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Abstract. We present a new class of numerical methods for nonlin-
ear first order partial differential equations. Classical solutions of mixed
problems are approximated in the paper by solutions of suitable quasilinear
systems of difference equations. We give a complete convergence analysis
for the methods and we show by an example that the new methods are
considerably better than the classical schemes. The proof of the stability
is based on a comparison technique with nonlinear estimates of the Perron

type.
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1. INTRODUCTION

For any metric spaces X and Y we denote by C(X,Y) the class of all
continuous functions defined on X and taking values in Y. We will use
vectorial inequalities with the understanding that the same inequalities hold
between their corresponding components.

Let a > 0,dyp € Ry,d = (dy,...,d,) € R} with Ry = [0,400) and
b= (b1,...,by) € R with b; > 0,1 <i<n, be given. Write c =b+d,c =
(c1,...,¢n). Let us define the sets

E= [O,CL] X (*b, b)a Ey = [*d070] X [70, C]a
O F = (0, a] X ([—C7 C}\(—b, b)), B=EyUEUE,
D = [—dy, 0] x [—d,d].

Suppose that z: B — R and (t,z) € E, where E is the closure of . We

define the function z(; ,): D — R as follows
Z(t,:v)(T7€) :Z(t+7',$+f), (T’g) eD.

Let us denote by || - |lo the supremum norm in the space C(D, R). Put
Q =Ex C(D,R) x R" and suppose that f: Q@ — R is a given function
of the variables (¢, z,w,q) with x = (z1,...,z,) and ¢ = (¢1,-..,¢n). Let
p: BEgUE — Rand ap: [0,a] = R, o/ :E— R", o = (aq,...,a,) be
given functions.

The requirements on g and o’ are that («g(t), o/ (¢, )
for ¢t € [0,a]. Write a(t,z) = (awo(t),d/ (¢, 2)) for (t,z)
z: B — R and for a point (t,z) € E we write

Opz = (04, 2,...,05,2).

We consider the nonlinear functional differential equation

Eand ap(t) <t
For a function

) €
€E

0pz(t,x) = f(t, 2, 2a(t,2), 022 (L, T)) (1)
with the initial boundary condition
z(t,x) = @(t,x) for (t,z) € Eg U E. (2)

We consider classical solutions of (1),(2).

In recent years a number of papers concerning numerical methods for
functional partial differential equations have been published.

Difference methods for nonlinear parabolic functional differential equa-
tions with initial boundary conditions of the Dirichlet type were considered
n [11], [18]. Difference schemes for the Cauchy problem were investigated
n [12], [19].

The main question in these investigations is to find a difference functional
equation which satisfies consistency conditions with respect to the original
problem and is stable. The method of difference inequalities or theorems
on recurrent inequalities are used in the investigation of the stability.

The numerical method of lines for nonlinear partial functional equations
was considered in [10], [20]. By using a disretization in spatial variables,
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parabolic equations or first order partial equations with functional variables
are replaced by sequences of initial problems for ordinary functional differ-
ential equations. The question of under what conditions the solutions of
ordinary equations tend to solutions of original problems are investigated
in these papers. The method of differential inequalities is used.

Difference methods and monotone iterative techniques for nonlinear prob-
lems were investigated in [13], [14]. Numerical methods of functional differ-
ential equations with impulses are investigated in [9].

For further bibliographical information see the references in [5], [14] and
in the monograph [17].

Finite difference approximations relative to initial or initial boundary
value problems for first order partial functional differential equations were
investigated in [1], [6], [15], [16].

Error estimates implying the convergence of difference schemes are ob-
tained in these papers by a comparison technique. Theorems on functional
difference inequalities are used. The proofs of the convergence were also
based on a general theorem on error estimates of approximate solutions to
functional difference equations of the Volterra type with initial-boundary
conditions and with unknown function of several variables. The monograph
[8] contains an exposition of the theory of numerical methods for hyperbolic
functional differential problems.

In the paper we present another approach to the numerical solving of the
problem (1),(2). We transform the nonlinear equation (1) into a quasilinear
system of difference functional equations.

The following two difference methods for problem (1),(2) are known in
literature: the Euler method and the Lax scheme. They have the following
properties. Assumptions on the regularity of f in convergence theorems are
the same for both methods. It is required that the function f of the variables
(t,xz,w,q) satisfies the Lipschitz condition with respect to the functional
variable and it is of class C'! with respect to ¢ = (q1,. .., qn). Some nonlinear
estimates for f with respect to w are also considered. For the analysis of
the stability of the Euler method we need the assumption that the function

sign 0y f = (signdy, f,...,sign oy, f) (3)

is constant. We do not need this assumption if we use the Lax scheme for
(1),2).

There are equations for which both methods can be used. It follows that
in this case the Euler method is more suitable than the Lax scheme. The aim
of the paper is to show that for each equation (1) with sufficiently regular
function f the Euler difference method can be constructed. It is important
in our considerations that the assumption that the function (3) is constant
is omitted. In other words, we show that the Lax scheme is superfluous in
the numerical approximation of classical solutions of (1),(2).

Our main ideas are based on a quasilinearization of the equation (1)
with respect to the last variable and on the theory of bicharacteristics for
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nonlinear hyperbolic problems. The method was introduced and studied by
S. Cinquini and M. Cinquini-Cibrario [2], [3].

The authors have used the method of quasilinearization and the theory
of bicharacteristics in the existence and uniqueness theory for generalized
solutions of hyperbolic differential systems. This method is also adapted to
nonlinear functional differential problems in [8], Chapter V.

The paper is organized as follows. In Section 2 we propose a quasilinear
system of difference equations of the Euler type to the problem (1),(2).
A convergence result and an error estimate of approximate solutions are
presented in Section 3. Numerical examples are given in the last part of the

paper.
We use in the paper general ideas concerning numerical methods for
partial differential equations which were introduced in [4], [8].
Below, we give examples of equations which can be derived from (1) by
specifying the operator f.

Example 1. A general class of equations with deviated variables can
be obtained in the following way. Suppose that FF': E X R x R® — R,
Bo:[0,a] = R, 3': E— R", 3/ = (f,...,0n) are given functions and

—dp < Bo(t) —ap(t) <0, —d < B'(t,z) —d/(t,z) <d, (t,z) € E. (4)
We define the operator f as follows:
ft,z,w,q) = F(t,z,w(Bo(t) — ao(t), B'(t, z)—
—ad(t,x)),q), (t,r,w,q) € Q. (5)
Then
ft 2, 2a(t,2),0) = F(t,2,2(B(, 7)), q),
where S(t, ) = (Bo(t), 5 (t,x)) and the equation (1) is equivalent to
Oz(t,x) = F(t,x, 2(6(t, ), 0 2(t, x)). (6)
Example 2. Now we consider differential integral equations. Suppose
that vo: [0,a] = R, v+ E — R™, ~' = (71,...,7n) are given functions and
—do <0(t) —ao(t) <0, —d<A/(t,z) —a'(t,x) <d, (t,x) € E. (7)

For the above given functions § satisfying (4) and F': E X R X R™ — R we
define the operator f in the following way:

Yo(t)—ao(t) ' (t,x)—a’(t,x)
ftowa =Fita [ [ wrwdina, ®
Bo(t)—ao(t) B'(t,x)—a(t,x)
where (t,z,w,q) € Q. Then
v(tx)
(6220 ) = Ftia, [ s(rpidydr.a)
B(t,x)
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and (1) reduces to the differential integral equation
v(t,)
Oz(t,x) = F(t,x, / 2(1,y)dy dr, 0, 2(t, x)). 9)
B(t,z)

Existence results for mixed problems can be found in [8], Chapter V.

2. DISCRETIZATIONS OF THE MIXED PROBLEM

Let us denote by F(X,Y) the class of all functions defined on X and
taking values in Y, where X and Y are arbitrary sets. Let N and Z be the
sets of natural numbers and integers, respectively. Let us fix our notation
of vectors and matrices. We will denote by M, «., the space of all n x n
matrices with real elements. For z,y € R", U € M, «,, where

T = (xla R xn)a Y= (yla s 7yn)ﬂ U= [ui]']i,jzl,m,n

we put
n

||’JI|| - Z|xj|7 oY = (‘lela' . ;xnyn)a
j=1
n
U]l = max{ S ugli1<i< n}
j=1
The product of two matrices is denoted by ” x”. If U € M,,xp, then U7 is
the transpose matrix. We use the symbol ” o” to denote the scalar product
in R™. For a function z € C(B, R) and for a point ¢ € [0, a], we write

Iz]l: = max{ |z(7,y)|: (1,y) € BN ([-do,t] x R™)}.

We define a mesh on the set B in the following way. Let (hg,h'), b’ =
(h1,...,hns), stand for steps of the mesh. For h = (ho, h') and (r,m) € ZT",
where m = (mq,...,m,), we define nodal points as follows

t0) = rhy, 20" =mon!, 2™ = (&™) gl

Let us denote by H the set of all h such that there are N = (Ny,...,N,) €
N and Ny € N such that Noh' = ¢ and Nohg = dog. There is K € N such
that Kho < a < (K + 1)hg. For h € H we put ||h|| = ho +hi + ... + hy.
Write

Ry = { ("), 2™ (r,m) € ZYY, I, = {t: 0 <r < K}

and
Eon=EyNR™, E, = ENR™, 8By = EN R,
Bh = EO.h V) Eh ) 80Eh-
Set
By = Brp N ([*do,tm] x R") , 0<r<K,
and

E ={@t",2"™)eE,: 0<r<K-1}.
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For functions w : I, = R, z : B, — R,u : B, — R"™ we write
W) = (), M) = () m)y ) gy p() g (m)y
|2]lrn = max{ |z&™]: 9, 2™ e B, ,}
and
all . = max{ u®@™||: (19, 20™)) € By},
where 0 < r < K. Let ¢; = (0,...,0,1,0,...,0) € R", 1 standing on the
j-th place, 1 < 5 < n.

Classical difference methods for the problem (1),(2) consist in replac-
ing partial derivatives 0; and (0, ,...,0s,) = O, with difference operators
do and (01,...,d,) = O respectively. Moreover, because the equation (1)
contains the functional variable 2z, ,) which is an element of the space
C(D, R), we need an interpolating operator T, : F(By, R) — C(B, R). This
leads to the difference functional equation

602™™ = F(tM) 2™ Ty 2] yirmy, 27™) (10)
with the initial boundary condition
Z(T’m) = (pg’m) on FypU ath, (11)

where ¢y : Eg.p UJgEp, — R is a given function.
The following examples of the equation (10) are known in literature. The
Euler difference method is obtained by putting

1
502(r,m) _ h_O[Z(rJrl,m) . Z(r,m)]’ (12)
1
§;2rm) = h—[z(r’m+ej) —20m] 1< <k, (13)
J
and )
§;2mm) = h—[z(r’m) —2rm=ed] g4 1< <n, (14)
J

where 0 < k < n is fixed. The Lax scheme is the second important example.
It is obtained by putting

5ozt = L |21 — A[z]rm)] (15)
ho
where .
1
A[Z](r,m) _ % Z [Z(r,m+ej) + Z(r,mfej)], (16)
j=1
and
5jz(r,m) — % |:Z(T,m+€j) _ Z(r,m—ej)}, 1<j<n. (17>

J
Suppose that the function f is continuous on 2 and that there exist the
partial derivatives

(8(11f7 - -vaqnf) =0q4f.
The stability of difference equations generated by the equation (1) is strictly
connected with the so-called Courant-Friedrichs-Levy (CFL) conditions (see
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[4], Chapter 3). The (CFL) conditions for nonlinear equation (1) and for
the Euler difference method have the form:
(i) for each P = (t,z,w,q) € Q we have
“ 1
L ho> 10y, (P)] 2 0 (18)
j=1"
(ii) the function (3) is constant on €.
The (CFL) condition for (1) and for the Lax scheme has the form

h
1= 2210, f(P) 20, 1< <n, (19)
J

where P € ().

Note that the assumptions (18) and (19) are quite similar. It follows
from the above condition (ii) that we need more restrictive assumptions on
f for the Euler difference method than for the Lax scheme.

There are difference problems (10), (11) such that both the above differ-
ence methods are convergent. It follows from the bicharacteristics theory
for nonlinear functional differential equations that in this case the numerical
results obtained by using the Euler difference method are better than those
obtained by the Lax scheme. Then we are interested in proving convergence
results of the Euler method for a large class of nonlinear problems.

We will show that there are difference methods of the Euler type for
which the assumption (ii) can be omitted.

In the paper we present a new approach to the numerical solving of (1),(2)
. We transform initial boundary value problem into a quasilinear system of
difference equations. Our main ideas are based on a quasilinearization of
(1) with respect to the last variable and on the theory of bicharacteristics
for functional differential equations. Unknown functions in new systems are
z and the partial derivatives of z with respect to spatial variables. We use
the above general ideas for the construction of new numerical methods for
(1),(2).

We will need the following assumptions on the interpolating operator
Thi F(Bh, R) — F(B, R)

Assumption H[T},]. Suppose that the operator T}, is such that
1) Th: F(Bp, R) — C(B, R);
2) for any functions z, z: F(By, R) we have

1Thlz] = ThlZllsr < Nz = Zllrn, 0<r < K;

3) if a function z: E — R is of class C'* then there is a function 7: H — R
such that

|2 = Tulznllle <¥(R), te€]0,a],
and limp_oJ(h) = 0, where zj, is the restriction of z to the set Bj,.

Remark. The above assumption 2) implies that T}, fulfills the following

Volterra condition: if the functions z,Zz are such functions that z B, =
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2|BT .+ then Th[z]™ = Ty,[2]™) for —N < m < N. Condition 2) states
also that T}, satisfies the Lipcshitz condition with the constant L = 1. The
meaning of the assumption 3) is that Tj[z,] is an approximation of z and
the approximation error is bounded by F(h).

An example of the operator T}, satisfying Assumption H[T},] can be found
in [8], Chapter V.

If u e F(Bp, R™) and u = (uq,...,uy), then we put
Thlu] = (Th[ul], . ,Th[un]).

We denote by CL(D, R) the set of all continuous and real functions de-
fined on C(D, R) and by || - ||~ the norm in CL(D, R).
Assumption Hy[f]. Suppose that f € C(2, R), the partial derivatives

0o f(P) = (O, f(P), ..., 0u, [(P)),

duf(P), 8qf(P) = (8q1f(P)a-~-a8qnf(P))
exist for P = (t,z,w,q) € Q and 0, f, 0qf € C(Q, R™), Owf € CL(D, R).
Assumption H[ap, a']. Suppose that the functions ag: [0,a] — [0, a],
o':E — [—b,b] are continuous, the partial derivatives

81'0/(ta 33) = [890] ai(t; 33)]1’,]’:1,...,71

exist on E and 9,0 € C(E, Myxn)-

Now we formulate a difference problem corresponding to (1),(2). We
will denote by &g the difference operator with respect to the variable ¢
and by 6 = (d1,...,0,) the difference operator for the spatial variables
(1,...,2n) = x. Write

§2(rm) = (51,2(“”), . 5nz<rvm>) ,

Sou™™ = <5ou(lr’m), ce 50u§f’m)) , Sulm™) = [@uﬁ’m}

‘r,j:l,...,n.
Set
POz ] = (80,207, (T[] g0, ul™™ ).

If u: B— R" and u = (u1,...,u,), then we put

U (t,z) = ((ul)a(t,x), ceey (un)a(m)) for (t, CE) c€E.

We consider the following system of quasilinear difference equations with
unknown functions z and (u1,...,u,) = u.

8oz = F(P"™ [z u]) + Oy f (P [z, u]) o (827 —ulm™) (20)
80" ™ = 8, f(PU™ [z, u]) + 8y f(PU™ [z, u]) (Th [u]) oy * D’ ™+
T

0, f(PT™ [z, u]) % [5u<“m>} (21)
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with the initial-boundary condition
2(mm) — gag"m), u(m) = 1/)27"7”) on Egp, UdyEh, (22)
where
on: Eon UO0EL — R, ¥n: Egn UOE, — R™, ¥n = (VYn1,.. . ¥nn),
are given functions and
Ou f(PT™ [z, u])(Thlu])atrm =
= (Ow f(P"™ [z, u)) (Thlwa]) armr s - - 5 O f (PT™ [z, u]) (Th [un]) rm) )-
The difference operator §g is defined by
G0z () — hi (Z<r+1,m> _ Z(nm))
’ (23)
50u§r’m) = hio(uyﬂ’m) — u;T’m)) , 1<j<n.
The difference operator ¢ for the spatial variables is defined in the following

way. Suppose that (t(7), (™)) € E; and that the functions (z,u) are known
on the set B, . If

0g, f(P"™ [2,u]) > 0, (24)
then )
§:z(mm) — — [, (rm+te;) _  (r,m) , (25)
= ( )
and )
Sjulrm) = s (u(f’m“j) - u(f’m)) , 1<7<n. (26)
If
0y, f(P"™ [2,u]) < 0, (27)
then )
5.Z(T,m) _ Z(T,m) . Z(T,mfej) , (28)
2 =5 ( )
and )
arm) — = (4 (rm) _ (rm—ej) <7 <n.
diuy " (uT Uy ) , 1<7<n (29)

j
The difference problem (20)—(22) has exactly one solution (zp, us), where
zn: Brp — R, up: By, — R™. Indeed, if we assume that the solution of the
above problem is defined on the set B,.p,, 0 < r < K, and (t(),2(™) € E,,
then we have

(t(r),ac(erej)), (t(’”),x(mf‘ei)) € B,y for 1<j<n.

The above relations and the conditions (24)-(29) imply that the values
zf(fﬂ’m) and ugfﬂ’m) can be calculated from (20)—(22) and the solution is
defined on By41.. Then, by induction, the solution (zp,up) of (20)—(22)

exists and it is unique on Bj,.
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The numerical method consisting of the system (20)—(21) with the initial
condition (22), where the difference operators are defined by (24)—(29) is
called a generalized Euler method for problem (1),(2).

The difference problem (20)—(22) is obtained in the following way. Sup-
pose that Assumptions Hy[f] and H[ag, /] are satisfied and that the de-
rivative J,p exists on Eg U dpFE. Let (z,u) be unknown functions of the
variables (¢,z) € E, where u = (uq,...,u,). Write

U[Za u; t, ‘T] - (ta Ty Za(t,x)s u(ta :C))
Let us consider the quasilinear differential system

Oz(t,x) = f(U[z,us t, 2])+

+0,f (Ulz,u;t,z]) o (0z2(t,x) — u(t,z)), (30)
dwu(t,x) = 0x f(Ulz,ust, x]) + 0w f(Ulz, us t, 2]) U r,z) * 0u (t, )+
+0,f(Ulz,us t, x]) % [Opu(t, z)]" (31)
with the initial condition
z(t,x) = (t, x), u(t,z) = 0z¢(t,x) on Eg U E. (32)

Under natural assumptions on the given functions the above problem has
the following property: if (Z,4) is a solution of (30)—(32), then 0,z = @ and
the conditions
(A) the function v: D — R is a classical solution of (1),(2),
and
(B) the functions (v, d,v) are a classical solution of (30)—(32),
are equivalent. The difference problem (20)—-(22) is a discretization of (30)—
(32). The quasilinear system (30),(31) has the following property: differen-
tial equations of the bicharacteristic for (30) and for (31) are the same and
they have the form

77/(75) = _8qf(ta 77(75)7 Za(t,n(t))s u(t7 77(73)))7

where 7 = (m1,...,m,). This property of the system (30),(31) is very
important in the investigation of the stability of the problem (20)-(22).
It is important in our considerations that we approximate classical solu-
tions of nonlinear equation (1) by solutions of a quasilinear difference sys-
tem and the method of discretization of the system (30),(31) at the point
(), (M) € E; depends on the properties of the functions

8qf: (athfa"'aaqnf)a

and on the previous values of the unknown functions (z,u) in (20),(21).

3. CONVERGENCE OF THE GENERALIZED EULER METHOD

We formulate next assumptions on the given functions.
Assumption H[o]. Suppose that the function o: [0,a] x Ry — R4 is
continuous and
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1) o is nondecreasing with respect to both variables and o(¢,0) = 0 for
t €10,al,
2) for each ¢ € Ry and d > 1 the maximal solution of the Cauchy problem
' (t) = en(t) + do(t,n(t)) . n(0) =0,

isf(t) =0, tel0,a].
Assumption H[f]. Suppose that Assumption Ho[f] is satisfied and
1) there is A € R, such that

102 f(P)I; (18w f (P)lls> 104f (P)]| < A,

where P = (t,z,w,q) € Q,
2) there is a function o: [0,a] x Ry — R4 such that Assumption H|o] is
satisfied and the terms

||8$f(ta T, w, Q) - azf(ta x, W, J)H’
||8’LUf(t7x7w7 q) - 8wf(t7x7w76)||*a ||aqf(ta z,w, q) - 8qf(ta Z, w7§)”
are bounded from above by o(t, ||w — @|lo + ||g — ql|)-
Theorem 1. Suppose that Assumptions Hjog, o' ] and H[f] are satisfied
and

1) h € H and for P = (t,z,w,q) € 2 we have

n

1—hozhij’6qu(P)‘ >0, (33)

Jj=1

2) the operator Ty, : F(Bp, R) — C(B, R) satisfies the Assumption H[T},],

3) the function ¢ : Eg UOgE — R is of the class C?, v: B — R is a
solution of the problem (1), (2) and v is of the class C* on B,

4) the functions (zp,upn) where zp : B, — R, up : By, — R™, up =
(Uh.1s -5 Un.n), satisfy (20)—(22) with &g and & given by (23)—(29) and there
is a function By: H — Ry such that

™) — "™ | ™™ — ™| < Bo(h) on Eon UdoEn  (34)

and limhﬁo ﬂo(h) =0.
Then there is a number g > 0 and a function : H — R, such that we
have for ||h|| < e

o) — 2™ 4|9, — W™ < B(h) (35)
on Ey, and limy,_,q B(h) = 0.

Proof. Let us denote by w: B — R"™ the function defined by
w=0,v, w=(wy,...,wp).

Then the functions (v, w) satisfy the quasilinear system (30)—(31) and the
initial condition (32). Write

g = vlvm — 2, (36)



Generalized Euler Method for First Order Partial Differential Functional Equations 61

A = w2 AT = (G, (37)

D Vet
where (t(r),m(m)) € By,. Let the functions wp g, wp.1: I — R4 be defined
by

Wy = €nlens wi) = [nllns (38)
and wp = wp.0 + wp.1. We will write a difference inequality for the function
wp. Set

Q(T’m)[v,w] = Ulv, w;t(r), :L'(m)].
Let the functions I'y,, Ap: Ej, — R be defined by

Dy ™ = Gou ™) — Gy 4
+0,£( Q™ [, w]) o [axv““’m) - 5v<7‘ﬂ“>} , (39)
and
A = FQT™ v, w]) — F(PT™ [z, up])—
~0,/ Q™ [v,w]) 0 w ™ 4 8, F(PT™ [z, up]) o ufl ™+
+[0a (@, w]) = By f(PU™ [z wn])| 0 60 (40)

It follows from (30) and from (20) that the function &, satisfies the difference
equation

g™ = €)1 ho 8y f(PU™) [z, up)) 0 SET™
+ho AT (™). (41)

J*lr,m] = {j € {1,...,n}: 0y, F(PT™ [z, up)) > o},

J7rym] = {1,...,n}\J[r,m].
Consider the operator Wy : F(By,, R) — F(E}, R) defined by

Wh [9] (r,m) _ o(r,m) +

|
L= ho Y 7[00, F(PU™) enyun)|
j=1""

1 .
tho 30 G0 FPO un)pT )

jeJtrm] 7
1 .
—ho Z Faqj' f(P(nm) [zhv uh])a(r’miej)v (42)
JEJ ™ [rym] J

where § € F(By, R) and (t(),2(™) € E}. Tt follows from (24)-(29) that
the relation (41) is equivalent to

et = Walen] " + ho[Af™ + T, (43)
According to the assumption (33), we have

‘Wh [{h](r’m)| < wg% for (t(r), :L'(m)) € Ej. (44)
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Let ¢,5 € Ry be such constants that

|0 (t, )], |0x0(t, 2)|, [Owv(t, )| < (45)
[0z0(t, 2)]], O, v(t, )| < €,
where (t,z) € B,i=1,...,n, and
|ata0(t7x)|a ||at0/(tax)”a ||8930/(t,:v)|| < 5, (t,%) GE' (46)

It follows from Assumption H[f] and from the condition 2) of the theorem
that there is y9: H — Ry such that

‘F;:’m)’ < (h) on E}, (47)

and limp_,0vo(h) = 0. According to Assumptions H[f] and H[T}], there is
o: H — R4 such that

loacm = (Tulzn)acm lo < @iy +Fo(k) and lim 3o(h) =0 (48)
and
FQE™ o wl) = F(PC™ enyunl)| < Awy” + Aqo (h),
where (t("), :c(m)) € Ej . In the same manner we can see that
104 1@ [vw]) = 0, f (P en, un))l| < o (67, w7 + Fo(R),  (49)
where ("), (™)) € E!. An easy computation shows that

AT < 280 (), w7 + 50 (h) + 2407 + ATo (),

where (¢, (™) € E} . According to the above estimates and (43), (44),
we have

Wi D < i) 4 2heo () i + Ao (R))+
+2hoAw” + ho(Y0(h) + AFo(h )), 0<r<K-1. (50)

Now we write a difference inequality for wp 1. Let the functions Up, V} :
E; — R" be defined by

U(T ™ = Sow™™ — g™ (51)

10, £(QU ™ o, w]) % [Byw ™™ — §uor™]T
and
) = 9, QU™ o, w]) — By F(PT™ 2, up])+
+0u f(Q(r,m)[va])A[w](r,m) *aza/(r,m)i
— B f(PT™ [z, up] )T Alun) ™™ % 9y’ "™ +

+[aqf<cz<“m>[v,w1> 001 (P e unl)] x [pum] . (52)
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It follows from (31) and (21) that the function A, satisfy the difference
equation

M = X o f (PO g, wn]) = [0 g
+ ho U™ + V™), (53)
where (t(’”),:c(m)) € Ej . For the function A, = (An.1,..., An.n) We write
W] = (WalAua] ™, Wi ] )

where W}, is defined by (42). It follows from (24)—(29) that the relation (53)
is equivalent to

AR = WA 4 ko (U™ 4 V™) (54)

where (¢, (™)) € E/. According to the assumption (33), we have

WA = 30 W) <

T=1

~ 1 rom
< [1= 10 30 4 |ou AP || 1T
j=1 "

1 r,m-+te;
tho Y0 0, f(PU L un ]|

jegtrm] 7

1 m—e;
~ho 3 0 SPUT nua)) [N

jed=[rm] 7

and consequently
W] < wil ™ for (107, 2t™) € B, (55)

It follows from Assumption H[f] and from the condition 2) of the theorem
that there is y1: H — Ry such that

|0 < (k) on By, and lim 51 (k) = 0. (56)

It is easy to see that the conclusion analogous to (49) can be drawn for the
derivatives 0, f, Oy f. According to Assumption H[T}] there is 41 : H — Ry
such that

@ = (Tulun])atrm lo < F1(h) +wiy and lim 31(h) =0, (57)
where (t("), (™)) € E}. Then we have the estimate

V"™ < (14 28) o1, w7 + 50 (h) + A531(h) + Asw;”,
and consequently

W < WM ho(1+ E+ 58)0(tT), Wl + 5o (h) (58)
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+hoAdw” + ho(vi(h) + A3 (h)), 0< 7 < K — 1.
Adding the inequalities (50) and (58), we get
Wy < 4 hodwl” + hodo (), w7 + Fo(R)) + hoF(h),  (59)
where 0 <r < K —1 and
d=A(2+35), d=1+3¢+ 3¢,
Y(h) = y0(h) +71(h) + A(o(h) + 571 (h)).
Consider the Cauchy problem
0 () = dn(t) + do(t,n(t) +Fo(h)) +7(h), n(0) = Bo(h). (61)
It follows from Assumption H[o] that there is €9 > 0 such that for ||h| < eo

there exists the maximum solution 7, of (61) and 7y, is defined on [0, a].
Moreover, we have

}11111%) N (t) = 0 uniformly on [0, a].
The function 7y, satisfies the difference inequality
ny Y >0l + hodn” + dhoo (K7, 0" + 5o (R)) + ho¥(h), 0 <7 < K — 1.
By the above inequality and (59) we have
w,(f) < 7]27') for0<r<K. (62)
Then we get (35) for 5(h) = np(a). This completes the proof.

Remark. If we set o(t,s) = Ls for (¢,s) € [0,a] x Ry, where L € R, then
the function o satisfies Assumption H[o]. In other words, we can assume
that the functions 0, f, 0w f, 04 f satisfy the Lipschitz condition with respect
to (w, q) on .

Remark. In the Assumption H[T},] we can put 4(h) = ¢||h||, where ¢ € R
is such constant that

[Opz(t, x)| < ¢, |0z,2(t,x)| < ¢ 1<i<n, (t,z) € B.

There exists an interpolating operator satisfying the so modified Assumption
H[T}]. It has been proposed in [8].

Lemma 1. Suppose that all the assumptions of Theorem 1 are satisfied
with o(t,7) = L7 on [0,a] X Ry, where L € Ry. Then we have the following
error estimate of the method (20)—(29):

o) — 7] 40,0 — ufl ™) < B(R) on B,

where

if L>0,

with
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c - - ~
0(h) =m(h) = 51+ AllAll, Fo(h) = F1(h) = ¢[|A],
and 7,d,d, § are given by (46), (60).
Proof. It follows that the estimates (47), (56), (48) and (57) are satisfied

with the above given 7y, 71, 0 and 71, respectively, and we obtain the
lemma from (35) and (62) and by solving of the problem (61).

Remark. In Lemma 1 on the error estimate we need estimates for the
derivatives of the solution v of the problem (1),(2). One may obtain them
by the method of differential inequalities, see [8], Chapter V.

4. NUMERICAL EXPERIMENTS
Let n = 2. Consider the mixed problem
Oz(t,x,y) = x[0g2(t, ,y) + cos(0g2(t, x,y) — 2txz(t, z,y))]+
+yldyz(t, 2, y) —sin(9y2(t, x, y) + 2tyz(t, x,y))]+

+2(6.5.5) + ft,2,p), (63)
2(0,z,y) =1 for (z,y) € [-1,1] x [-1,1], (64)

2(t,1,y) = 2(t, —1,y) = ! @) for t € [0,a], y € [-1,1],

2(t,w,1) = 2(t,x,—1) = @1 for t € [0,a], z € [-1,1],

where
ft,z)=(1- 2t)et(”1_y2)($2 —?) —x— i@ ),

The solution of the problem is given by v(t,z) = et@ =) The classical
difference method for (63),(64) has the form

502 (7) = () (5, L) () cog (8, () (rm) _ gpp(m) (rm)y) L
4y (m2) (5,2 () () iy (5,2 () (rm) 9 () (rim) )

LA 4 plrm), (65)

2Omim2) — q for (z(m) y(m2)y € [—1,1] x [-1,1], (66)

ANEm2) (= Numa) 0= g 40 e [0, a], y) € [—1,1],

ZrmuN2) — (rma=N2) — ot (@) 1) gop 4(r) ¢ (0,a], 2™ € [~1,1],

where m = (mq,ma),

Soz(rm) — 1 [Z<r+1,m> _ AZ(T,m)} ,
0
Aty 1 (strmimbma) 4 rmttima) g p(mama=t) | (ot
4 )
and

i {Z(TymlJrl,mz) _ Z(T,mlfl,mz)}’

5 (r,m) _
1# 20
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522.(7'77”) — i Z(7‘,m1,m2+1) _ Z(T,m17m2—1) )
2ho

Moreover, we put
AT = T [2] (¢, 0.52(M1) 0.5(M2)), (67)

and T} is the interpolating operator for n = 2. The convergence of the
method (65),(66) follows from [7]. Let us denote by zp : Ej — R the
solution of the problem (65),(66) and by (,: E;, — R the solution given by
the generalized Euler method for the problem (63),(64).

Suppose that ¢(") is fixed for some 0 < < K. Then we put

sg) = max{|z;, "™ — "™ —N < (m1,mz) < N},

(r _ 1 (rm) _ o\ (rm)
Yno T 2N, —1)(2Ns - 1) 2 2 vl
—N<(m1,m2)<N

The numbers Eg) and V;LT) can be called the maximal and the average error

of the classical method for fixed ¢("). In the similar way we define maximal
and average errors ég), 17}(;') for the generalized Euler method.
We put a =1, b =1, hg = 0.0001, h; = 0.04, and we have the following

experimental values for the above defined errors.

Table of maximal errors ¢, &, and average errors vy, Up.
e 6;;-) &f) V}(;-) 17;2”
0.2 9.01-107% 8.72-107* 6.61-1072 4.39-10~4
04 453-1072 4.10-1073% 3.26-1072 1.96-1073
06 1.14-10"' 1.06-1072 7.99-10"2 4.87-1073
0.8 2.21-107' 2.18-1072 1.50-10~' 9.55.103
1.0 3.70-10~' 3.94-1072 246-10~' 1.65-1072

Note that s_glr) < sglr) and D,(LT) < I/}(LT) for all values of t("),

Thus we see that the errors of the method (65),(66) are larger than
the errors of the generalized Euler method. This is due to the fact that
the approximation of the spatial derivatives of z in the generalized Euler
method is better than the respective approximation of 9,2, 9,z in (65),(66).

The amount of time of computing the approximate solution of the same
problem with equal steps using the generalized method and using the classi-
cal method is comparable (in fact, the former is about 150 % of the latter),
which is what we expected.

The method described in Theorem 1. have a potential for applications
in the numerical solving of first order nonlinear differential equations with
deviated variables.
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