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1. PROBLEM SETTING AND INTRODUCTION

In this paper, we prove several theorems on the unique solvability of the
two-point mixed type boundary value problem

ug(a) =cor, k=1,2,...,n, (1.1)
u(t) =cip, k=1,2,...,n, (1.2)

for the linear functional differential system
up (t) = (lgu)(t) + fr(t), t €[a,b], k=1,2,...,n, (1.3)
where —00 < a < b < +o0, T € [a,b], {cor,c1x | kK =1,2,...,n} C R,
the functions fy, k = 1,2,...,n, are locally integrable and have certain

additional properties, and the linear mapping { = (Ix)}?_; : C([a,b],R") —
Liioc((a,b),R™) is assumed to transform the space C([a, b],R™) into a cer-
tain function class wider than Lj([a,b], R™) and narrower than the linear
manifold of all locally integrable functions. More precisely, we assume that
I = (I)y_, is regular in the sense of Definition 2.3.

The setting (1.3) covers, in particular, the differential system with argu-
ment deviations

ug (t) = 0 piks (B (wing (8) + fi(t), t€lab], k=1,2,...,n, (1.4)
i=1j=1

where m > 1, n > 1, wiij : [a,b] — [a,b], 1 =1,2,...,m, k,j=1,2,...,n,
are arbitrary measurable transformations, and the locally integrable func-
tions pik; : [a,b] = R, i =1,2,...,m, k,j = 1,2,...,n, may have singu-
larities at the points a and b. The possibility to choose 7 inside the given
interval corresponds to the mixed type problems (1.3), (1.1), (1.2) possess-
ing solutions with the second derivative of type (2.1).

The notion of a solution of the boundary value problem (1.3), (1.1), (1.2)
is understood in the sense of the following definition.

Definition 1.1. By a solution of the problem (1.3), (1.1), (1.2) with
a<T<b (resp., T =0, T = a), we mean a continuous vector function u =
(ur)p_q : [a,b] — R™ satisfying the conditions (1.1) and (1.2), possessing
almost everywhere on [a, b] the second derivative v’ = (u})}_, belonging
to L1.oc((a, b), R™) (resp., Li.oc((a, b, R™), L110c([a, b),R™)) and such that

max </<s—a>|uz<s>|ds+j(b—snuz(snds) < 4o,

k=1,2,..., n
a T
and satisfying the equalities (1.3) at almost every point ¢ of the interval
[a, b].

Our present study is motivated by recent investigations on second order
equations of the form

u”(t) = p(u(w(t) + f(t), t € a,b].
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We refer, in particular, to [1], [2], [3], [4], [5], [6], [7], [8], [9] for some bibli-
ography.

The proofs of the theorems obtained here are based upon our previous
results on differential inequalities related to the initial value problem for
first order functional differential systems [10], [11], [12].

2. NOTATION AND DEFINITIONS

We need some definitions and notation.

(1) L1([a,b],R™) is the Banach space of functions u = (ug)}_; : [a,b] —
R™ with the Lebesgue integrable components (ug)p_;.

(2) Lijoc((a,b),R™) (resp., Lioc([a, b), R™), L1,10c((a, b],R™)) is the set
of vector functions u : (a,b) — R™ (resp., u : [a,b) — R", u :
(a,b] — R™) such that u|jqicp—c) € Li(la +€,b — €],R™) (resp.,
ulia,p—e] € L1([a,b — €], R™), uljgyep) € Li([a + €,0],R™)) for arbi-
trary € € (0, (b —a)/2) (resp., € € (0,b— a)).

(3) C([a,b],R™) is the Banach space of continuous functions from [a, b]
to R"™.

(4) Given an operator I = (Ix)}_; from C([a,b],R™) to L1,10c((a, b),R™)
(resp., to Lioc([a,b),R™), Lioc((a,b],R™)), the mappings I; :
C([a,b],R") —  Lijec((a,b),R) (resp., to Liec([a,b),R),
L1ioc((a,b],R)), k =1,2,...,n, are called the components of {.

Definition 2.1. By the symbol L;([a,b),R) we denote in the sequel
the set of Lebesgue measurable functions z : [a,b) — R such that z €
L1.0c([a, b),R) and

b
/(b — 9)|z(s)]| ds < 4o0.
By Li((a,b],R) we denote the set of Lebesgue measurable functions z :
(a,b] — R such that x € L1,10c((a,b],R) and
b
/(s —a)|z(s)|ds < +o0.

Finally, the symbol Li((a,b),R) stands for the set of functions z €
Lijoc((a,b),R) such that

ozt b
/(s—a)|x(s)\ds+ /(b—s)|x(s)\ds<+oo.

2
Using Definition 2.1, we introduce the set Ly([a,b),R") as the linear
manifold of all the vector functions © = (z)7_; : [a,b) — R™ such that z;, €
Ly([a,b),R) for all k = 1,2, ...,n. The sets Ly ((a,b], R™) and Ly ((a,b), R™)
are defined by analogy.
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Lemma 2.2. The following assertions are true:
(1) The set Li([a,b),R) (resp., L1((a,b],R), Ly((a,b),R)) is a linear
manifold in Ll;IOC([aa b),R) (TBSP-; LI;IOC((aa b]aR)z Ll;IOC((aa b),R));
(2) Each of the sets L1([a,b),R), L1((a,b],R), and Li((a,b),R) con-

tains non-integrable elements.

Proof. The assertion (1) follows immediately from Definition 2.1. In order
to verify the validity of the assertion (2), it is sufficient to consider, e. g.,
the function

1 for t e [a,%(a—i—b)),

z(t) = t7@ 1 (2.1)
m for tE(i(a'i‘b%b},
which is a non-integrable element of Ly ((a,b), R). O

For the sake of convenience, we introduce the following definition which
is a slightly modified version of Definition 1.1 from [3].

Definition 2.3. We say that a linear mapping ! from C([a,b],R™) to
L1oc([a, ), R) (resp., Lijoc((@,b],R), Liioc((a,b),R)) is regular if there
exist some non-negative functions h;, j = 1,2,...,n, belonging to the set
Li([a,b),R) (resp., Li((a,b],R), L1((a,b),R)) and such that the inequality

|(Lu)(O)] <Y hy(t) max fuj(s)] (2.2)
j=1

s€la,b]

holds for all u = (ug)}_; from C([a,b],R™) and almost every ¢ from [a, b].

A linear mapping | = (lx)}_, from the space C([a,b],R") to
L1oc([a, b),R™) (resp., L1oc((a, ], R™), L1.10c((a, b), R™)) is said to be reg-
ular if each of its components I, £k = 1,2,...,n, possesses the property
indicated.

It is easy to see that the range every regular linear mapping from the
space  C([a,b],R™) to Ll;loc([mb),R”N) (resp., 51;10C((a7b]7R"),
Lijoc((a,b), R™)) is in Ly([a, b),R™) (vesp., L1((a,b],R™), L1((a,b),R™)).

Definition 2.4. Let 7 be an arbitrary point from the interval [a, b]. We
say that a mapping ! from C([a,b],R™) to one of the sets Lioc([a,d),R),
L10c((a,b],R), and L10c((a,b),R) is T-positive if the relation

vraimin (lu) (t)sign (t —7) > 0
t€la,b]
holds for an arbitrary vector function u = (ux)?_; € C([a,b], R™) possessing
the property

i i t) > 0. 2.3
0 min () 2 (2:3)

Similarly, a mapping [ = (lz)}_; from the space C([a,b],R™) to
Liioc([a, ), R™), Lijoc((a,b],R™), or Li.oc((a,b),R™)) is said to be 7-po-
sitive if each of its components I, k = 1,2, ..., n, has this property.
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An a-positive operator is simply called positive, whereas a b-positive
operator is referred to as negative.

3. GENERAL STATEMENTS

The following theorem on solvability of the boundary value problem (1.3),
(1.1), (1.2) is true.

Theorem 3.1. Assume that a < 7 < b and lg, k = 1,2,...,n, in the
system (1.3) admit the decomposition in the form

=10 -1, (3.1)

where l,j and l, k=1,2,...,n, are certain T-positive reqular linear map-

pings from C([a,b],R™) to Liioc((a,b),R). Furthermore, let there exist a
constant € € (0,1) and a vector function y = (yx)¥_; : [a,b] — R™ with ab-

solutely continuous components yi, k =1,2,...,n, satisfying the conditions
y(a) =0, k=1,2,...,n, (3.2)
ye(t) >0, k=1,2,...,n, t€ (a,b], (3.3)

and such that the functional differential inequalities
t

0= [ [0+ G de (.9

T

are true for all k =1,2,...,n and almost every t € [a,b).
Then the problem (1.3), (1.1), (1.2) has a unique solution for arbitrary

{COk,clk|k:1,27...,n} C R and {fk|k:1,27...,n} Czl((mb),R).

It is essential that the positive constant € appearing in the relation (3.4)
should be strictly less than 1 because, as is seen from Example 3.3 below,
the weakened version

o | veai min (yz(t) —/[(lzfy)(f) + (1Y) (©)] dé“) >0

of the condition (3.4) does not guarantee the validity of the assertion of
Theorem 3.1.

Theorem 3.2. Assume that a < 7 < b and the linear mapping | =
(e)izy = C(la,b],R™) — Lijoc((a,b),R™) is regular and T-positive. Let
there exist a constant ¢ € (0,1) and a function y = (yx)}_, : [a,b] — R"
whose components yi, k = 1,2,...,n, are absolutely continuous functions
satisfying the conditions (3.2) and (3.3) and such that the functional differ-

ential inequalities
¢

eyl (t) > / (L) (€) de (3.5)

T

are true for all k =1,2,...,n and almost every t € [a, b].
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Then the problem (1.3), (1.1), (1.2) has a unique solution for arbitrary
{cowscin | k=1,2,....,n} CR and {fi | k =1,2,...,n} C Li((a,b),R).
Moreover, the unique solution u = (ug)j_, of this problem possesses the
property (2.3) provided that cok, cik, and fi, k = 1,2,...,n, satisfy the
relations

t ¢
/(/fk(s)ds) dé > —cop, — c1x(t —a), t€la,b], k=1,2,...,n. (3.6)

Similarly to Theorem 3.1, it should be noted that the condition (3.5) of
Theorem 3.2 cannot be replaced by the weaker condition
t
min  vrai min (y;(t) - /(lky)(g) d£> >0 (3.7)

k=1,2,....n  t€[a,b]
-

because the assertion of the latter theorem is therewith lost.

Example 3.3. Consider the homogeneous problem

u(a) =0, (3.8)

(1) =0 3.9
for the equation

u’(t) = —éx_;g)z u(t), t € a,b], (3.10)

where 7 € (a,b] and the function x_ : [a,b] — {0,1} is defined by the

formula
1 if t€la,71),
t) =
X (1) {o if ¢ e [r,b].
Let us define the linear mapping {1 : C([a,b],R — Li10c((a,d),R) by
putting
2x. ()
(llu)(t) = —m ’U,(T)7 te [a7b]7 (311)
for any u from C([a,b],R). Then the equation (3.10) takes the form (1.3)
for n = 1. It is easy to see that the operator (3.11) is regular and 7-positive
in the sense of Definitions 2.3 and 2.4.
One can verify that the function defined by the formula
u(t) = (2 =27t + 27a — a®) X, (t) — (1 — a)’(L = X, (t)), t € [a,b],

is a non-trivial solution of the problem (3.8), (3.9), (3.10). However, for
y1 = w and the operator I; given by the formula (3.11), the condition (3.7)
is satisfied in the form of an equality.

In the case where 7 = b and, hence, the condition (1.2) has the form
u(b) =cik, k=1,2,...,n, (3.12)

the following statements are true.
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Theorem 3.4. Assume that I, k= 1,2,...,n, admit the decomposition
(3.1), where l;r andl, , k=1,2,...,n, are negative regular linear mappings
from C([a, b],R™) to L1,10c((a, b],R). Furthermore, let there exist a constant
e € (0,1) and a vector function y = (yx)¥_; : [a,b] — R™ with absolutely
continuous components yi, k = 1,2,...,n, satisfying the conditions (3.2),
(3.3) and such that the functional differential inequalities

b
)2 [ 1O + (O] de (3.13
t
are true for all k =1,2,...,n and almost every t € [a,b).

Then the problem (1.3), (1.1), (3.12) has a unique solution for arbitrary
{cokscin | k=1,2,...,n} CR and {fx | k=1,2,...,n} C Li((a,b],R).

The non-negativity of the solution of the problem (1.3), (1.1), (3.12) is
guaranteed by

Theorem 3.5. Assume that in the system (1.3) the linear mapping
I = (lp)i_; : C([a,b],R™) — Li.oc((a,b],R™) is regular and negative. Let
there exist a constant € € (0,1) and a function y = (yx)}_, : [a,b] — R"
whose components yi, k = 1,2,...,n, are absolutely continuous functions
satisfying the conditions (3.2) and (3.3) and such that the functional differ-
ential inequalities

ey (t) > / () (€)] de (3.14)

are true for all k =1,2,...,n and almost every t € [a, b].

Then the problem (1.3), (1.1), (3.12) has a unique solution for arbitrary
{cOk,clk | k= 172,...,n} C R and {fk | k = 172,...7n} C Zl((a7b]7R).
Moreover, the unique solution u = (ug)}¥_, of this problem possesses the
property (2.3) provided that cog, c1k, and fr, k = 1,2,...,n, satisfy the
relations

t b
cok—l—clk(t—a)z/(/fk(s)ds>d§, te€la,b], k=1,2,...,n.
a 3

Finally, in the case where 7 = a, the condition (1.2) has the form
up(a) =cik, k=1,2,...,n, (3.15)
and the following statements are true.

Theorem 3.6. Assume that I, k= 1,2,...,n, admit the decomposition
(3.1) where l,": and l;;, k= 1,2,...,n, are positive regular linear mappings
from C([a,b],R™) to L1,10c([a,]),R). Furthermore, let there exist a constant
e € (0,1) and a vector function y = (yx)p_, : [a,b] — R™ with absolutely
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continuous components yr, k = 1,2,...,n, satisfying the conditions (3.2),
(3.3) and such that the functional differential inequalities

t

eyl (t) > / [ 9)(©) + U5 y)(©)] de (3.16)

a

are true for all k =1,2,...,n and almost every t € [a, b)].

Then the Cauchy problem (1.3), (1.1), (3.15) has a unique solution for
arbitrary {cok,clk | k= 1,2,...,71} C R and {fk | k£ = 1,2,...,71} C
Ll([aa b)7R)

The non-negativity of the solution of the Cauchy problem (1.3), (1.1),
(3.15) is guaranteed by

Theorem 3.7. Assume that in the system (1.3) the linear mapping
I = (k) : C([a,b],R™) — Ly0c([a,b),R™) is regular and positive. Let
there exist a constant € € (0,1) and a function y = (yx)p_, ® [a,b] — R
whose components yx, k = 1,2,...,n, are absolutely continuous functions
satisfying the conditions (3.2) and (3.3) and such that the functional differ-
ential inequalities
¢

SO / (L) (€) de (3.17)

are true for all k =1,2,...,n and almost every t € [a, b].

Then the Cauchy problem (1.3), (1.1), (3.15) has a unique solution for
arbitrary {cog,cix | K = 1,2,...,n} C Rand {fx | k = 1,2,...,n} C
Ly ([a,b),R). Moreover, the unique solution u = (uy)?_, of this problem
possesses the property (2.3) provided that cog, cix, and fr, k =1,2,... n,
satisfy the relations

t

/(t—s)fk(s)dsz —cor — c1x(t —a), t€la,b], k=1,2,...,n.

a

The proofs of the results presented in Sections 3 and 4 are postponed till
Section 5.2.

4. THEOREMS FOR DIFFERENTIAL EQUATIONS WITH DEVIATIONS

The theorems given above allow one to obtain conditions sufficient for
the unique solvability of the mixed two-point boundary value problem (1.1),
(1.2) for the system of differential equations with argument deviations (1.4).

Theorem 4.1. Let
{pirj |i=1,2,...,m; k,j=1,2,...,n} C Lioc((a,b],R)
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satisfy the condition

n

3 / € — a)|py (€)] de < +oo (4.1)
i=1k=1j=1"
and, moreover, there exist some {al, ag,. .., an} C (0,4+00) and

{71,725} € (0,400) such that
b
p 303 i) ) @1 dE < e (42)

te(a) (= @) == )
forallk=1,2,....n

Then the boundary value problem (1.4), (1.1), (3.12) is uniquely solvable
for arbitrary {cok,c1r | k = 1,2,...,n} CR and {fx | k =1,2,...,n} C
L1.0c((a, b],R) possessing the property

M:

b
/ €~ a)lf5(6)] d€ < +ox. (4.3)

j=1

Theorem 4.1 implies

Corollary 4.2. Assume that {pix; |i=1,2,...,m, k,j=1,2,....,n} C
L1aoc((a, ], R) and for certain {v1,72,...,7n} C (0,400) the measurable
functions wix; : [a,b] — [a,b], ¢ =1,2,...,m, k,j =1,2,...,n, satisfy the
condition

—ZZ%/% a)|pir; (§) d§ < 1. (4.4)

2, JL’}/kZ 1 =1

Assume moreover that the relation

t —
vrai max ————— < +o00, (4.5)
te[a,b\I' wig; () —a

where
U U U wigj (@ (4.6)

is true for alli=1,2,...,m andk,j = 1,27...7

Then the boundary value problem (1.4), (1.1), (3.12) is uniquely solvable
for arbitrary {cox,c1x | k = 1,2,...,n} CR and {fi | k = 1,2,...,n} C
Liioc((a,b],R) possessing property (4.3).

Let us also formulate similar statements for the Cauchy problem (1.4),

(1.1), (3.15).
Theorem 4.3. Let
{pirj |i=1,2,...,m; k,j=1,2,...,n} C Liaoc([a, ), R)
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satisfy the condition

)5S / (b~ )lpuss (€)]dE < +o0 (47)
i=1k=1j=17
and, moreover, there exist some {al, Qg, ..., an} C (0,400) and

{71,727 e ,”Yn} C (0,+00) such that

s T LSSy / i (€) — ) |pias (€)] dE < e, (48)
a, =1 j=1 a
forallk=1,2,....n

Then the Cauchy problem (1.4), (1.1), (3.15) is uniquely solvable for
arbitrary {cog,c1r | k = 1,2,...,n} C Rand {fx | k = 1,2,...,n} C
L1.oc([a, b),R) possessing the property

b

/ (b—&)1£;(6)] de < +oo. (4.9)

j=1y

M=

Theorem 4.3 implies the following corollary.

Corollary 4.4. Assume that {pikj [i=1,2,...,mk,j=1,2,.. .,n} C
L1.oc([a, ), R) and for certain {71,72, .. ,Wn} C (0,400) the measurable

functions wik; : [a,b] — [a,b], i = 1,2,...,m, k,j =1,2,...,n, satisfy the
condition (4.4). Assume moreover that the relation
: b—t
vrai max ———— < 400, (4.10)

te[a,b\I' wig; () —a
where T is the subset of [a,b] defined by the formula (4.6), is true for all
i=1,2,....mandk,j=1,2,....n
Then the Cauchy problem (1.4), (1.1), (3.15) is uniquely solvable for
arbitrary {cog,cir | K = 1,2,...,n} C Rand {fx | k = 1,2,...,n} C
Liioc([a, b),R) possessing the property (4.9).

Note that similar results for regular Cauchy problems have been obtained
n [13]. The statements given above are, in fact, particular cases of the
Theorem 4.5.

Theorem 4.5. Let us assume that
{pirj |i=1,2,...,m, k,j=1,2,...,n} C Lioc((a,b),R)
satisfies

m n 7 b

Zizmw{/ E—a)lpiri (&)| dE, /(b—§)|Pikj(§)|d§} < 400 (4.11)

=1 k=1 j=1 T
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and there exist {aq, s, ..., a,} C (0,400) and {v1,72,--.,¥n} C (0,400)
such that the inequality

m n 4
s1gn (t—1) s
Z ZFYJ / |p’ij wlk] 5) - a) I d€ < ypag (4 12)

— ak
tG( ] t a =1 j:l

is satisfied for every k=1,2,...,n
Then the boundary value problem (1.4), (1.1), (1.2) is uniquely solvable
for arbitrary {cok,c1r | k = 1,2,...,n} CR and {fx | k =1,2,...,n} C
L1.0c((a, b),R) possessing the property
b

imaX{/T(S —alf@lde 6= 9l de ) < .

T

If, moreover, the inequality
pikj (t)sign (t —7) >0 (4.13)

is satisfied for allt =1,2,...,m, k,j=1,2,...,n, and a. e. t € [a,b], then
the condition (3.6) ensures the non-negativity of the solution of the problem
indicated.

5. LEMMAS AND PROOFS

This section is devoted to the substantiation of the results stated above.

5.1. Auxiliary statements. The proofs of the theorems stated in the pre-
ceding sections are based upon several auxiliary propositions.

5.1.1. General properties. Here we establish properties of certain mappings
associated with the boundary value problems under consideration.

Lemma 5.1. Leta < 7 < b (resp.,, T = a, 7 = b) and | = (Ix)}_,
be a regular linear mapping from C([a,b],R™) to L10c((a,b),R™) (resp.,
L1oc([a, 0),R™), L11oc((a,b], R™)). For an arbitrary continuous vector func-
tion u : [a,b] — R™, we put

¢

(L pu)(t) := /(lku)(f) dé, tefab), k=1,2,...,n, (5.1)

T

and

o~

(T (1)

(Lyu)(t) := (ZT’Q(ZU)“) . t€la,bl. (5.2)

o~

(Bymr) (1)

Then the formula (5.2) determines a bounded linear operator lAT from
C(la,b],R™) to L1([a,b],R™).
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Proof. We assume that a < 7 < b; the other two cases are considered in a
similar way:.

Let (ux)y_, be an arbitrary element of C([a,b], R™) not equal identically
to zero. We can assume, without loss of generality, that

=1. 5.3
ppax | max | (t)] (5.3)
Let us put
Ji1(u /’/ (lpu)(€ dﬁ‘dt (5.4)
and

Jra (u /’/ lew) (€ dg‘dt (5.5)

for any k =1,2,...,n. It follows immediately from (5.4) that

T (u /</| G |d§> dt. (5.6)

By assumption, each of the operators I, & = 1,2,...,n, is regular. Ac-
cording to Definition 2.3, this means the existence of a set {hy; | k,j =

1,2,...,n} C Zl((a, b),R) such that the inequality
[(lrw)(t)] < thj max |uJ( )| (5.7)

is true for any k =1,2,...,n and almost all ¢ from [a, b]. Due to (5.3) and
(5.7), the estimate (5.6) implies that

Jaw <Y / ( / B (€ d&)dt—i ]<s—a>hkj<g>ds (5.8)

for all k =1,2,...,n. Similarly, the relations (5.3), (5.5), and (5.7) yield

Jm(u)s/b(/tulku)(&)ldg) dtsi/b(/hkj<§)d§) i =
b
(

b— &)hi; (§) dé. (5.9)

[
=

<
Il

‘17—
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Combining (5.8) with (5.9) and taking (5.4) and (5.5) into account, we

conclude that for any k = 1,2,...,n the estimate
b
/ ‘ /t(lku)(f) dg‘ dt = Jg1(u) + Jka2(u) < Ck (5.10)
is true, where C
T b
Cr = Z} ([e-oms@dc+ [o-om©a) G
1= a T

for k =1,2,...,n. Since all the functions hx;, k,j = 1,2,...,n, belong to
L1((a,b),R), it follows that each of the values (5.11) is finite. Recalling that
the estimate (5.10) holds for an arbitrary continuous function v = (ug)j_; :
[a,b] — R™ with the property (5.3), we conclude that each of the linear
mappings

C(la, b, R™) 3 u = (ug)p—y — '/(ziu)(g) d&', i=1,2,...,n,

is a bounded operator from C([a,b],R™) to Li([a,b],R) and, hence, accord-

ing to the formulae (5.1) and (5.2), I, : C([a,b],R™) — Li([a,b],R™) is a
bounded linear operator. O

Lemma 5.2. Let [ be a T-positive reqular linear mapping from the space
C([a, b]7 Rn) tO Ll;lOC((a7 b)u Rn)7 Ll;/l\oc([a7 b)u Rn); or Ll;loc((aa b]; Rn)
Then the corresponding operator I, : C([a,b],R™) — Li([a,b],R™) is pos-
itive.
Proof. Let v = (ug)p_, € C([a,b],R™) be an arbitrary function having the
property (2.3) and let z = lyu. According to Definition 2.4, the relation
(leu)(§) sign(§ —7) = 0
holds for any k = 1,2,...,n and almost all £ from [a, b]. Therefore,

max {7,t}

(ku)(&) sign(§ — 7) d§ = 0
min {7,t}
for almost every ¢ from [a, b]. Since sign(§ —7) = sign(¢t — 7) for any ¢ lying
between 7 and t, we have thus shown that, for any function u = (ux)p_; €
C([a, b], R™) satisfying the condition (2.3), the relation
¢
Jtwiede=0

is true. According to the notation (5.2) and Definition 2.4, this means the
a-positivity of the operator I, : C([a, b],R™) — L1([a, b], R™). O
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5.1.2. The mapping Sr . Given arbitrary 7 € [a,b] and 0 € {—1,1}, we
put

(S7,0)(t) := max {ox(t)sign (t — 7),0} sign (t — 7) (5.12)
for any x : [a,b] — R and ¢ from [a, b].
Lemma 5.3. (1) The equalities
(Sr12)(t) — (Sr,12)(t) = (1) (5.13)
and

(Sra2)(t) + (S7,—12)(t) = [z(t)

are true for any x : [a,b] — R and t € [a,b] \ {7}.
(2) The inequality

sign (t — 7) (5.14)

(Srox)(t)sign(t—7) >0
is satisfied for any  : [a,b] = R, 0 € {—1,1} and t € [a,b].
Proof. It follows from the equality (5.12) that

)z () for t e (r,0],
(Sra2)(t) = {_x_(t) for t ¢ [a.7), (5.15)

and

x_(t)  for te (7,0,

—x4(t) for t€la,T) (5.16)

(Sr,—12)(t) = {
where, by definition, 2 (t) := 3 (|z(t)| + =(t)) and z_(t) := %(|x( )| — (b))
for all  : [a,b] — R and t € [a,b]. Taking (5.15) and (5.16) into account,
we arrive immediately at the assertions desired. O

5.1.3. Linear inner superposition operators. Let us fix some point 7 € [a, b]

and, for all u = (u)}_; € C([a,b],R™), put

(Lpu)(t ZZ Pik; (1) wj(wir; (1)), t€la,b], k=1,2,...,n, (5.17)
where m > 1, n > 1, wi; : [a,0] — [a,0], i = 1,2,...,m, k,j=1,2,...,n
are arbitrary measurable transformations, and {pikj l[i=1,2,...,m, k,j=

1,27 .. .771} C Ll;loc((a7b)aR)'

Lemma 5.4. If the inequality (4.13) is satisfied for all i =1,2,...,m,
k,j=1,2,...,n, and a. e. t € [a,b], then the mappings Iy : C([a,b], R™) —
L1goc((a,0),R), k = 1,2,...,n, given by the formula (5.17) are T-positive
in the sense of Definition 2.4.

The assertion of Lemma 5.4 is obvious.
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Lemma 5.5. Each of the mappings Iy, : C([a,b],R™) — L1.0c((a,b),R)
defined by the formula (5.17) admits the decomposition in the form (3.1)

where the mappings l,": and I, k=1,2,...,n, given by the formulae
Gru)(®) =D > (Sraping)(t) wj(wins (1)), ¢ € [a,b], (5.18)
=1 j=1

NERD
NERD

(i u)(t) = (Sr,—1pir ) (1) wj(wir; (1)), ¢ € [a, 0], (5.19)

I
-

=1y

are T-positive linear operators from C([a,b],R™) to L1.10c((a,b),R).

Recall that the linear mappings S; » : L1.10c((a, b), R) — L1.0c((a, b),R),
where o € {—1,1}, are introduced by the formula (5.12).

Proof of Lemma 5.5. The equality (3.1) for the mappings (5.18), (5.19), and
(5.17) follows from the relation (5.13) of Lemma 5.3, assertion (1). The 7-
positivity of the mappings (5.18) and (5.19), in view of Definition 2.4, is a
consequence of the assertion (2) of the lemma indicated. O

Lemma 5.6. If the inclusion
{pirj |i=1,2,...,m; k,j=1,2,...,n} C Li((a,b),R) (5.20)

holds, then each of the operators ly, I, I, : C([a,b],R™) — L,100((a,b),R),
k=1,2,...,n, given by the formulae (5.17), (5.18), and (5.19) is regular.

Proof. Let u = (ug)i_; € C([a,b],R™) be arbitrary. In view of (5.18), the
estimate

m n

@] = | 32D (Srapins) (0 s wins ()| <

i=1 j=1

( 3 P 1) ma fus(€)]

n

J

Il
-

is true for a. e. t € [a,b] and all kK =1,2,...,n. Therefore, for every single
k=1,2,...,n, the relation (2.2) holds with I replaced by I; and

)= lpas @), telab], G=1.2...n. (5.21)

By virtue of the assumption (5.20) and the assertion (1) of Lemma 2.2, each
of the functions (5.21) belongs to the set L1 ((a,b), R) and thus, due to the
arbitrariness of u, it remains to refer to Definition 2.3.

The regularity of [, : C([a, b],R™)—L1;10c((a, b),R), k=1,2,...,n, is pro-
ved analogously and that of the mappings I : C([a, b],R™)—L1,10c((a, b),R),
k =1,2,...,n, is a consequence of their decomposition (3.1) ensured by
Lemma 5.5. (]
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Similar statements are true with Liic((a,b),R) replaced by
Liioc((a,b],R) and Ly.0c([a, b), R); we do not formulate them explicitly.

5.2. Proofs. In this section, the proofs of the results of Sections 3 and 4
are given.

5.2.1. Proof of Theorems 3.2, 3.5 and 3.7. To establish the assertion of
Theorem 3.2, we need a result of [10]. Theorem 5.7 below is a slightly
modified version of Theorem 2 from [10, p. 1857].

Theorem 5.7. Let hy : C([a,b],R") — L1([a,b],R), k =1,2,...,n, be
positive operators, and let there exist a function y = (yx)p_, : [a,b] — R
all the components of which are absolutely continuous, satisfy the conditions
(3.2) and (3.3), and, moreover, are such that the inequality

i i min (v, () — 0 (hyy)(£)) >0 5.22
kz{{gf{wnvggl[a{%]ln(yk() o (hiy)(t)) > (5.22)

is true with a certain o € (1,+00).
Then the initial value problem

ug(a) =ck, k=1,2,...,n, (5.23)
for the system
uy,(t) = (hxu)(t) + qi(t), t€lab], k=1,2,...,n, (5.24)

is uniquely solvable for arbitrary {qx | k = 1,2,...,n} C L1([a,b],R) and
real ¢, k =1,2,...,n. If, moreover, the constants ¢ and the functions qx,
k=1,2,...,n, have the property

t

min /qk(ﬁ) dé¢ > —c, k=1,2,...,n, (5.25)
t€la,b]
then each of the components ui,us,...,u, of the unique solution of the

problem (5.24), (5.23) is non-negative on [a, b].

Let us now turn to the proof of Theorem 3.2. Given the operators Iy,
k=1,2,...,n, we put

hk = Z’Jﬁ k: 1,27...7”7,, (5‘26)

where l:)k, k=1,2,...,n, are the mappings defined according to the for-
mula (5.1). In view of Lemma 5.1, the regularity of the linear mappings
Ik : C(la, b, R™) = L1ioc((a,b),R), k =1,2,...,n, guarantees that the cor-
responding mapping 1, is a bounded linear operator from C([a,b],R") to
L1([a,b],R™). By assumption, the mapping [ is 7-positive in the sense of
Definition 2.4 and, therefore, Lemma 5.2 ensures the positivity of the cor-
responding operator 1,. Furthermore, taking (5.1) and (5.26) into account,

we conclude that the condition (3.5) implies (5.22) with ¢ = 1. Finally,

if the collection of functions {fy | k¥ = 1,2,...,n} C Li((a,b),R) and the
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constants cog, c1k, k = 1,2,...,n, possess the property (3.6), then the cor-
responding functions

t
qr(t) ::/fk(s)ds—i—clk, t€la,b], k=1,2,...,n,

and the constants ¢y := coi, £ = 1,2,...,n, satisfy the condition (5.25)
for all ¢ from [a,b] and k = 1,2,...,n. Applying Theorem 5.7 to the prob-
lem (5.24), (5.23) with the above definitions of hy, qr, and ¢, k = 1,2,...,n,
we arrive at the conclusion desired.

Theorems 3.5 and 3.7 are proved analogously.

5.2.2. Proof of Theorems 3.1, 3.4 and 3.6. In order to prove Theorems 3.1,
3.4 and 3.6 we need the following assertion (see Theorem 3.1 in [14]).

Theorem 5.8. Let the operators hy : C([a,b],R") — Li([a,b],R), k =
1,2,...,n, and a function y = (yx)}_, : [a,b] — R™ fulfil the assumptions
of Theorem 5.7. Let, moreover, h} : C([a,b],R™) — Li([a,b],R), k =
1,2,...,n, be linear bounded operators such that

(hyv)(t) signog(t) < (hx[v])(?) (5.27)
fora. e. t €la,b] and all v = (vi)}_; € C([a,b],R™), where |v| = (Jug|)7_;-

Then the initial value problem

ug(a) =c, k=1,2,...,n, (5.28)

for the system
uy,(t) = (hju)(t) + qi(t), t€lab], k=1,2,...,n, (5.29)
is uniquely solvable for arbitrary {q} | k = 1,2,...,n} C L1([a,b],R) and

real ¢, k=1,2,...,n.

Proof. According to the Fredholm property of the problem (5.29), (5.23)
(see, e. g., [15]), it is sufficient to show that the homogeneous problem

uy(t) = (hju)(t), wur(a) =0, t€a,b], k=1,2,...,n,

has only the trivial solution. Indeed, let u = (u);_, be a solution of the
problem indicated. Then, using (5.27), we get

u(t)]" = (hiu)(t) signu(t) < (helu])(t) (5.30)

for a. e. t € [a,b], where |u| = (Jux|)}¥_,. Therefore, |u| is a solution of the
problem (5.24), (5.23) with ¢; = 0 and

i (t) = ur(®)]" = (hilul)(1)

for a. e. t € [a,b] and all k = 1,2,...,n. By virtue of (5.30), Theorem 5.7
ensures that |ug(t)] <0 for allt € [a,0], k=1,2,...,n, and thus ug = 0 for
k=1,2,...,n. O
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Now we are in a position to prove Theorem 3.1. Given the operators l,':
and I, k=1,2,...,n, we put

hi=10— 15, k=1,2,...n, (5.31)
where lAjk (resp., Z\;k), k=1,2,... n, are the mappings defined according

to the formula (5.1) with [ replaced by [} (resp., [}, ). In view of Lemma 5.1,
the regularity of the linear mappings Ii : C([a,b],R™) — Li0c((a,b), R),
k=1,2,...,n, guarantee that the corresponding mappings h;, are bounded
linear operators from C([a,b],R™) to L1([a,b],R). By assumption, the op-
erators [T and [~ are 7-positive and, therefore, Lemma 5.2 ensures the
positivity of the operators lAj and ZA; Consequently, the condition (5.27) is
satisfied, where

hy =15, +15,, k=1,2,....n. 5.32
k .k k> ) 4y ’

It is clear that hy : C([a,b],R™) — Li([a,b],R), k =1,2,...,n, are positive
operators. Moreover, taking (5.1) and (5.32) into account, we conclude that
the condition (3.4) implies (5.22) with o = % Applying Lemma 5.8 to the
problem (5.29), (5.28) with the above definitions of hj, the functions g¢;,
k=1,2,...,n, given by the formula

qr(t) ::/fk(s)ds+clk, t € [a,b],

and ¢f = cox, k =1,2,...,n, we arrive at the conclusion desired.
Theorems 3.4 and 3.6 can be proved analogously.

5.2.3. Proof of Theorem 4.1. Let us define the function y = (yx)p_,
[a,b] — R™ by setting

ye(t) ==t —a)*, t€la,b], k=1,2,...,n. (5.33)

Clearly, the functions (5.33) satisfy the conditions (3.2), (3.3) and are ab-
solutely continuous.

According to the assumption (4.2), there exists a constant £ € (0, 1) such
that

m n b
323 [ Ipass)l @ing(s) = @) ds <emante -t (530
i=1j=1

for allt € (a,b] and k =1,2,...,n.

It is clear that the system (1.4) can be represented in the form (1.3) with
lg, k =1,2,...,n, given by the equalities (5.17). By virtue of Lemma 5.5,
each of the operators mentioned admit the decomposition (3.1), where [}
and I, k=1,2,...,n, are the negative linear mappings defined according



134 A. Ronté and A. Samoilenko

to formulae (5.18) and (5.19) with 7 = b. The formulae (5.18), (5.19),
(5.33), and the equahty (5. 14) of Lemma 5.3 imply that, in this case,

() ®) + L y) )] = =@y () = () =
Z Z Sb,1piks ) (1) yj (winj (¢ Z Z Sb,—1Pik ) (1) Y5 (wik; () =
i=1 j=1 i=1 j=1
= Z Z |pik (t)] yj (win; (¢)) = Z Z ik (t)] 7 (win; (t) — @)™
i=1 j—1 i=1 j=1

forall k =1,2,...,n and a. e. t € [a,b]. Therefore, we find

eyt / IGs Iy y)(s)] ds =

= eypap(t —a)™ 7t = Z’V] / [Pik; ()| Wik (s) — @)™ ds

zl]lt

for all k =1,2,...,n and t € [a,b]. Taking the last equality into account,
we conclude that the condition (5.34) ensures the fulfilment of the condition
(3.4) assumed in Theorem 3.4.

The condition (4.11), in view of Definition 2.1, guarantees that the in-
clusion (5.20) holds for the functions pix;, ¢ = 1,2,...,m, k,j=1,2,....n
Consequently, by Lemma 5.6, the operators (5.18) and (5.19) are regular.
Rewriting the system (1.4) in the form (1.3) and applying Theorem 3.4, we
arrive at the desired assertion on the unique solvability of the problem (1.4),
(1.1), (3.12).

5.2.4. Proof of Corollary 4.2. In view of (4.4), the condition (4.2) holds
with 1 = ag = -+ = a;, = 1. Furthermore, due to (4.5), the assumption
(4.4) ensures that the relation (4.1) is also satisfied. Applying Theorem 4.1,
we obtain the required statement.

5.2.5. Proof of Theorem 4.3. The validity of the theorem follows from The-
orem 3.6. The proof is analogous to the proof of Theorem 4.1, with the
difference that 7 = a has to be taken therein.

5.2.6. Proof of Corollary 4.4. By virtue of (4.4), the condition (4.8) holds
with @1 = ag = -+ = @, = 1. Furthermore, in view of (4.10), the as-
sumption (4.4) guarantees the validity of the relation (4.7). Applying The-
orem 4.3, we obtain the required statement.

5.2.7. Proof of Theorem 4.5. If 7 = a (resp., 7 = b), then the validity of the
first assertion of the theorem follows immediately from Theorem 4.1 (resp.,
Theorem 4.3).

Assume that a < 7 < b. Then the first assertion of the theorem can be
derived from Theorem 3.1 analogously to the proof of Theorem 4.1.
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Let now 7 € [a,b]. If the assumption (4.13) holds, then, according to

Lemma 5.4, each of the operators I, £k = 1,2,...,n, given by the equali-
ties (5.17) is 7-positive. Therefore, the validity of the last assertion of the
theorem follows from Theorems 3.2, 3.5, and 3.7.
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