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Abstract. In this article stability and asymptotic properties of a real
two-dimensional system ' (t) = A(t)z(t)+ > B,(t)x(t—r;)+h(t, z(t), z(t—
j=1

r1),...,x(t—ry)) are studied, where 1 > 0,...,r, > 0 are constant delays,
A,By,...,B, are matrix functions and h is a vector function. A general-
ization of results on stability of a two-dimensional differential system with
one constant delay is obtained by using the methods of complexification
and Lyapunov—Krasovskii functional and some new types of corollaries are
presented. The case lig(i)rgfﬂa(tﬂ — [b(¢)]) > 0 is studied.

2000 Mathematics Subject Classification. 34K20.
Key words and phrases. Stability, asymptotic behaviour, two-dimen-
sional system with delay.

Sy BBSIR Bhegermes Glmporr o Ehebegok
() = A(t)z(t)+ 21 B;(t)z(t—r;)+h(t, x(t), x(t—71),...,x(t—7p))

j=
ha‘ﬁ;ﬁ J‘uﬂrﬂﬂﬁm’h&;ﬂﬁﬁhl&Wr rn;il:ﬂ'r‘r?r‘r?rn: 1'|-'l-|:q-'l-|:3 T > 0, e,y >
0 am&r;fr - I:h'lE'jl-;r?llh'h A Bl, .. B a-ﬁ;‘.ﬁlﬂmr ﬂﬁ]:ﬂ&m 1‘&:".“1:'1
h ;Er'ﬁ-ﬂﬂj:m Anﬂhhd}:?bdﬂ:ur}ﬂw m:hh%ud—ﬁ%}wdhﬁtﬂi o
Eij l."£-'ﬁl:r1'l aurr.r'ﬁr?urh H&&u&ﬁtﬂnm &ﬂr’m:ﬂ J!ﬂr: :h'lE;r?H:rh g;ﬂﬂ'
e et el e he iy e By St B g erateoges Do
hr?n:rh Mﬂﬁﬂm ﬁaﬁ'ﬂd" EE':J;{HEﬂ:m u&'ﬂaﬂ;ﬁnh -'rll'h'm:r &Jﬂh gm



Asymptotic Properties of Solutions 99

1. INTRODUCTION

The subject of our study is the real two-dimensional system
7' (t) = A(t)x(t)—i—z B,(#)x(t—r;)+h(t, z(t),z(t—r1),...,z{t—ry)), (0)
j=1

where A(t) = (ai(t)), B;(t) = (bjix(t)) (i,k = 1,2) for j € {1,...,n} are
real square matrices and

h(tv'rvylv" ayn) = (h’l(tv‘rvylv" 'ayn)vh’Q(tvxvylv" ayn))

is a real vector function. We suppose that the functions a;; are locally
absolutely continuous on [tg,00), bj;, are locally Lebesgue integrable on
[to, 00) and the function h satisfies the Carathéodory conditions on

[to,00) x {[z1,22] € R?: 2 + 23 < R*} x
X {[yll,ylg] €R2Z yf1+yf2 < Rz} X ... X
X {[ynluyn2] € R2: y7211 +y7212 < R2}7

where 0 < R < 00 is a real constant.

The investigation of the problem is based on the combination of the
method of complexification and the method of Lyapunov—Krasovskii func-
tional, which is to a great extent effective for two-dimensional systems. This
combination was successfully used in papers [2] and [3] and leads to inter-
esting results.

The following notation will be used throughout the article:

R the set of all real numbers;

R the set of all positive real numbers;

C the set of all complex numbers;

N the set of all positive integers;

Re z the real part of z;

Im 2z the imaginary part of z;

Z the complex conjugate of z;

AC\oc(I,M) the class of all locally absolutely continuous functions I — M;

Lioe(I, M) the class of all locally Lebesgue integrable functions I — M;

K (I x 2, M) the class of all functions I x Q@ — M satisfying the Cara-
théodory conditions on I x €.

Introducing the complex variables z = x1 + ix2, w1 = y11 + Y12, -- -,
Wy, = Yn1 + iYn2, we can rewrite the system (0) as an equivalent equation
with complex-valued coefficients:

2(t) = a(t)z(t) + b(t)Z(t) + Z [A;()2(t — ;) + B;(£)Z(t — ;)] + "
+ g(t, 2(t),z(t—1r1)y ..., 2(t — rn)),

where the functions a, b, A;, B; and g arise in similar way as in [2] and [3].
Conversely, the equation (1) can be written in the real form (0) as well.
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2. RESULTS

We study the equation

(1) = a(t)z(t) + bE)E(L) + Y _[A;(1)z(t —r;) + Bi(D)Z(t — )]+

=1 (1)
+g(t,z(t),z(t=r1),...,2(t —rn)),
where r; are positive constants for j =1,...,n, A;, Bj € Lioc(J,C), a, b €

ACc(J,C), g € K(J x Q,C), where J = [tg,00), @ = {(z,w1,...,w,) €
C: |z| <R, lwj| <R, j=1,...,n}, R> 0. Denote r = max{r;: j=
1,...,n}.
In this article we consider the case
tim inf (Ja(t)] — [b(t)]) > 0 @)

and study the behavior of solutions of (1) under this assumption.
Obviously, the inequality (2) is equivalent to the existence of T' > to +r
and p > 0 such that

la(t)| > [b(t)| + p for ¢ >T —r. 2)

Denote

(1) = la®)] + VIa@)F = pOF,  et) =
Since y(t) > |a(t)| and |c(t)| = |b(t)|, the inequality

V() > [e(t)] + p (4)

is true for all t > T'—r. It is easy to verify that 7, ¢ € ACioc ([T — 1, 0), C).
In the text we will often consider the following three conditions:
(i) The numbers T > ¢y + r and p > 0 are such that (2) holds.
(ii) There are functions ko, K1, ..., Kn, A: [T, 00) — R such that

[v(t)g(t, z, w1, ... wn) + c(t)g(E, 2w, . .. w,)| <

< Ro(OV(1)=() + (@2 + D w5 (0)[1(E = rj)ws + et = )| + AD)
j=1

for t > T, |z2| < R and |wj| < R for j = 1,...,n, where ko, A €
Lo ([T, 00), R).
(iii) The function 3 € ACioc([T, 0), R4 ) satisfies
B(t) > $(t) ac. on [T,00), 5)
where ¢ is defined for every ¢t > T by

P(t) = Dax {Kaj(t) + (1450 + 1B;(1)]) At _77?3 i_ Izgﬂ_ )| } (6)
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Clearly, if A;, B;, k; are absolutely continuous on [T, 00) for j =1,...
and ¥(t) > 0 on [T, 00), we may choose 3(t) = (t).
For the rest of the paper we denote

alt) =1+ ’% sgnRea(t),

() = Re(y(0)y' () —2(t)c' (1) + v (#)c'(t) — 7' ()e(t)]
V2(t) = [e()? ’

0(t) = alt) Rea(t) + 9(t) + rolt) + ni(o),

A(t) = max (6(0), g ((f)) ). (7)

From the assumption (i) we get

) < [BeOy = el + Ivd =o'e] _ (] + D +lel)
N 7% = e N 7% = e
A S P T
=—— < —(Il+I),
vl T om ( )

so the functions ¥, 6 and A are locally Lebesgue integrable on [T, 00).

Notice that the condition (ii) implies that the functions «;(t) are non-
negative on [T, 00) for j = 0,...,n, and due to this, ¢/(¢) > 0 on [T, o).
Moreover, if A(t) = 0 in (ii), then the equation (1) has the trivial solution
z(t) = 0.

Before we get to the main results, we prove

Lemma 1. Let ay, ag, by, ba € C and |az| > |ba|. Then

o a1z + bﬁ < Re(ala_g - blg) + |a1b2 - a2b1|
asz +boz — laz|? — |b2|?

for z € C, z#0.

Proof. Firstly we will prove that w = a2z +b27 is a bijective transformation
of C onto itself. Indeed, since W = baz+a3z, from Gow—bow = |az|?z— |ba|?2
we obtain

@w — bzw
7= ——"—
|az|? — [ba|?
Substituting this into Re 22H01Z  we have
2z+boz
alz —|— blf a1(@w—|b;2’l_1‘12)1-1‘);2(|%25—b2w)
Re _— = Re =
asz + boz w
. 1 o w(ala_g - blg) + W(agbl — albg)
|az|* — |ba[? w
! (Re(ars — brB2) + Re [(asd b)w})<
= — elaiay — 0102 € |(a201 — a102) — >
|az|* — [b2 w

< Re(a1a@3 — bibs) + |asby — aybs|
- |az|? — |ba? '
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Theorem 1. Let the conditions (i), (i) and (iil) hold and A(t) =0
a) If

limsup/A ds < 00, (8)
t—o0
then the trivial solution of (1) is stable on [T, 00);
b) if
¢
tlim A(s)ds = —o0, 9)

then the trivial solution of (1) is asymptotically stable on [T, 00).

Proof. Choose arbitrary ¢t; > T. Let z(t) be any solution of (1) satisfying
the condition z(t) = zo(t) for ¢ € [t; — r,t1], where zo(t) is a continuous
complex-valued initial function defined on ¢t € [t; — 7,t1]. Consider the
function

n t
VO =U®+s0Y [ U (10)
j:]"t*’rj
where
= [y(t)2(t) + c(t)z(t)]-
To simplify the followmg computamon, denote w;(t) = z(t—r;) and write
the functions of the variable ¢ without brackets, for example, z instead of

z(t).
From (10) we get

U Z / s)ds +nflyz + ¢z —

Jlt T

=B |t = rj)w; + et — 7)) (11)
j=1
for almost all ¢ > ¢; for which z(t) is deﬁned and U’(t) exists.

Denote IC = {t > ti: 2(t) exists, U(t) # 0} and M = {t > t;: 2(t)
exists, U(t) = 0}. It is clear that the derivative U’(t) exists for almost all
te kK, so let us focus on the set M.

In view of (4) we have z(t) = 0 for t € M and for almost all t € M we
compute

U -Uw _ . UG

Ui()_Tllgl:I: T—1 stk T — o
o O 0 - et~z _
T—tE T—1

= £[y(1)2 (1) + c(®)Z' ()] = £y (t)g™ (1) + c()g* (1),
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where
n

g"(8) = 3 (A5 (Ows (1) + By (0)T5(1) + g(£0,01(1), . wn(1)).
j=1

Hence U has one-sided derivatives almost everywhere in M. According to
[4], chapter IX, Theorem 1.1, or [1], the set of all ¢ such that U’ (t) # U’ (t)
can be at most countable, so the derivative U’ exists for almost all t € M,
and for these ¢, U'(t) = 0.

In particular, the derivative U’ exists for almost all ¢ > ¢; for which z(¢)
is defined. Thus (11) holds for almost all ¢ > ¢; for which z(t) is defined.

Now return to the set K. Since

b
az+bz = ﬁ (vz+¢z)+ o (vz 4+ ¢z),

the equation (1) can be written in the form

a _ b, _ _
2 (vz+céz)+ —(yz+2e2) +

" 2d] 2y
—I—Z(Ajwj + Bjw;) + g(t, 2, w1, . .., wy). (12)
j=1

Short computation leads to
Ya ch b ca Rea
N
¢ 2|al + 2 ¢4 3 + 2|al a
In view of this and (12) we have
UU' =U(\/(vz+cz) (72 + Ez))/ =

=Re[(vz+e2)(Yz+ 72 +Z+ )] =

a _ b
m(72+02)+ > (7Z+e2)+

= Re{(wf—&—ﬁz) |:’7/Z+C/7+ 7( 5
Y

R
< |72—|—c§|2(Rea+ |b] | ea|)+

lal

+Re {(72 +¢2) [7'2 +Z+ W(Z(Ajwj + B;jw;) + g) +

+c(§@w—j+3—jwj)+g)]} 7

for almost all t € K.
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If we recall the definition of a(t), then
UU’ < U*aRea+

—|—Re{(*y§—|—52) [WZ(Ajwj—l—ijj) Z (A;w;+ Bjw, }}—!—
j=1 j=1

+Re [(vZ2+7¢2)(vg + )] + Re [(vZ + E2) (72 + ¢'Z)] <
<U%aRea+U(y+ |CD(Z |Ajw; + ij—j|)+
j=1
/ /=
4 Ulyg + gl + U?Re L2112
Yz + ¢z

Applying Lemma 1 to the last term, we obtain
/ /=
Re 1217 oy
Yz +cz
Using this inequality together with (6) and the assumption (ii), we get

UU' <U*(aRea+ 19 + ko) + UZ(mj‘w(t —rj)w; + c(t —r;)w;|)+

Jj=1

Uly+e|) (Z |A; ||wj|+||l(3t!?|)| (y(t—rj)—|c(t—7"j)|)) <

< U2(aRea—|—19+no)

+0{ Sl + 01+ 1850 s )

j=1

X |y (t = rj)w; + et — ’“j)w_j\} <

<U*(@Rea+ 9+ ko) + Uy > _ |yt — rj)w; + c(t — ;)]

j=1
for almost all t € IC.
Consequently,
U' <U(aRea+9 +nro) +9 Y [3(t = rj)w; +c(t —rj)wg]  (13)
j=1

for almost all ¢t € K.

Recalling that U’(t) = 0 for almost all ¢t € M, we can see that the
inequality (13) is valid for almost all ¢ > ¢; for which z(¢) is defined.

From (11) and (13) we have

V' <U(aRea+ 9+ ko +nfB) + (¢ —5)2 |v(t = rj)w; + c(t — rj)w;|+
j=1
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—i—ﬁZ/ )+ c(s ‘ds

J=1 " T
As §(t) fulfills the condition (5), we obtain

n

Vi) U000+ Y. [ D)) + c)z(s) ds.

1
J t—’l‘j

Hence
V() - AV (t) <0 (14)

for almost all ¢ > ¢; for which the solution z(t) exists.
Notice that, with respect to (4),

V(t) = (v(t) = [e@®)DIz(®)] = pl=(1)] (15)

for all ¢ > ¢; for which z(¢) is defined.
Suppose that the condition (8) holds, and choose an arbitrary 0 < ¢ < R.
Put

A= max (4(s)+|e(s)), L= sup / Als
T

SE[t1—r,t1] T<t<oo

and

ty
n 71
§=peA™t (1+5t1 Zr exp{/A(s)ds—L},
j=1 T

where p is the number from the condition (i).
If the initial function zo(t) of the solution z(t) satisfies [max | |z0(s)] <
s€lti—mr,t1
¢
§, then the multiplication of (14) by exp { — [ A(s)ds} and the integration
ty

over [t1,t] yield

V(t) exp{ - /A(s) ds} —V(t) <0 (16)

t1

for all ¢ > ¢; for which z(t) is defined. From (15) and (16) we obtain

pleA0)] < V0) < Vi exp { / As)ds < [(afen) + ettt +

+B(t) _max [5(s <Z / )ds)}exp{ j A(s)ds}

J= 1t1 T t1

IN
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t

< [A se[?llé)f,tl] |zo(s)| + B(t1) se[rtrllﬁitl] |zo(s)|AjZ1 rj} exp { /A(s) ds},
- b

ie.,

plz@)] <A max |zo(s) (1 + B(t1) Zr exp{ /A } < pe.
j=1

Se[tl—’l‘,tl]

Thus we have |z(t)| < € for all ¢ > t; and we conclude that the trivial
solution of the equation (1) is stable.
Now suppose that the condition (9) is valid. Then, in view of the first
part of Theorem 1, for R > 0 there is a p > 0 such that E[rtmaxt | |z0(s)| < p
s 1—T,t1

implies that the solution z(t) of (1) exists for all ¢ > ¢; and satisfies |z(t)| <
R, where R is from the definition of the set 2. Hence,

2Ol < ™'V (t) < ulV(tl)eXp{/tA(S) dS}

for all ¢ > ¢;. This inequality along with the condition (9) gives
lim z(t) =0,

t—o0

which completes the proof. O

Remark 1. Since

Re(yy' —ec) + v —+'e| _ (WI+IDr+lel) _ Y+
72— ef? 72— ef? R

it follows from (4) that we can replace the function 9 in (7) by %(|fy’| +|c1).

9= <

Corollary 1. Let the assumptions (i), (i) and (iii) be fulfilled and A(t) =
0. If for some K € Ry and Ty > T the function B(t) satisfies B(T1) = K,
B(t) < K for allt > T, and
t

lim [[0"(s)]+ds < o0,

t—o0
where 0*(t) = 0(t) — nB(t) + nK and [0*(t)]+ = max{0*(t),0}, then the
trivial solution of (1) is stable.

Proof. Put
* _ ﬁ(t) on [T7 Tl];
p (t)_{K for t > T3.
Then *(t) € AC)oc ([T, 0),Ry) and it is easy to see that §*(t) > ¥(t)
a. e. on [T, 00).

Now (*)'(t) = 0 on [T}, 00), and also (7(%2 =0 on [T1,00). Clearly

A*(t) = max{6"(t),0} = [0"(t)]+
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on [T}, 0), and then

t t t
lim sup/A*(s) ds = lim sup/[@*(s)]+ ds = tlirn /[9*(5)]+ ds < oo.

t—o0 t—o0

The assertion now follows from Theorem 1. O

Corollary 2. Assume that the conditions (i), (i) and (iii) are valid with
A(t) =0. If B(t) is monotone and bounded on [T, 00) and if
t

lim [ [0(s)]+ds < oo,

t—o0
where [0(t)]+ = max{6(¢),0}, then the trivial solution of (1) is stable.
Proof. Suppose firstly that § is non-increasing on [T, 00). Then ' < 0 a.e.
on [T, 0). Since B(t) > 0 on [T, x0), it follows that % <0 a.e. on [T,00).
Hence

A(t) = max{@(t), 6/(t)} < max{6(t),0} = [0(t)]+,

B(t)
and then
¢ ¢ ¢
lim sup/A(s) ds < lim sup/[6‘(s)]Jr ds = tlim [0(s)]+ ds < oc.
t—o00 t—o00 —00

Now assume that 3 is non-decreasing on [T, 00). Then 3’ > 0 a.e. on
[T, 00) and it follows that % >0 a.e. on [T,0). Hence
_ A'(t) A'(t)
M) = max{0(). e} < {1004 g | < PO +

7
B(t)

and then
t t

t
1imsup/A(s) ds < limsup/[t?(s)]Jr ds —|—limsup/

t—o0 t—o0 t—o0

0,
B * =

< lim [[0(s)]4+ ds + limsup(In(3(t))) — In(B(T)) < oo

t—o0 t—00
since S is bounded on [T, 00).
The statement follows from Theorem 1. O

Corollary 3. Let a(t) = a € C, b(t) =b € C, |a|] > |b|. Suppose that
00,01y -y P [T,00) — R are such that

lg(t, 2 w1, wn)| < po(B)]z] + D pj(t)]w;] (17)
j=1
fort > T, |z| <R, |lwj| <R forj=1,....,n and py € Lioc([T,0),R). Let
B € ACioc ([T, 00),Ry) satisfy

502 ([0 ma(,0) + 14,01 + B, 0)]) e on (7,00)
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If
—1b b\ 2 /
li?ls(;gp max(|a||a|| | Rea+<:3:j:b:) po(s)+np(s), g((j))) ds<oo, (18)

then the trivial solution of the equation (1) is stable. If

¢
: |a] 0| lal+1B]\ 2 LAY
tlg& max( al Rea+(|a|_|b|> po(8)+np(s), 6(S)>d5——oo, (19)

then the trivial solution of (1) is asymptotically stable.

Proof. Denote again z = z(t) and w; = z(t — r;). Since a, b € C are
constants, then also v and ¢ are constants and we have 9(¢) = 0. Using the
condition (17), we get

"yg(t,z,wl,...,wn) —|—c§(t,z,w1,...,wn)‘ <

< (v lel) (o ()12l + Y pi(Hlusl) =

j=1

v+l -
- (v =lel) (po(t)121 + D ps (B)lws]) <
v = e =
< 22 ez + 2+ 3 ps(Olu; + e
P poll)|7z + cz pPi\t)|YWw; + CWj| |,

j=1
and it follows that the condition (ii) holds with

_y+ld 7+l

Ko(t) P po(t), *;(t) = o |C|Pj(t)
and A(t) = 0.
The condition (18) implies that Rea < 0. Since
et U e lal PlsmRea ol -
la| la| lal
and

YAl _ Jal+ Vlal? — [0 £+ 18] _ (lal + Ibl)%
vl lal+/lal* = b2 — [o|  Mal = b/

in view of (7) we obtain

|a] + [b]

la| — 0]

O(t) = aRea + 341 :Z:po(t) () <

Rea—|—(

(t) = mascasy (8) = () mas{p () + 14, (0)] + 1B, ()]}

J

al—1b al + [b]\ %
< =t 2 )+ ),

and the assertion follows from Theorem 1. O
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In the following corollary, we denote

al — |b])? Rea
Hl(t)_\/%W—l—p()ﬁ—nmax{pJ t) + 45| + |B;l},

N pi(t)
Hy(t) = \/ ol + ol max{p; (1) + 14,1 + 13,1}

where, for every t, the index 4 in Hjy is such that p;(t) + |A;| + |Bi| =
max{os(t) + |45 + B ).

Corollary 4. Leta(t) =a € C, b(t) =be C, |a| > |b] and A;(t) = A, €
C, B;j(t) = B; € C for all j € {1,...,n}. Let there exist po,p1,-..,pn :
[T,00) — R, po locally Lebesgue integrable and p1,...,pn locally abso-
lutely continuous, such that (17) holds for t > T, |z| < R, |w;| < R,
je{l,...,n}. Suppose maX{pJ + |A;] + |Bj|} >0 on [T,00). If

1imsup/max(H1(s),H2(s)) ds < o0,

t—o0
then the trivial solution of the equation (1) is stable; if
¢

lim [ max(Hi(s), Hz(s)) ds = —oo,

t—oo
then the trivial solution of (1) is asymptotically stable.

Proof. Since

(Ial + 18y 2
|a| — o]
is locally absolutely continuous on [T, 00), we can choose

B6) = (1) sl + 4,1+ 18,1}

) max{pJ )+ [A;] + 1B}

in Corollary 3. Then

B (t) Pi(t)
B6)  max{p;(t) + 1451+ 1B}

and

(8 vt~ (42 rmmtorsmn)

Substitution into (18) and (19) and m ltlphcatlon by

()

gives the result. (Il
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Theorem 2. Let the assumptions (i), (ii) and (iii) hold and
V(t) = [v()2(t) + c(t)z(t)| +5(t)z / [7(s)2(s) + c(s)2(s)| ds,  (20)

where z(t) is any solution of (1) defined on [t1,00), where t; > T. Then

plz(t)] < V(s)exp </tA(T) dT> / ) exp (/tA )dT (21)

fort>s>t.
Proof. Following the proof of Theorem 1, we have
V() < |y(t)z(t) 4 c(t)Z(t)]0(t)+

n

I / I(3)2(s) + e()5(5)| ds + A(t) < ABV () + A(®)

jzlt*’l"]‘
a.e. on [t1,00). Using this inequality, we get

V'(t) — A(t)V () < A(t) (22)
a.e. on [t1,00). Multiplying (22) by exp ( — ftA(T) dr), we obtain

S

e (- [ )] <o (- [

a.e. on [t1,00). Integration over [s,t] yields

exp( /A m)- V(s) < / exp( /A do) o (23)

t
and multiplying (23) by exp([ A(7) dr) we obtain

S

v < Vi ([ aorar) + [ o ( [ amae) ar

S S T

The statement now follows from (15). O

From Theorem 2 we obtain several consequences.

Corollary 5. Let the conditions (i), (ii) and (iil) be fulfilled and

[ oo (= [ atwyae) ar <

S
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If 2(t) is any solution of (1) defined for t — oo, then

0= 0[ e [a0r)].

S

Proof. From the assumptions and (23) we have

Ve (- [ At ar)-vio) < [ atryom (- [ A ae)ar =1 <

S S S

Then

Ul < V(1) < (K + V(s)) exp ( / A(T) dT),

0= 0f o ([ a0r)] 5

Corollary 6. Let the assumptions (i), (ii) and (iii) hold and let

SO

limsup A(t) < oo and A(t) = O(e™), (24)

t—oo
where n > limsup A(t). If z(¢t) is any solution of (1) defined for t — oo,
then z(t) = Otz%o;t)
Proof. In view of (24), there are L > 0, n* < n and s > T such that
n* > A(t) for t > s and A(t)e™ " < L for t > s. From (21) we get
t
plz(t)] < V(s)e =)+ / e e ) dr <

S

" em=n")t _ o(n—n")s
n—=n
e’ = O(e™). (25)

<V(s)e" =) 4 Len

L
n—n
The proof is complete. O

< V(s) e (t=s)

Remark 2. If A(t) = 0, we can take L = 0 in the proof of Corollary 6, and
taking the inequalities (25) into account, we obtain the following statement:
there is an n* < 19 < n such that z(t) = o(e™") holds for the solution z(t)
defined for t — oo.
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Consider now a special case of the equation (1) with g(t, z, w1, ..., wy)
h(t):

n

2'(t) = a(t)z(t) +b(t)z(t) + Z(Aj(t)z(t—rj) +B; (t)E(t—rj)) +h(t), (26)

j=1
where h(t) € Lioc([to, ), C).
Corollary 7. Let the assumption (i) be satisfied and suppose

limsup(y(6) + |e(t)]) < oc. (27)

Let 3 € ACioe(|T, 00), Ry be such that

V() +le(?)]
Yt =rj)=le(t —rj)]

g(t)ijax{(|Aj(t)|+|Bj(t)|) } a.e. on [T,00). (28)

If h is bounded,

limsup[a(t) Rea(t) + 9(t) + nﬁ(t)} <0 (29)
t—o0
and _
: g'(t)
h?isoljp Gt <0, (30)

then any solution of the equation (26) is bounded.
If h(t) = O(e™) for any n > 0,
. ~ —_—i0
limsup[a(t) Rea(t) + 9(t) + nB3(t)] <0 and limsup 50 <0,
t—o00 t—o00 t

then any solution of (26) satisfies z(t) = o(e™) for any n > 0.

Proof. Choose R = o0, ko(t) = 0, fj(t) =0for j € {1,...,n}, \t) =
|h(t)|?1>1¥(’y(t) + |e(t)]) and B(t) = B(¢). Then g(t, z,w1,...,w,) = h(t)

satisfies the condition (i) and ((t) satisfies (iii). The assumptions (29) and
(30) give the estimate

limsup A(t) < 0.

t—oo
Hence the first statement of Corollary 7 follows from Corollary 6.
The second statement follows from Corollary 6 as well, since

limsup A(t) <0

t—o0

and z(t) = o(e™) for any n > 0 if and only if z(t) = O(e") for any n > 0. O

Remark 3. If h(t) = 0 in Corollary 7, then, with respect to Corollary 6
and Remark 2, we obtain the following assertion.
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Suppose that the assumptions (i) and (27) hold and for 3 from Corollary
7 the inequality (28) is valid. If (29) and (30) are satisfied, then there is
no < 0 such that z(t) = o(e™?) for any solution z(t) of

2 (t) = a(t)z(t) + b(t)z(t) + Z(Aj(t)z(t —7r;) + Bj({t)z(t —r;))

j=1
defined for ¢t — oo.

Theorem 3. Let the assumptions (i), (ii) and (iii) be satisfied. Let
A(t) <0 a.e. on [T*,00), where T* € [T, 00). If
¢
tlim A(s)ds = —oo and A(t) = o(A(2)), (31)

then any solution z(t) of the equation (1) defined for t — oo satisfies
lim z(t) = 0.

t—o0

Proof. Choose an arbitrary ¢ > 0. According to (31), there is s > T* such
that A\(t) < &5 |A(t)| for t > s and

%/[—A(T)] exp (/tA(U) dO’) dr =
= %j(%[exp(/A(U)dJﬂ)dT:_ [eXp<T/tA(U)dJ>I:

for t > s. From (31) we have exp([ A(7)dr) — 0 as ¢ — oo, hence there

s
t

is S > s such that exp (f A(7) dT) < % for t > S. Considering this fact
and (21), we get

LE pe

wWis) T2 e

for t > S. This completes the proof. O

plz(B)] < V(s)
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Corollary 8. Let the assumptions (i) and (27) hold and B €
ACioc ([T, 00),Ry) satisfy (28). If the conditions (29) and (30) are fulfilled
and h € Lioc([to, 00), C) satisfies tlim h(t) =0, then

tlim z(t)=0
for any solution z(t) of the equation (26).

Proof. Choose R = o0, ko(t) = 0, k;(t) = 0 for j € {1,...,n}, A(t) =
[h(t)| sup((t) + |c(t)]) and B(t) = B(t) in the same way as in the proof of
t>T

Corollary 7. This yields 8(t) = a(t) Rea(t) + 9(t) + nB(t).
From (29) and (30) we have hmsupA() < 0, ie, for L < 0, L >
limsup A(t) there is s > T such that A( ) < L for all t > s. In particular,

t—oo

A(t) # 0 for t > s, hence
h(t t) + |c(t
. Mo [R(0) sup ((2) + [e(t)]) ;
A(t) — t=o A(t) ’
which gives A(t) = o(A(t)).
Since A(t) < L for all t > s, we get
¢ ¢

lim [ A(7)dr < lim [ Ldr = —o0.

t—o0 t—o0

S S

Thus (31) holds and we can apply Theorem 3 to the equation (26). O
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