢ — aj)} >0, t>aj,
—1
{exp [y In(€ — aj)}} = exp [imou] {expln(aj — f)}, a; —&>0,

{ exp [ous In(€ — ay)] }_1 = exp [ — imag;] { exp [y In(a; — €] },
aj —t>0.

For the equation (3.8), in the neighborhood of every singular point £ =
aj, j = 1,...,m+ 1, and in the neighborhood of the points ¢t = a] =
(aj +aj41)/2, j =1,...,m — 1, we construct respectively ux;(§), k =1, 2,
j=1,....m+1land v;(§),k=12,j=1,....m—1

A solution of (3.6) is sought by means of the matrix T X (§), where x(&)
is a solution of (3.12). If x (&) is a solution of (3.12), then T X (¢) is likewise

a solution of (3.12), where the constant matrix is defined as
T = (ff ‘81) , detT #0, (4.28)
p, q, r and s are constants of integration of the equation (3.14).
5. FUNDAMENTAL MATRICES

The local fundamental matrices ©;(§), o;(£), ©1(), ©;(£), where 6;(¢)

is the matrix complex-conjugate to the matrix ©;(¢), are defined as follows:

ej(g):(““(g) “;U@), aj <&<aj1, j=1,....5—1, (5.1)

uz;(§)  u5;(8)
s0- (39 5O wrcecn oo
o;(6) = (gzgg 228) =T g =1, w1, (53)
©31(&) = 0705(§), aj_1 <& <ay, (5.4)
st = (12§ 17(9). &
o = (exp(igmm exp(igmzj)) (5.6)

=+

while if a; — a5 =n, n=0,1,2, we have

19;7 Q15 — Q5 #TL7 n=0,1,2,

N . 1 0
¥ = exp [+ imay;] <:|:i7r 1> , n=20,2, (5.7)
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N . 1 0
07 = exp [+ imay;] (:Fﬂ'i 1) , n=1 (5.8)

One Essential Remark. The fact that the series ug;(§), k = 1,2, j =
1,...,m, converge weakly, makes the process of calculations difficult. To
remove this drawback, we act as follows ([26]-[31]). We replace the series
ug;(§), k =1,2, j = 1,...,m + 1, by strongly and uniformly convergent
functional series. Towards this end, it suffices to write the series w;(§),
k=1,2,7=1,...,m+ 1, in a somewhat different form:

uk;(§) = (€ = a;)* (€ = a5),

> 5.9
n=1
oo (§) = €7 (14 Y 15 (9)) (5.10)
n=1
where v, yF are defined through fy;(a;) and fre(a;) as follows:
Fni[(€ = a3), Br] = ajpni (€ = a;) + am; (€ — aj), (5.11)
e —a)=— 3 A(EZ) no1a . Gy
k=0, k] g Yk
015§ — a;) = ¢;(§ — aj), (5.13)
(€ —a;) = (=1)"% > [akoor(n — 1)+ cx(a; — ax)] x
k=1, k#j
5_ a; \" B
x(ﬁ) S n=1,2,..., (5.14)
S N )
a; — ag
(o'} ap\"™
Pnoc(§) = %616(?) )
- (5.15)
qnoo(f) = Z [aljazj(n +1)+ ckak} (%) , n=201,2,....

b
Il

1

The local matrix © (§) is complex conjugate to the matrix @j (€). The
real matrices ©;(§), ©3({) are local solutions of the system of equations
(3.22). Suppose that the elements of these matrices converge on some part
of the interval a;—1 < § < a;, on which the matrices ©7(£) and ©;_1(¢) are
connected by the following matrix identity ([26]-[31]):

05(§) =Tj-10;-1(§), j=m,m—1,....2, (5.16)
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from which the matrices T;_; are defined uniquely. Assume also that the
domains of convergence of the matrices ©7 () and ©;_1(£) do not intersect.
In this case, we construct at the point { = a} = (a;—1 + a;)/2 the matrix
0;(&) which converges in the interval a;_; < & < a;. It is seen that one can
always pass from the matrix ©7 () to the matrix © ;1 (§) with the following
sequence:
05(8) = Ta,;05(8), 0;(&) = Tj_1(6)0;-1()- (5.17)

It follows from the above-said that ©,,(¢) can be analytically continued
along the whole axis &.

To define the functions w((€) and z/(€) in the interval (—oo,+00), we
consider the matrices ([26]-[31])

XE() =T65,(8), €>am; 056 =0,,(0), am <& <+o0. (518)

From (5.18) we have T = T.
We continue the matrix (5.18) along the real axis £ and use the notation

X&) =x(&), vf =9,

We obtain
X(g) = Tﬁm@;(ﬁ% am-1 < 5 < A,
X(g) = Tﬁmeq@mfl(é), Am—1 < 5 < Qm, (519)

X(&) =TOmT-10m-105,_1(§) - - T10107(§), & <a,
X&) =T Tm-19m—1-T11T-Ox(§), —00 < < o0,

where
6:71(5) - Tm—lgm—l(g)u Am—1 < 5 < Qs

re1(&) = Tm—20m—2(§), am—2 <& < am-1,
03(§) =T101(§), a1 <& < ay,
O1(§) =T 0O (§), —00 <& < ay,

Om (&) = TmOx(§), am < & < +o0.

(5.20) allows one to determine the matrices T1,T%, ..., Tm—1,T—co, Too-
Substituting the matrices (5.19) into the boundary conditions (3.6) and then
multiplying successively every matrix equality from the left by [© O],
j=m,m—1,...,1, we obtain the system of matrix equations ([26]-[31])

TOm = gm-1TY,,, §= am,
T'&me—l'&m—l = gm—2Tngm—15m—17 t=am-1,

(5.20)

(5.21)

T Tm—19m—1--T101 = TUTp—19m—1---T101, &= ay.

The number of matrix equations is m. Every matrix equation gives two real
equations. Consequently, we obtain the system consisting of 2m equations
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with respect to the parameters p, q, 7, s, aj, ¢;, j = 1,...,m. From the
system (5.20) we define the elements of the matrices T}, j = 1,...,m — 1,
and substitute them in (5.21).

According to Riemann’s theorem, we can choose arbitrarily three of the
parameters £ = a;, j = 1,...,m, and fix them. Thus we obtain the system
of equations (3.11), (4.23, (4.25).

Suppose that one of the vertices of the circular polygon has a cut with
the angle 27 at the cut end. If to that point on the contour £(c) there
corresponds a regular nonangular point, then instead of two equations we
have only one, (4.12). Under such an assumption we will have a system of
2(m+1) equations with respect to 2m+1 parameters (a;, j =1,...,m—3,
¢,j=1,...,3,p, ¢, 1, 5).

From the system (3.19), (4.23), (4.24), (4.12) we can define four accessory
parameters and then substitute them in the remaining equations.

For the sake of simplicity, we assume that on the plane of complex velocity
there is a circular pentagon whose one vertex has a cut with the angle 27
at the cut end. In this case, the homogeneous problem (3.6) is reduced to
a system of three higher transcendent equations. It is assumed that such a
system of equations has a solution.

If we denote v1(£) and v (), where

v1(§) = pua(§) + qua(§), (5.22)
v2(§) = rua(§) + sua(§) (5.23)

are the components of the vector ® ), or what comes to the same thing,
the components of the first row of the matrix x(£), then by the formula

_u(§)
w(§) = () (5.24)

we obtain the general solution (3.14). The components w’(z) and z'(§) of
the vector ®’(£) are defined by the equalities

dwo (&) = v1(§)x, (§)dE, —o0 < € < +o0, (5.25)
do(§) = va(§)x, (§)dE, —oo < & < o0, (5.26)
where v1 (&) x, (£), v2(€)x, (§) satisty the boundary conditions (3.1) and those

at the singular points € = e;, j = 1,...,n, { = co. The integration of (5.25)
and (5.26) in the intervals (—oo < §), (€;,€), j =1,...,n, provides us with

v
v

13

wol€) = / 01 (€)X, (€) de + w(~o0), (5.27)
L

o(6) = / 02(€)x, (€) dE + o(—00), (5.28)

— 00
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3

w(E) = / o1(€)x, () dE + w(ej+), (5.29)
6]5

o(6) = / 02(€)x, (€) dE + (5, +0). (5.30)

€j

Considering (5.29) and (5.30) for £ = e;j11, we obtain a system of equations
with respect to the removable singular points { = e;4; and another unknown
parameters. The equations (5.29) and (5.30) allow one to determine the
parametric equation of the depression curve.

6. ONE ESSENTIAL REMARK

Consider one simplest integral Fredholm equation of the second kind
([331-39])
b

u(z) — )\/k(m,t)u(t) it = f(z), (6.1)

a

where the unknown function wu(z) depends on the real variable x which
changes in the same interval [a, b] as the integration variable ¢; this require-
ment refers to all classes of integral equations we deal with in the present
work. The interval may be finite or infinite. The functions k(x,t) and f(x)
are assumed to be known and defined almost everywhere respectively in the
square @ < x < b, a <t < b and in the interval [a,b]. The function k(x,t)
is called the kernel of the integral equation. It is assumed that the kernel
k(z,t) of Fredholm’s equation satisfies the inequality

b b

//|k:(z,t)|2 dx dt < oo, (6.2)

a

while the free term of Fredholm’s equation satisfies the inequality

b
/|f(:c)|2 do < 0. (6.3)

It is necessary to consider Fredholm’s equations of more general type.

Let Q= be a measurable set in the space of any number of variables, x
and t be points of that set, and u be a nonnegative measure defined in ).
The equation

u(z) — A / Kz, yu(t) du(t) = f(z) (6.4)

Q
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is likewise called the Fredholm equation whose kernel k(z,t) and free term
f(z) satisfy respectively the inequalities

[ [ b0 duto) dute / F@)I? dp(z) (6.5)

Q Q

The kernel k(x,t) satisfying (6.5) is called the Fredholm one.

The unknown function u(x) is quadratically summable in (a,b), and
hence belongs to the functional space La(a,b). A solution of the equation
(6.4) belongs to the space La(u, ) of functions which are quadratically
summable with respect to p. The inequalities (6.3) and (6.5) imply that
the free term of the equation belongs to the same space. The parameter A
may take both real and complex values.

Denote the volume element by dz, and the integral (6.5) by BZ:

// |k(x,t)|* dodt = B}. (6.6)

Q Q

As is known, Fredholm’s equation has either finite, or countable set of char-
acteristic numbers; if there is a countable set of numbers, then they tend to
infinity. But there are kernels which have no characteristic numbers at all,
for example, Volterra kernels. A complete characteristic of such kernels is
given in the following Lalesko’s theorem. Let k(z,t) be a Fredholm kernel
and k,,(x,t) be its iteration. For the kernel k(z,t) to have no characteristic
numbers, it is necessary and sufficient that

An:/kn(x,x)dx:Q n=3,4,5,.... (6.7)
Q

Note that the numbers A,, are called the traces of the kernel k(x,t). Lalesko
has proved his theorem for bounded kernels, and a general proof has been
given by S. N. Krachkovskii ([33]-[39]).

The determinant and Fredholm’s minors are represented as a quotient of
two entire functions of A. Note that the poles of the resolvent, the charac-
teristic numbers of the kernel k(z,t), do not depend on z and ¢. Thus the
resolvent should be of the form

D(z,t; \)

[z, t;\) = Wu

(6.8)

where D(z,t;A) and D(\) are entire functions of A. If we succeed in con-
structing these functions, then we will be able to find the resolvent, and
a solution of the integral equation will be constructed by the well-known
formula. For the numerator and the denominator of the fraction in (6.8) we
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give representations in the form of the so-called Fredholm series

D(z,t; \) = i (_nl!)" B (z,t)A",

—1)n
n!

S
=

i
[~]e

Cp A",

where the formulas

Co=1, Bo(z,t)=k(z,t), C,= /Bn,l(a:,:zr) dx, n >0,
Q

(6.10)
By = Cok(z,t) — n/k(:v, B (7, 8) dr
Q
allow one to calculate recursively the coefficients By, (z,t) and C,,.
Below, we will need the well-known formula ([33]-[39])
D'(\) - _
=—) A\ 6.11
o = A, (6.11)
n=1
where
Anz/kn(x,x)dx, n=123,..., (6.12)
Q

are the traces of the kernel k(z,¢) mentioned above.

If the kernel is not continuous having second order discontinuities, then
the integrals (6.12) defining the coefficients ¢, ¢, cs, ... from the formulas
(6.10), make no sense. For example, when the kernel k(z,t) contains as a
multiplier Green’s function G[P, Q)] of the Dirichlet problem for harmonic
functions which is symmetric with respect to P and @, equals to zero on
the boundary C and is analytic at all points P of the domain D except the
points P = @ where it has logarithmic singularity, the kernel k(z,t) will
have logarithmic singularity as well. Then the integral [ k(x,z)dz defining

Q
the coefficient ¢; makes no sense. This difficulty can be disregarded by
putting, for example, the density ¢; = 0.
The iterated kernel ka(s,t) has the form

b
kQ(S,t) :/k(&tl)k(tl,t) dtl. (613)

a

The integral ka(s,t) has sense for any s and ¢ from [a, b] since in the unfa-
vorable case, when s and ¢ coincide, we have the following estimate of the
integrand:

|k(s, t1k(t1, s)| < g1 > 0. (6.14)

_
s —taf=



The Exact Solution of Spatial Azisymmetric Problems 123

It is proved that the function ko(s,t) is continuous in the square a < x < b,
a < t; <b. The functions

b
kn(S,t) = /k(S,tl)knfl(tl,t) dtl, n = 1,273, ey (615)
Mn—l
k(s tikn 1(t1,1)] < —"=L 2,1 >0, 6.16
|k (s, t1kn—1(t1 )|<|s—t1|51 En_1 > (6.16)
are estimated analogously. The integral k,(s,t), n =1,2,3..., makes sense

for any positions s and ¢ from [a, b], and the estimates of the integrand have
the form (6.16). Thus we have to put

An:/kn(s,s)ds:O, n=1,23,...,n, (6.17)
Q
and then ky(z,z) =0,n=1,2,3,..., ¢, =0,n=1,2,3,...,n. Taking into
account (6.17), we obtain from (6.11) that

D'(\) =0, (6.18)
and from (6.18) we have
D)) =1. (6.19)
Consequently, the kernel of the integral equation (2.43) has no character-
istic numbers. Analogously, one can prove that the considered in our work
[39] kernel of the integral equation (3.35) has no characteristic numbers.
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