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ON A NONLOCAL BOUNDARY VALUE
PROBLEM FOR FIRST ORDER LINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS



Abstract. Efficient sufficient conditions are established for the unique
solvability of the problem
u'(t) = £(u)(t) + q(t), ula)=h(u)+c,

where £ : C([a,b];R) — L([a,b];R) and h : C([a,b];R) — R are linear
bounded operatos, ¢ € L([a,b];R), and ¢ € R.
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1. INTRODUCTION

The following notation is used throughout the paper.
R is the set of all real numbers. R = [0, +00].
If x € R, then

e =5 (el +2), [l = (ol ).

C(Ja, b];R) is the Banach space of continuous functions v : [a,b] — R
with the norm

[v]lc = max {|v(t)| : t € [a,b]}.
(la,b); R4) = {u € C(la,b];R) : u(t) > 0fort € [a,b]}.
([a,b];R) is the Banach space of Lebesgue integrable functions
p:a, ] — R with the norm

b
Ipls = | lo(s)lds.

L([a,b;Ry) = {p € L([a,b];R) : p(t) > 0 for almost all t € [a,b]}.

Lap is the set of linear bounded operators ¢ : C([a, b]; R) — L([a, b]; R).

P, is the set of operators £ € L, transforming the set C([a, b]; R4 ) into
the set L([a, b]; Ry).

F,p is the set of linear bounded functionals h : C([a, b];R) — R.

PF,; is the set of functionals h € F, transforming the set C([a, b]; Ry)
into the set R,.

Throughout the paper, the equalities and inequalities with integrable
functions are understood almost everywhere.

On the interval [a,b], we consider the problem on the existence and
uniqueness of a solution of the equation

u'(t) = L(u)(t) + q(t) (1)

satisfying the boundary condition

u(a) = h(u) +c. (2)
Here we suppose that £ € L3, ¢ € L([a,b];R), h € Fa, and ¢ € R. More-

over, it is natural to assume that h # 0, where h(v) =4 v(a) — h(v).
By a solution of the equation (1) we understand an absolutely continuous
function w : [a, b] — R satisfying the equation (1) almost everywhere in [a, b].
In [4] (see also [5,9]), the efficient sufficient conditions are given for the
unique solvability of the problem

u'(t) = L(u)(t) +qt), u(a)=Au(b) +c. (3)

def

c
L

It is clear that the problem (3) is a particular case of (1), (2) with h(v) =
Av(b).
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In this paper, the results from [4] are extended for the problem (1), (2)
with

h(v) “ No(b) + ho(v) — hi(v), ho, by € Py,

i.e., for the case where the boundary condition in (3) is perturbed by a
linear continuous functional hg — h; (in general nonlocal).

The paper is organized as follows. In Section 2, we give conditions for
the unique solvability of the problem (1), (2). These results are further
concretized for the problem

b

() = p(Ou(r(e) + alt), [ uls)dos) = (@)

a

where p, ¢ € L([a,b];R), 7 : [a,b] — [a,b] is a measurable function, o :
[a,b] — R is an absolutely continuous function, o(a) > 0,0(b) > 0 and
¢ € R. The assertions formulated in Section 2 are proved in Section 3.

2. MAIN RESULTS

In what follows, we will assume that the functional h admits the repre-
sentation

h(v) = Av(b) + ho(v) — hy(v),

where A > 0 and hg, h1 € PFy.
Before the formulation of the results, we introduce some notation. Put

. 1
a(h) = (1 = ho(1)) min {1, 5}, (5)
. 1
B(h) = (A = ha(1))min {1, |, (6)
and define the functions wy and w; by the formulas

(x4 L ho(1))(1 — ho(1)) 1 1—A
ijzdn—xo - (30 + =)
ifA<1, (1=X+hi(1)z<(1=h(1))(1—he(1))

(:C + hO(l))(l — hO(l)) _ (hl(l) 4+1— )\)

1—h0(1)—l‘
o] ASL (A k()= (- h() (- ho(1)) .
WM’@_'(x+A—1+%ODu—hdU)_hO) (D)
1—ho(1) — Az !

it A > 1, Ay(Daz < (1—h(1))(1 = ho(1))
(@ + 25 + 3ho()) (1 —ho(1)) 1,
1— ho(1) — Az —3

it N> 1, A(Daz > (1 - h(1))(1 = ho(1))
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(y+3mM)A-5m1) /1 A-1
—in@) -y B ()\ ho(l) )
ifA>1, (A—1+h0(1))y2(h(l)—l)(1—;h1(1))
W+ 2+ 3h))A-h(1) 1
A=hi(1) -y A
it A<1, ho(l)y < (R(1) — 1)(A — hi(1))
(y +1-XA+ hl(l))()‘ — hl(l)) —h (1)
A—hi(1) —y 0
if A<1, ho(l)y > (h(1) — 1)(A = ha(1))

wi(h, )

Theorem 2.1. Let £ = £y — {1 with gy, {1 € Py,
h(1) <1
and
ho(1) <1, hi(1) <A
Let, moreover,

€Dl < a(h),

[6(Wll <1+ B(h) + 2y a(h) = [[L(1)]|L

1MWz > wolh, [16(D)])-
Then the problem (1), (2) has a unique solution.

and

73

(13)

The following theorem can be regarded as a supplement of the preceding

one.

Theorem 2.2. Let { = £y — {1 with £y, {1 € P,,. Let, moreover, the

condition (9) hold,
ha(1) <A,
e (DL < B(h),
[€oMlz <1+ a(h) +2v/6(h) = 61|

and

a(h)
€0Vl > -
Bh) = Iz
Then the problem (1), (2) has a unique solution.

1.

Remark 2.1. Let £ = fy — ¢1 with £y, {1 € P,,. Define the operator

¥ : L([a,b];R) — L([a, b]; R) by setting
P(w)(t) = w(a+b—t) for t € [a,b].
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Let ¢ be the restriction of 9 to the space C([a, b];R) and

i(w)(t) = p(elp(w)))(t) for t € [a,b],
atw)  Shilele) (i=0,1)

It is clear that if u is a solution of the problem (1), (2), then the function

v o(u) is a solution of the problem

o (1) = L)) —lo(0)(t), v(a) =y v(b) +hi(v) =ho(v),  (18)
and vice versa, if v is a solution of the problem (18), then the function u def
©(v) is a solution of the problem (1), (2). Furthermore, wy(h, z) = wo(h,x)
and w,(h, ) = w1(h, ), where

() ; o(b) + T (v) = o(w).

Mention also that h(1) > 1 if and only if (1) < 1.

In view of Remark 2.1, Theorems 2.3 and 2.4 below can be obtained from
Theorems 2.1 and 2.2. Note that in these theorems the condition

h(1)>1 (19)
is assumed instead of (9).

Theorem 2.3. Let ¢ = {y— ¥y with Ly, {1 € Py, the inequality (19) hold,
and

ho(1) <1, hi(1l) <A
Let, moreover, the conditions (15) and (16) be fulfilled and
oWz > wi(h, [Ie2(D)]]L),

where w1 is a function defined by (8). Then the problem (1), (2) has a unique
solution.

Theorem 2.4. Let ¢ = {y— ¥y with Ly, {1 € Py, the inequality (19) hold,

and
ho(l) < 1.
Let, moreover, the conditions (11) and (12) be fulfilled and
B(h)
LWl > 7 —
160> S = T

Then the problem (1), (2) has a unique solution.

Now we give several corollaries for the problem (4). Recall that in (4)
p, ¢ € L([a,b];R), 7 : [a,b] — [a,]] is a measurable function and o : [a,b] —
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R is an absolutely continuous function such that o(a) > 0, o(b) > 0. We
first introduce the following notation

m= [lp(s)a(s)- s (20)
ab

mz/@@ﬂ%+®, (21)

ao = (0(a) — po) min { O_(la) , %b) , (22)

51 = (o(0) = py)min { o5 5} (23)

wo(x) = wolh,z), wi(x) =wi(h,x), (24)

where wy and wy are defined by (7) and (8), respectively, with h(1) =
ZT(% + po — p1, ho(l) = po and hq(1) = p.

Corollary 2.1. Let

0< By <ag, ay>0,

b
[ ds < ao, (25)
and '
b b b
wJ/MﬂQ</®@L%<uwma %—/Wﬂ#ﬁ

Then the problem (4) has a unique solution.

Corollary 2.2. Let

0 < Bo < ag,s
b
/ p(s)]_ ds < fo, (26)
and
b b
0 —1</[p(s)]+d8< 1+ a0 +2 ﬁo—/[p(s)]_ds.
Bo — [[p(s)]— ds a a

a

Then the problem (4) has a unique solution.
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Corollary 2.3. Let
Bo=>a =0, By>0,

the condition (26) hold, and

b b

b
o / p(s)] ds) < / p(s))s ds <1+ a0 +2_ | fo— / [p(s)]_ ds

Then the problem (4) has a unique solution.

Corollary 2.4. Let

Bo = o > 0,
the condition (25) hold, and
8 b b
b—0</[p(s)],ds<l+ﬂo+2 ao—/[p(s)]+ds.
a0 = flpls))y ds !

Then the problem (4) has a unique solution.

3. PROOFS

It is well-known from the general theory of boundary value problems for
functional differential equations that the problem (1), (2) has the so-called
Fredholm property, i.e., the problem (1), (2) is uniquely solvable for arbi-
trary g € L([a, b]; R) and ¢ € R if and only if the corresponding homogeneous
problem

u'(t) = L(u)(?), (27)
u(a) = h(u) (28)

has only the trivial solution (see, e.g., [1], [2], [7], [8], [6], [3]). Therefore, to
prove the theorems, it is suficient to show that the homogeneous problem
(27), (28) has only the trivial solution.

First, we prove the following lemma.

Lemma 3.1. Assume that £ = £y — €1 with ly, {1 € P, and
ho(1) <1, hi(1) <A (29)

Let, moreover, either the conditions (11) and (12) or the conditions (15) and
(16) be satisfied. If u is a solution of the homogeneous problem (27),(28),
then there exists 6 € {—1,1} such that

du(t) >0 for t € [a,b].
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Proof. Assume that u is a solution of the problem (27), (28) and there exist
t1, t2 € [a,b] such that u(t1)u(tz) < 0. Put

M =max {u(t): t €[a,b]}, m=—min{u(t): t€ a,b]}, (30)
and choose tps,t,, € [a,b] such that
u(ty) = M, u(tm)=—m. (31)

It is clear that
M >0, m>0. (32)
Without loss of generality, we can suppose that t,, < ty.
The integration of (27) from a to t,,, from t,, to tys, and from tps to b,
in view of (30), (31), and the assumption that £y, ¢1 € Py, yields

tm tim
a)—i—m:/El( ds—/fo s)ds <
<M/£1 ds—&-m/% (33)

M+m= /eo(u)(s) ds—/él(u)(s) ds <

<M/€0 ds+m/€1 S, (34)

b b
< M/fl(l)(s) ds+m/€o(1)(s) ds. (35)

On the other hand, the condition (28), in view of (30) and the assumption
that hg, hy € PFg, yields

u(a) — Au(d) = ho(u) — h1(u) > —mho(1) — Mhq(1).
It follows from (33) and (35) that
tom b

M\ —hi(1)) + m(1l — ho(1)) < M(/él(l)(s) ds + )\/61(1)(8) ds>—|—

2%

(/eo ds+A/eo )
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ie.,
Mp(h) + ma(h) < MBy +mAj, (36)
where a(h) and S(h) are defined by (5) and (6),
A = /50(1)(3) ds, By = /61(1)(5) ds (37)
7 J
and J = [a, t;n] U [tar, b]. Furthermore, (34) results in
M+m < MAs; +mBs, (38)
where
tar tar
Ay = /eou)(s) ds, By— /z1(1)(s) ds. (39)
tm tm

First suppose that the conditions (11) and (12) hold. In that case, we
have ho(1) < 1 (see (11) and (5)). According to (11), it is clear that

Ay <a(h), Az <1
Thus, it follows from (32), (36) and (38) that
By > fp(h), By>1 (40)
and
(a(h) = A1)(1 = As) < (B1 — B(h))(B2 — 1). (41)
Obviously,
(a(h) = A1)(1 — Ag) >

(Bi — B(A)(B2 — 1) < = (B1+ By — 1 - 3(h))”.

By virtue of (11), (37), (39) and (42), the inequality (41) yields

0 < 4(a(h) — [L(D)]L) < (1Dl — 1 - B(R))?,

which, in view of (40), contradicts (12).
Now suppose that the conditions (15) and (16) are satisfied. In that case,
we have hy(1) < A (see (15) and (6)). According to (15), it is clear that

B < ﬁ(h), By < 1.
Thus, it follows from (32), (36) and (38) that
A > a(h)7 Ay > 1, (43)

(h) — (A1 + Ag),

== Q2

and
(B(h) = B1)(1 = B2) < (A1 — a(h))(A2 — 1). (44)
Obviously,
(B(h) — B1)(1 = B2) > B(h) — (B1 + B2),

(Ay —a(h)(As — 1) < = (A + Ay — 1 —a(h))>.

e
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By virtue of (15), (37), (39) and (45), the inequality (44) implies that
0 <4(B(h) = [[ex(WL) < (o)l — 1 = a(h))?,

which, in view of (43), contradicts (16). The contradictions obtained prove

the validity of the lemma. |

Proof of Theorem 2.1. As it has been mentioned above, it is sufficient to
show that the homogeneous problem (27), (28) has only the trivial solution.
Assume the contrary, i.e., the problem (27), (28) has a nontrivial solution
u. According to Lemma 3.1, without loss of generality we can assume that
u(t) >0 for t € [a,b]. (46)
Put

M =max {u(t): t €[a,b}, m=min{u(t): t€ [a,b]}, (47)

and choose tar, ty, € [a,b] such that

u(ty) =M, u(ty)=m. (48)
Obviously,
M>0, m2>0, (49)
and either
ta <tm (50)
or
tar >t (51)

First suppose that (50) holds. The integration of (27) from a to ¢ and
from t,,, to b, in view of (47)—(49) and the assumption that £g, €1 € Py,
yields

tar tm

M = u(a) = /eo(u)(s) ds—/£1 5)ds < M/£0 (52)

b
—m:/fo( ds—/ﬂl ds<M/£0 ds. (53)
tm

On account of (47) and the assumption that hg, hy € PFy, the condition
(28) gives

Au(b) — u(a) = hy(u) — ho(u) > mhy(1) — Mho(1). (54)
Now from (52)—(54) we get

M(1 = ho(1)) = m(A — h1<>><M(/eo ds+)\/€o )_

< M|tV ———,
< MOl



80 A. Lomtatidze, Z. Oplustil, and J. Sremr

whence, in view of (5), (9) and (49), it follows that

M(a(h) = [[lo(D)]|z) < ma(h). (55)
Now suppose that (51) holds. The integration of (27) from t,, to tps, on
account of (47)—(49) and the assumption that £y, {1 € Py, results in

M—m = /éo ds—/& dS <M/€0 ds. (56)

By virtue of (9), ( 0) and (56), it is not difficult to verify that the inequality
(55) is fulfilled.

Therefore, in both cases (50) and (51), the inequality (55) is satisfied.
On the other hand, the integration of (27) from a to b, in view of (47)—(49)
and the assumption that £y, {1 € Py, yields

b b

u(b) — u(a) = /éo(u)(s) ds — /él(u)(s) ds <

a

< Mleo(1)||z —mllex(1)]|z,

h mle (Dl < Ml + u(a) - u(d). (57)
Furthermore, the condition (28) implies
w(@) = u(b) = (A — L)u(b) + ho(u) — ha (u), (58)
u(a) — u(®) = (1= 5 )ula) + 5 how) — 3 hn(w). (59)

Suppose first that
A<L (= A+h@)[@)]r < (1=h1)(1 = ho(l1)).

The inequalities (57) and (59), together with (47) and the assumption that
hg, h1 € PFy, result in

1—A 1 1
mllty(Wllz < Mlleo()llL —m——+M $ho(1) —=m £ ha(1).  (60)
Hence, from (55) and (60), by virtue of (11) and (49), we get

1-Xx 1
- - A <
(1= ho(1) = eo(llz) (Il + == + 5 ma(1)) <
1
< (Ie6(Dllz + 5 ho(1)) (1 = ho(L)),
which, in view of (11) and (7), contradicts (13).
Suppose that
AL (L= A+ by (D) Io(Dllz > (1= h(1)(1 - ho(1)).
The inequalities (57) and (58) together with (47) and the assumption that
ho, h1 € PFy, result in

mllti(W[z < M[[b(D)[[ —m(1 = X) + Mho(1) = mh(1).  (61)
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Hence, from (55) and (61), by virtue of (11) and (49), we get

(1= ho(1) = llolr) (W2 +1 = A+ hi(1)) <
< (o (L)l + ho(1)) (1 — ho(1)),

which, in view of (11) and (7), contradicts (13).
Now suppose that

A1 Al < (- (1) - ho(1)).

The inequalities (57) and (58) together with (47) and the assumption that
hg, h1 € PFy, result in

mllt(W[z < M6z + M = 1) + Mho(1) —mhi(1).  (62)
Hence, from (55) and (62), by virtue of (11) and (49), we get
(

(1= ho(1) = Alllo(D)||) ([[x(1) || + ha(1)) <
< (o(L)||z + A — 14 ho(1)) (1 — ho(1)),

which, in view of (11) and (7), contradicts (13).
Finally, suppose that

A> 1 AUl > (- A1) - ho(1)).

The inequalities (57) and (59) together with (47) and the assumption that
hg, h1 € PFy result in
A—1 1

mllen ()]l < MIEllz + M 2 M S ho(1) —m T hi(1). (63)

Hence, from (55) and (63), by virtue of (11) and (49), we get

(1= ho(1) = Mo () 1) (Ha (s + (1)) <

A—-1 1
< (Io(llz + 25— + 5 ho(1) ) (1 = ho(L),
which, in view of (11) and (7), contradicts (13).
The contradictions obtained above prove that under the assumptions of
theorem the problem (27), (28) has only the trivial solution. O

Proof of Theorem 2.2. Suppose that the problem (27), (28) has a nontrivial
solution u. According to Lemma 3.1, without loss of generality we can
assume that (46) holds. Define the numbers M and m by (47), and choose
tar, tm € [a,b] such that (48) holds. Obviously, (49) is true and either (50)
or (51) is satisfied.

First suppose that (51) holds. The integration of (27) from a to ¢, and
from tpr to b, in view of (47)—(49) and the assumption that £o, £1 € Py,
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tm tm tm

u(a) —m = /ﬁl(u)(s) ds — /ﬁo(u)(s) ds < M/Kl(l)(s) ds, (64)

b b b
M — u(b) = /zl(u)(s) ds — /zo(u)(s) ds < M/zlu)(s) ds.  (65)

The condition (28), in view of (47) and the assumption that hg, hq € PFyy,
implies

u(a) — Au(b) = ho(u) — hi(u) > mho(1) — Mhy(1). (66)
From (64)—(66), we get

tm

M= hi(1)) = m(1 — ho(1 (/el ds+)\/€1 ) <

<MLl oy
M(B() = |4 (D)]12) < ma(h). (67)

Now suppose that (50) holds. The integration of (27) from ¢ps to ¢, in
view of (47)—(49) and the assumption that hg, hy € PF,p, results in

M—m = /61 dS—/go dS<M/€1 (68)

Using (9), (14) and (68), one can show that (67) is true.

Therefore, the inequality (67) is satisfied in both cases (50) and (51). On
the other hand, the integration of (27) from a to b, in view of (47)—(49) and
the assumption that £g, {1 € P,y, yields

b
:/fl( ds—/fo d8<

< MGl - m||fo( )z,

mllbo(M)[z < M[[6(1)[[L + u(b) - u(a). (69)
The condition (28) implies
u(b) — u(a) = (1 = Nu(b) = ho(u) + hi(u), (70)

u(b) — u(a) = (1_1) (a )—%h (u )+§h1(u). (71)
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Suppose first that A < 1. The inequalities (69) and (70) together with
(47) and the assumption that hg, h; € PFy;, result in

mllto(Dlr < M6z + M1 = A) =mho(1) + Mhai(1).  (72)
Hence, from (67) and (72), by virtue of (15) and (49), we get

(A =2 (1) =[x W)12) (oMl + ho(1)) <
< (el +1 = A+ (1) (1 = ho(1)),

which, in view of (15), contradicts (17).
Let A > 1. The inequalities (69) and (71) together with (47) and the
assumption that hg, hy € PFy,;, imply
A—1 1

mllbo(Wllz < M)z —m—— —m~ ho(1) + M % hi(1).  (73)

Hence, from (67) and (73), by virtue of (15) and (49), we get

(1= %m0 — Ja ) (ol + 22 + 2 ko)
1 — ho(1)

)\ )

IN

< (a0l + 5 ()

which, in view of (15), contradicts (17).
The contradiction obtained above proves that under the assumptions of
the theorem, the problem (27), (28) has only the trivial solution. O

Theorems 2.3 and 2.4 follow immediately from Remark 2.1 and Theorems
2.1 and 2.2.

Proof of Corollary 2.1. Let u be a solution of the problem

u'(t) = p(t)u(r(t),

b

It is clear that
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Thus u satisfies (28) with

h(v) " Ao(b) + ho(v) — hy(v),

b
() [pl)o(s)-v(r(s) ds
ab
ha(w) % / p(5)(s)]+ v(r(s)) ds,
o)
A= U(a) .

Therefore, in view of (20)-(24), the validity of the corollary follows from
Theorem 2.1. 0

Corollaries 2.2-2.4 can be proved analogously.
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