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Abstract. An optimal control problem for variable structure dynamical
systems governed by quasi-linear neutral differential equations with dis-
continuous initial condition is considered. The discontinuity of the initial
condition means that at the initial moment the values of the initial function
and the trajectory, generally speaking, do not coincide. Necessary condi-
tions of optimality are obtained: for the optimal control and the initial
function in the form of integral maximum principle; for the optimal initial,
final and structure changing moments in the form of equalities and inequal-
ities containing discontinuity effects. Besides, a variable structure neutral
time-optimal linear problem of economical character is investigated.
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1. Introduction

Investigations of variable structure optimal control problems with delay
is one of the important directions of the optimal control theory. The delay
factor may arise in many practical problems in connection with expenditure
of time for signal transmission. Variation of the structure of a system means
that the system at some beforehand unknown moment may go over from
one law of movement to another. Moreover, after variation of the structure
the initial condition of the system depends on its previous state. This joins
them into a single system with variable structure. Assume that the change
of the system structure has to take place at a priori unknown moments
of time. Such problems are important for various practical applications.
For example, in economics it is needed to change invested capital at some
unknown moments. In engineering a controlled apparatus is to start from
another controlled apparatus, which may be cosmic, ground, submarine
and etc. Optimal control problems for various classes of variable structure
systems are investigated in [1]–[17]. Optimal problems for some classes of
neutral differential equations and differential inclusions with discontinuous
initial condition are considered in [18]–[22].

This work deals with necessary conditions of optimality for quasi-linear
neutral variable structure control systems.

The rest of the paper is organized as follows. In Section 2 all necessary
notation and auxiliary assertions are given. Therein necessary conditions of
criticality are formulated in the form of Theorem 2.5, on the bases of which
the main theorem is proved in Section 5.

In Section 3 the following control problem for neutral variable structure
systems with discontinuous initial condition is considered:

ẋi(t) =

ki∑

j=1

Aij(t)ẋi(ηij(t))+

+ fi

(
t, xi(τi1(t)), . . . , xi(τisi

(t)), ui(t)
)
, t ∈ [ti, ti+1], (1.1i)

xi(t) = ϕi(t), t ∈ [τi, ti), xi(ti) = xi0 + gi(ti, xi−1(ti)), (1.2i)

i = 1,m (g1 = 0)

under the restrictions

qp
(
t1, . . . , tm+1, x10, . . . , xm0, xm(tm+1)

)
= 0, p = 1,m,

and the functional

q0
(
t1, . . . , tm+1, x10, . . . , xm0, xm(tm+1)

)
→ min .

The set of differential equations (1.1i), i = 1,m, is called a variable struc-
ture system. The initial conditions (1.2i), i = 1,m, are called discontinuous
since, generally speaking, ϕi(ti) 6= xi(ti).
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Connection among solutions of equations of variable structure system is
fulfilled by the conditions

xi(ti) = xi0 + gi(ti, xi−1(ti)), i = 1,m.

The problem consists in finding an optimal element

(t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0, ϕ̃1, . . . , ϕ̃m, ũ1, . . . , ũm).

In that section main theorems are also formulated.
In Section 4 an economical problem of optimal distribution of the in-

vested capital and determination of optimal investment periods for various
branches of the economy are considered as an application of the results pro-
vided in the preceding section. The factor that should be taken into account
is that the number of branches may be varying across investment periods.
If we take into account the fact that the investment effects become actually
appreciable in the course of a long time (delay), as well as the recurrent
process factor, then such a process of economic development can be de-
scribed as a linear neutral variable structure optimal control problem. For
the formulated economical problem Theorem 4.1 is established (necessary
conditions of optimality), which is a corollary of Theorem 3.3.

In Section 5 Theorem 3.1 is proved by the methods given in [23], [24].

2. Notation and Auxiliary Assertions

Let J = [a, b] ⊂ R be a finite interval and i ∈ {1, . . . ,m}; let Rni be
the ni-dimensional vector space of points xi = (x1

i , . . . , x
ni

i )∗, where ∗ is the
sign of transposition; let Oi ⊂ Rni be an open set and let Efi

be the set of
functions fi : J ×Osi

i → Rni satisfying the following conditions: for almost
all t ∈ J the function fi(t, ·) : Osi

i → Rni is continuously differentiable, for
each (xi1, . . . , xisi

) ∈ Osi

i the functions

fi(t, xi1, . . . , xisi
),

∂fi(·)

∂xij

, j = 1, si,

are measurable on J and for any function fi ∈ Efi
and any compact

Ki ⊂ Oi there exists mfi,Ki
(·) ∈ L(J,R+), R+ = (0,∞), such that for

any (xi1, . . . , xisi
) ∈ Ksi

i and almost all t ∈ J

∣∣fi(t, xi1, . . . , xisi
)
∣∣ +

si∑

j=1

∣∣∣∣
∂fi(·)

∂xij

∣∣∣∣ ≤ mfi,Ki
(t).

Functions fi1, fi2 ∈ Efi
will be called equivalent if for any fixed

(xi1, . . . , xisi
)∈ Osi

i and almost all t ∈ J

fi1(t, xi1, . . . , xisi
)− fi2(t, xi1, . . . , xisi

) = 0.

The classes of equivalent functions of the set Efi
form a vector space

which will be denoted also by Efi
; we will call also these classes functions

and denote them also by fi.
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In the space Efi
we introduce the family of subsets

B =
{
VKi,δ : Ki ⊂ Oi, δ > 0

}
.

Here Ki is an arbitrary compact set, δ > 0 is an arbitrary number,

VKi,δ =
{
δfi ∈ Efi

: H(δfi;Ki) ≤ δ
}
,

H(δfi;Ki)=sup

{∣∣∣∣
t′′∫

t′

δfi(t, xi1, . . . , xisi
)dt

∣∣∣∣ : xij ∈Ki, j=1, si, t
′, t′′∈J

}
.

The family B can be accepted as a basis of neighborhoods of zero of
the space Efi

. Hence, it defines uniquely a locally convex separate vector
topology which transforms Efi

into a topological vector space [25]. In what
follows, we will suppose that the space Efi

is supplied with this topology.
Let τij(t), t ∈ R, j = 1, si, be absolutely continuous scalar functions sat-

isfying the conditions τij(t) ≤ t, τ̇ij(t) > 0; γij(t) be the inverse function to

τij(t). Next, let ηij(t), t ∈ R, j = 1, ki, be continuously differentiable scalar
functions satisfying the conditions ηij(t) < t, η̇ij(t) > 0; ρij(t) be the inverse
function to ηij(t); Eϕi

be the space of continuously differentiable functions
ϕi : Ji = [τi, b] → Rni , τi = min

{
τi1(a), . . . , τisi

(a), ηi1(a), . . . , ηiki
(a)

}
,

with the norm ‖ϕi‖ = |ϕi(a)| + max
t∈Ji

∣∣ϕ̇i(t)
∣∣; ∆i =

{
ϕi ∈ Eϕi

: ϕi(t) ∈ Oi

}

be the set of initial functions; Aij(t), j = 1, ki, t ∈ J , be ni×ni-dimensional
continuous matrix functions; gi(ti;xi−1), (ti, xi−1) ∈ J ×Oi−1, i = 2,m, be
continuously differentiable functions.

Lemma 2.1 ([24], p. 10). Let fi1, fi2 ∈ Efi
be equivalent functions. Then

for any piecewise continuous function∗ xi(t) ∈ Oi, t ∈ J , the following

equality is fulfilled

∣∣∣∣
t′′∫

t′

[
fi1

(
t, xi(τi1(t)), . . . , xi(τisi

(t))
)
−

−fi2

(
t, xi(τi1(t)), . . . , xi(τisi

(t))
)]
dt

∣∣∣∣ = 0, ∀ t′, t′′ ∈ J.

Now we introduce the set

Bi =
{
µi = (t1, . . . , ti+1, x10, . . . , xi0, ϕ1, . . . , ϕi, f1, . . . , fi) ∈ J

1+i×

×

i∏

j=1

Oj ×

i∏

j=1

∆j ×

i∏

j=1

Efj
: t1 < · · · < ti+1

}
, i = 1,m,

where
i∏

j=1

Oj = O1 × · · · ×Oi.

∗ Everywhere we assume that piecewise continuous functions have finite number of
discontinuity points of the first kind.
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To each element µm ∈ Bm we assign the set of differential equations

ẋi(t) =

ki∑

j=1

Aij(t)ẋi(ηij(t))+

+ fi

(
t, xi(τij(t), . . . , xi(τisi

(t))
)
, t ∈ [ti, ti+1], (2.1i)

xi(t) = ϕi(t), t ∈ [τi, ti), xi(ti) = xi0 + gi(ti, xi−1(ti)), i = 1,m. (2.2i)

Here and everywhere we suppose, that g1 = 0. On the right-hand side of
the equation (2.1i) we suppose any function from the equivalence class.

Definition 2.1. Let

µm = (t1, . . . , tm+1, x10, . . . , x1m, ϕ1, . . . , ϕm, f1, . . . , fm) ∈ Bm.

The set of functions
{
xi(t) = xi(t;µi) ∈ Oi, t ∈ [τi, ti+1]: i = 1,m

}
, where

µi ∈ Bi, is called a solution corresponding to the element µm if the function
xi(t) satisfies the condition (2.2i) on the interval [τi, ti] and the equation

xi(t) = xi0 + gi(ti, xi−1(ti)) +

t∫

ti

[ ki∑

j=1

Aij(ξ)ẋi(ηij(ξ))+

+ fi

(
ξ, xi(τi1(ξ)), . . . , xi(τisi

(ξ))
)]
dξ

on the interval [ti, ti+1].

It is obvious that the function xi(t), t ∈ [ti, ti+1], is absolutely continuous
and satisfies the equation (2.1i) almost everywhere.

It follows from the local theorem of existence and uniqueness for the
neutral equation [26] that to each element µm there corresponds a unique
solution if the numbers ti+1 − ti, i = 1,m, are small enough.

On the basis of Lemma 2.1 we can conclude that if fi1 and fi2 are equi-
valent functions, then xi(t;µi1) = xi(t;µi2), where

µij = (t1, . . . , ti+1, x10, . . . , xi0, ϕ1, . . . , ϕi, f1j , . . . , fij), j = 1, 2.

The following theorem about continuous dependence of solution on initial
data and right-hand side is proved by repeated application of an analogue
of Theorem 1.2.1 ([24], p. 11) for quasi-linear equations of neutral type with
several variable delays.

Theorem 2.1. Let
{
x̃i(t) = xi(t; µ̃i), t ∈ [τi, t̃i+1] : i = 1,m

}
be the

solution corresponding to the element

µ̃m =
(
t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0, ϕ̃1, . . . , ϕ̃m, f̃1, . . . , f̃m

)
∈ Bm, t̃m+1 < b,

and let Ki1 ⊂ Oi be a compact set containing some neighborhood of the set

Ki0 = ϕ̃i(Ji) ∪ x̃i

(
[t̃i, t̃i+1]

)
. Then the following assertions are valid:

2.1) there exist numbers δi > 0, i = 0, 1, such that to each element

µm ∈ V (µ̃m;K11, . . . ,Km1, δ0, α0) =

m+1∏

i=1

(
V (t̃i; δ0) ∩ J

)
×
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×

m∏

i=1

(
V (x̃i0; δ0) ∩Oi

)
×

m∏

i=1

(
V (ϕ̃i; δ0) ∩∆i

)
×

×

m∏

i=1

[
f̃i +

(
W (Ki1;α0) ∩ VKi1,δ0

)]
⊂ Bm

there corresponds the solution {xi(t), t ∈ [τi, ti+1] : i = 1,m}. Moreover,

the function xi(t) is defined on the interval [τi, t̃i+1 + δ1] ⊂ J and on the

interval [t̃i, t̃i+1 + δ1] it satisfies the equation (2.1i) and takes values from

intKi1;

2.2) for an arbitrary ε > 0 there exists a number δ2 = δ2(ε) ∈ (0, δ0] such

that the inequality
∣∣xi(t)− x̃i(t)

∣∣ ≤ ε, ∀ t ∈ [θi, t̃i+1 + δ1], θi = max{ti, t̃i}, i = 1,m,

is valid for any µm ∈ V (µ̃m;K11, . . . ,Km1, δ2, α0).
Here

V (t̃i; δ0) =
{
ti ∈ R : |t̃i − ti| < δ0

}
,

V (x̃i0; δ0) =
{
xi0 ∈ R

ni : |x̃i0 − xi0| < δ0
}
,

V (ϕ̃i; δ0) =
{
ϕi ∈ Eϕi

: ‖ϕ̃i − ϕi‖ < δ0
}
,

W (Ki1;α0) =
{
δfi ∈ Efi

: H1(δfi;Ki1) < α0

}
,

where

H1(δfi;Ki1) = sup

{ ∫

J

[∣∣δfi(t, xi1, . . . , xisi
)
∣∣+

+

si∑

j=1

∣∣∣∂δfi(·)

∂xij

∣∣∣
]
dt : xij ∈ Oi, j = 1, si

}
,

α0 > 0 is a given number.

Remark 2.1. Theorem 2.1 is valid if the set V (µ̃m;K11, . . .,Km1, δ0, α0) is
replaced by the set

V (µ̃m;K11, . . . ,Km1, δ0) =

m+1∏

i=1

(
V (t̃i; δ0) ∩ J

)
×

m∏

i=1

(
V (x̃i0; δ0) ∩ Oi

)
×

×

m∏

i=1

(
V (ϕ̃i; δ0) ∩∆i

)
×

m∏

i=1

(
f̃i +W (Ki1; δ0)

)

since

f̃i +W (Ki1; δ0) ⊂ f̃i +W (Ki1;α0) ∩ VKi1,δ0
, 0 < δ0 ≤ α0.

In the space

Eµi
= R1+i ×

i∏

j=1

Rnj ×

i∏

j=1

Eϕj
×

i∏

j=1

Efj
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we denote the set of variations

Vi =

{
δµi = (δt1, . . . , δti+1, δx10, . . . , δxi0, δϕ1, . . . , δϕi,

δf1, . . . , δfi) ∈ Eµi
: |δtj | ≤ α1, j = 1, i+ 1; |δxj0| ≤ α1,

‖δϕj || ≤ α1, δfj =

mj∑

k=1

λjkδfjk, |λjk | ≤ α1, j = 1, i

}
,

where α1 > 0 is a fixed number, δfjk ∈ Efj
, k = 1,mj , are fixed points.

The following lemma is a corollary to Theorem 2.1.

Lemma 2.2. Let {x̃i(t), t ∈ [τi, t̃i+1] : i = 1,m} be the solution cor-

responding to the element µ̃m ∈ Bm, t̃m+1 < b; Ki1 ⊂ Oi be a compact

set containing some neighborhood of the set Ki0. Then there exist such

numbers ε1 > 0, δ1 > 0 that for an arbitrary (ε, δµm) ∈ [0, ε1] × Vm

the element µ̃m + εδµm ∈ Bm and the solution {xi(t; µ̃i + εδµi), t ∈

[τi, t̃i+1 + εδti+1] : i = 1,m} corresponds to it, where δµi ∈ Vi. Moreover,

the solution xi(t; µ̃i + εδµi) is defined on the interval [τi, t̃i+1 + δ1] ⊂ J ,

takes values from intKi1 and on the interval [t̃i + εδti, t̃i+1 + δ1] satisfies

the corresponding differential equation almost everywhere.

By virtue of uniqueness, the solution xi(t; µ̃i) on the interval [τi, t̃i+1+δ1]
is a continuation of the solution x̃i(t). Therefore, in what follows we assume

that the solution x̃i(t) is already defined on the entire interval [τi, t̃i+1 +δ1].
Lemma 2.2 makes it possible to define the increment of the solution

x̃i(t) = xi(t; µ̃i) : ∆xi(t; εδµi) = xi(t; µ̃i + εδµi) − x̃i(t), ∀(t, ε, δµi) ∈

[τi, t̃i+1 + δ1]× [0, ε1]× Vi.
Theorems provided below play an important role in the proof of necessary

conditions of optimality.
In order to formulate the theorems about variation of solutions we need

the following notation:

ω0
ij =

(
t̃i, x̃i(t̃i), . . . , x̃i(t̃i)︸ ︷︷ ︸

j

, ϕ̃i(t̃i), . . . , ϕ̃i(t̃i)︸ ︷︷ ︸
pi−j

, ϕ̃(τipi+1)(t̃i)), . . . , ϕ̃i(τisi
(t̃i)))

)
,

j = 0, pi.

The role of number pi will be found out below. If j = 0, then w0
i0 does not

contain x̃i(t̃i), and if j = pi, then w0
ipi

does not contain ϕ̃i(t̃i).

Further, γij = γij(t̃i),

ω1
ij =

(
γij , x̃i(τi1(γij)), . . . , x̃i(τij−1(γij)), x̃i(t̃i),

ϕ̃i(τij+1(γij)), . . . , ϕ̃i(τisi
(γij))

)
,

ω2
ij =

(
γij , x̃i(τi1(γij)), . . . , x̃i(τij−1(γij)),

ϕ̃i(t̃i), ϕ̃i(τij+1(γij)), . . . , ϕ̃i(τisi
(γij))

)
, j = pi + 1, si,

ωi2 =
(
t̃i+1, x̃i(τi1(t̃i+1)), . . . , x̃i(τisi

(t̃i+1))
)
.
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Theorem 2.2. Let the following conditions be fulfilled

2.3) γij = t̃i, j = 1, pi, γipi+1 < · · · < γisi
, ρij(t̃i) < t̃i+1, j = 1, ki,

i = 1,m;
2.4) there exists a number δ > 0 such that

γi1(t) ≤ · · · ≤ γipi
(t), t ∈ (t̃i − δ, t̃i], i = 1,m;

2.5) there exist finite limits

γ̇−ij = γ̇ij(t̃i−), j = 1, si, i = 1,m;

˙̃x
−

ij = ˙̃xij(ηij(t̃i−)), j = 1, si, i = 1,m− 1;

lim
ωi→ω0

ij

f̃i(ωi) = f−ij , ωi = (t, xi1, . . . , xisi
) ∈ (t̃i − δ, t̃i]×Osi

i , j=0, pi

lim
(ωi1,ωi2)→(ω1

ij
,ω2

ij
)

[
f̃i(ωi1)− f̃i(ωi2)

]
= f−ij , ωi1, ωi2 ∈ (γij − δ, γij ]×Osi

i ,

j = pi + 1, si, i = 1,m;

lim
ωi→ω2

i

f̃i(ωi) = f−isi+1, ωi ∈ (t̃i+1 − δ, t̃i+1]×Osi

i i = 1,m− 1.

Then there exist numbers ε2 > 0, δ2 > 0 such that for an arbitrary

(t, ε, δµi) ∈
[
t̃i+1 − δ2, t̃i+1 + δ2

]
× [0, ε2]× V −i , i = 1,m,

where

V −i =
{
δµi ∈ Vi : δtj ≤ 0, j = 1, i+ 1

}
,

the following formulas

∆xi(t; εδµi) = εδxi(t; δµi) + o(t; εδµi),
∗ i = 1,m, (2.3)

are valid, where

δxi(t; δµi) =

{
Yi(t̃i−; t)

[
˙̃ϕi(t̃i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i)+

+

pi∑

j=0

(γ̂−ij+1 − γ̂−ij )f
−

ij

]
−

si∑

i=pi+1

Yi(γij−; t)f−ij γ̇
−

ij+

+Φi(t̃i; t)
∂g̃i

∂xi−1

[ ki−1∑

j=1

Ai−1j(t̃i) ˙̃x
−

i−1j + f−i−1si−1+1

]}
δti + βi(t; δµi); (2.4)

γ̂−i0 = 1, γ̂−ij = γ̇−ij , j = 1, pi, γ̂−ipi+1 = 0;

βi(t; δµi) = Φi(t̃i; t)
[
δxi0 − ˙̃ϕi(t̃i)δti +

∂g̃i

∂ti
δti+

∗ Here and in the sequel the symbol o(t, εδµ) means that lim
ε→0

o(t; εδµ)/ε = 0, uniformly

for (t, δµ).
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+
∂g̃i

∂xi−1
δxi−1(t̃i; δµi)

]
+

si∑

j=pi+1

t̃i∫

τij(t̃i)

Yi(γij(ξ); t)
∂f̃i[γij(ξ)]

∂xij

×

×γ̇ij(ξ)δϕi(ξ)dξ +

ki∑

j=1

t̃i∫

ηij (t̃i)

Yi(ρij(ξ); t)Aij(ρij(ξ))ρ̇ij (ξ)δ̇ϕi(ξ)dξ+

+

t∫

t̃i

Yi(ξ; t)δfi[ξ]dξ;

g̃i = gi(t̃i, x̃i−1(t̃i)), δfi[ξ] = δfi

(
ξ, x̃(τi1(ξ)), . . . , x̃(τisi

(ξ))
)
,

the matrix functions Φi(ξ; t) and Yi(ξ; t) satisfy the system




∂Φi(ξ; t)

∂ξ
= −

si∑

j=1

Yi(γij(ξ); t)
∂f̃i[γij(ξ)]

∂xij

γ̇ij(ξ), ξ ∈ [t̃i − δ, t],

Yi(ξ; t) = Φi(ξ; t) +

ki∑

j=1

Yi(ρij(ξ); t)Aij(ρij(ξ))ρ̇ij(ξ)

(2.5)

and the initial condition

Yi(ξ; t) = Φi(ξ; t) =

{
Ii, ξ = t,

Θi, ξ 6= t,
(2.6)

where Ii is the identity matrix, Θi is the zero matrix.

δxi(t; δµi) is called the variation of the solution x̃i(t) and the expression
(2.4) is called the formula of variation.

Theorem 2.3. Let the condition 2.3) of Theorem 2.2 and the following

conditions be fulfilled:

2.6) there exists a number δ > 0 such that

γi1(t) ≤ · · · ≤ γipi
(t), t ∈ [t̃i, t̃i + δ], i = 1,m;

2.7) there exist finite limits:

γ̇+
ij = γ̇ij(t̃i+), j = 1, si, i = 1,m;

˙̃x+
ij = ˙̃xij(ηij(t̃i+1+)), j = 1, si, i = 1,m− 1,

lim
ωi→ω0

ij

f̃i(ωi) = f+
ij , ωi ∈ [t̃i, t̃i + δ)×Osi

i , j = 0, pi,

lim
(ωi1,ωi2)→(ω1

ij
,ω2

ij
)

[
f̃i(ωi1)− f̃i(ωi2)

]
= f+

ij ,

ωi1, ωi2 ∈ (γij , γij + δ)×Osi

i , j = pi + 1, si, i = 1,m;

lim
ωi→ω2

i

f̃i(ωi) = f+
isi+1, ωi ∈ [t̃i+1, t̃i+1 + δ]×Osi

i i = 1,m− 1.
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Then there exist numbers ε2 > 0, δ2 > 0 such that for an arbitrary

(t, ε, δµi) ∈
[
t̃i+1 − δ2, t̃i+1 + δ2

]
× [0, ε2]× V +

i , i = 1,m,

where

V +
i =

{
δµi ∈ Vi : δtj ≥ 0, j = 1, i+ 1

}
,

the formula (2.3) is valid, where

δxi(t; δµi) =

{
Yi(t̃i+; t)

[
˙̃ϕi(t̃i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i)+

+

pi∑

j=0

(γ̂+
ij+1 − γ̂+

ij)f
+
ij

]
−

si∑

j=pi+1

Yi(γij+; t)f+
ij γ̇

+
ij+

+Φi(t̃i; t)
∂g̃i

∂xi−1

[ ki−1∑

j=1

Ai−1j(t̃i) ˙̃x+
i−1j + f+

i−1si−1+1

]}
δti + βi(t; δµi);

γ̂+
i0 = 1, γ̂+

ij = γ̇+
ij , j = 1, pi, γ̂+

ipi+1 = 0.

Remark 2.2. Theorems 2.2 and 2.3 are proved by the method given in
[24]. The matrix function Yi(ξ; t), ξ ∈ [a, t], is piecewise continuous (see the
second equation of the system (2.5) and the condition (2.6)).

Let ηij(t) = ηj
i (t) = ηi(η

j−1
i (t)), j = 1, si, η

0
i (t) = t, where ηi(t) is

continuously differentiable and satisfies the conditions ηi(t) < t, η̇i(t) > 0.
Then the function Yi(ξ; t) is discontinuous with respect to ξ ∈ [a, t] at the
points of the set

Ji(t) =
{
ηj

i (t) ∈ [a, t] : j = 1, 2, . . .
}
.

The theorem formulated below is a corollary to Theorems 2.2 and 2.3.

Theorem 2.4. Let ηij(t) = ηj
i (t) and the assumptions of Theorems 2.2,

2.3 be valid and, in addition, let

pi∑

j=0

(γ̂−ij+1 − γ̂−ij)f
−

ij =

pi∑

j=0

(γ̂+
ij+1 − γ̂+

ij)f
+
ij = fi0,

f−ij γ̇
−

ij = f+
ij γ̇

+
ij = fij , j = pi + 1, si, i = 1,m,

ki−1∑

j=1

Ai−1j(t̃i) ˙̃x−i−1j + f−i−1si−1+1 =

=

ki−1∑

j=1

Ai−1j(t̃i) ˙̃x+
i−1j + f+

i−1si−1+1 = fi−1si−1+1, i = 2,m,

t̃i, γij 6∈ Ji(t̃i+1), i = 1,m, j = 1, si.

Then there exist numbers ε2 > 0, δ2 > 0 such that for an arbitrary

(t, ε, δµi) ∈ [t̃i+1 − δ2, t̃i+1 + δ2]× [0, ε2]× Vi, i = 1,m, the formula (2.3) is



12 A. Arsenashvili, I. Ramishvili, and T. Tadumadze

valid, where

δxi(t; δµi) =

{
Yi(t̃i; t)

[
˙̃ϕi(t̃i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i) + fi0

]
−

−

si∑

j=pi+1

Yi(γij ; t)fij + Φi(t̃i; t)
∂g̃i

∂xi−1
fi−1si−1+1

}
δti + βi(t; δµi).

Investigation of the optimal control problem considered in this work will
be carried out by the scheme given in [23], [24], according to which an
optimal control problem can be formulated as a problem of finding criti-
cality conditions for a continuous and differentiable mapping defined on a
quasi-convex filter. Necessary conditions of optimality are obtained from
necessary conditions of criticality.

Below all necessary definitions are given and necessary conditions of cri-
ticality are formulated.

Let Ez = Ex ×Eζ be a locally convex topological vector space of points
z = (x, ζ) and Ex be a finite dimensional space.

Let a mapping

P : D −→ Rs (2.7)

and filter Φ in Ez be given.

Definition 2.2. The mapping (2.7) is defined on the filter Φ if there
exists an element W ∈ Φ such that W ⊂ D.

Definition 2.3. Let the mapping (2.7) be defined on the filter Φ. The
mapping (2.7) is called critical on the filter Φ if for any point z̃ belonging
to every element of the filter Φ there exists an element W ∈ Φ such that
W ⊂ D and P (z̃) ∈ ∂P (W ).

Definition 2.4. The mapping (2.7) is continuous on the filter Φ if there
exists an element W ∈ Φ such that W ⊂ D and the restriction

P : W −→ Rs

is continuous.

Definition 2.5. Let X ⊂ Ex be a locally convex subspace. The set
D ⊂ X × Eζ is called finitely locally convex if for any arbitrary point
z0 = (x0, ζ0) ∈ D and any arbitrary linear finite dimensional manifold
Lζ0

⊂ Eζ passing through the point ζ0 there exist convex neighborhoods
Vx0

⊂ X and Vζ0
⊂ Lζ of the points x0 and ζ0, respectively, such that

Vx0
× Vζ0

⊂ D.

Definition 2.6. The mapping (2.7) has a differential at the point z̃ =

(x̃, ξ̃) ∈ D if there exists a linear mapping

dPz̃ : Eδz = Ez − z̃ −→ Rs
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such that for any manifold

L
ζ̃

=

{
ζ̃ +

k∑

i=1

λiδζi : λi ∈ R

}
⊂ Eζ

the following representation holds

P (z̃ + εδz)− P (z̃) = εdPz̃(δz) + o(εδz), ∀(ε, δz) ∈ (0, ε0]× V01 × V11,

where V01 ⊂ X−x̃ and V11 ⊂ L
ζ̃
− ζ̃ are bounded and convex neighborhoods

of zero; ε0 > 0 is a number for which

z̃ + εδz ∈ D, ∀ (ε, δz) ∈ (0, ε0]× V01 × V11,

and finally,

lim
ε→0

o(εδz)/ε = 0, uniformly for δz ∈ V01 × V11.

Definition 2.7. The filter Φ in Ez is called quasi-convex, if for any
element W ∈ Φ and any natural number p there exists an element W1 =
W1(W ; p) ∈ Φ such that for arbitrary p+1 points z0, . . . , zp from W1 and an
arbitrary neighborhood of zero V01 ⊂ Ez there exists a continuous mapping

ϕ : co
(
{z0, . . . , zp}

)
−→W

satisfying the condition

(z − ϕ(z)) ∈ V01, ∀ z ∈ co
(
{z0, . . . , zp}

)
.

It is obvious that every convex filter Φ in Ez is quasi-convex.
By co[Φ] we denote the convex filter, whose elements are sets co(W ),

where W is an arbitrary element of the filter Φ and cone(M) denote the
cone generated by the set M .

Theorem 2.5 (necessary condition of the criticality). Let the mapping

(2.7) be continuous on co[Φ] and critical on Φ. Let the filter Φ be quasi-

convex. Then for any point z̃ belonging to all sets of the filter Φ, at which

the mapping (2.7) has a differential, there exist an element W̃ ∈ Φ and a

non-zero s-dimensional row-vector π = (π1, . . . , πs) such that

πdPz̃(δz) ≤ 0, ∀ δz ∈ cone(W̃ − z̃).

Let Gi ⊂ Rri be an open set and the function fi(t, xi1, . . . , xisi
, ui) ∈ R

ni

satisfy the following conditions: it is continuous on Osi

i × Gi and con-
tinuously differentiable with respect to xij ∈ Oi, j = 1, si, for almost
all t ∈ J ; for each fixed (xi1, . . . , xisi

, ui) ∈ Osi

i × Gi the functions fi,
∂fi

∂xij
, j = 1, si, are measurable on J ; for any compacts Ki ⊂ Oi and

Mi ⊂ Gi there exists a function mKi,Mi
(·) ∈ L(J,R+) such that for any

(xi1, . . . , xisi
, ui) ∈ K

si

i ×Mi and for almost all t ∈ J

∣∣fi(t, xi1, . . . , xisi
, ui)

∣∣ +

si∑

j=1

∣∣∣∂fi(·)

∂xij

∣∣∣ ≤ mKi,Mi
(t).
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Now we consider the set

Fi =
{
fi(t, xi1, . . . , xisi

) = fi(t, xi1, . . . , xisi
, ui(t)) : ui(·) ∈ Ωi

}
.

Here Ωi is the set of measurable functions ui(t) ∈ Ui ⊂ Gi, t ∈ J , satisfying
the condition: the set clu(J) is compact and lies in Gi, where Ui is an
arbitrary set.

It is clear that the set Fi can be identified with a subset of the space Efi
.

Let

f̃i(t, xi1, . . . , xisi
) = fi(t, xi1, . . . , xisi

, ũi(t)), where ũi(·) ∈ Ωi.

In Fi we define the filter Φ
f̃i

with the basis

{
WKi,δ : Ki ⊂ Oi − compact set, δ > 0− arbitrary number

}
,

where

WKi,δ =
{
fi ∈ Fi : H1(fi − f̃i;Ki) ≤ δ

}
.

Lemma 2.3 ([24], p. 73). The filter Φ
f̃i

is quasi-convex. Moreover, for

an arbitrary element W
f̃i
∈ Φfi

the inclusion

cone
([
W (i)(Ki1;α0)

]
W

f̃i

− f̃i

)
⊃ Fi − f̃i

holds, where

W (i)(Ki1;α0) = f̃i +W (Ki1;α0),

[W (i)(Ki1;α0)]W
f̃i

is the closure of the set W (i)(Ki1;α0)∩Wf̃i
with respect

to W (i)(Ki1;α0) in the topology induced in W (i)(Ki1;α0) by the topology

from Efi
; Ki1 ⊂ Oi is a compact set.

Lemma 2.4 ([24], p. 9). Let x̃i(t) ∈ Ki1, t ∈ J be a piecewise-continuous

function and let δfij ∈ W (Ki1;α0), j = 1, 2, . . . ; moreover, let

lim
j→∞

H(δfij ;Ki1) = 0.

Then

lim
j→∞

sup

{∣∣∣∣
t′′∫

t′

δfij(t, x̃i(τi1(t)), . . . , x̃i(τisi
(t))dt

∣∣∣∣ : ∀t′, t′′ ∈ J

}
= 0.

Lemma 2.5. Let ψi(t) ∈ Rni , t ∈ [t̃i, t̃i+1] ⊂ J and x̃i(t) ∈ Ki1,

t ∈ [τi, t̃i+1], be piecewise-continuous functions. Then the mapping

δfi →

t̃i+1∫

t̃i

ψi(t)δfi(t, x̃i(τi1(t)), . . . , x̃i(τisi
(t)))dt, (2.8)

is continuous on W (Ki1;α0) in the topology induced from Efi
.
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Proof. Let δfij ∈W (Ki1;α0), j = 1, 2, . . . , and

lim
j→∞

H(δfij ;Ki1) = 0.

The mapping (2.8) is continuous if

lim
j→∞

t̃i+1∫

t̃i

ψi(t)δfij(t, x̃i(τi1(t)), . . . , x̃i(τisi
(t)))dt = 0. (2.9)

Let [θip, θip+1], p = 1, νi, be the intervals of continuity of the function
ψi(t) and ψi(t) = ψip(t), t ∈ [θip, θip+1].

Then

∣∣∣∣

t̃i+1∫

t̃i

ψi(t)δfij(t, x̃i(τi1(t)), . . . , x̃i(τisi
(t)))dt

∣∣∣∣ ≤

≤

νi∑

p=1

∣∣∣∣

θip+1∫

θip

ψip(t)δfij(t, x̃i(τi1(t)), . . . , x̃i(τisi
(t)))dt

∣∣∣∣. (2.10)

There exists a sequence of continuously differentiable functions Ql
ip(t),

l = 1, 2, . . . , such that

lim
l→∞

‖Ql
ip − ψip‖ = 0,

where

‖Ql
ip − ψip‖ = max

t∈[θip,θip+1]

∣∣Ql
ip(t)− ψip(t)

∣∣.

We have

∣∣∣∣

θip+1∫

θip

ψip(t)δfij(t, x̃i(τi1(t)), . . . , x̃i(τisi
(t)))dt

∣∣∣∣ ≤ ‖ψip −Ql
ip‖α0+

+

∣∣∣∣

θip+1∫

θip

Ql
ip(t)δfij

(
t, x̃i(τi1(t)), . . . , x̃i(τisi

(t))
)
dξ

∣∣∣∣. (2.11)

Integration by parts gives

θip+1∫

θip

Ql
ip(t)δfij

(
t, x̃i(τi1(t)), . . . , x̃i(τisi

(t))
)
dt =

= Ql
ip(θip+1)

θip+1∫

θip

δfij

(
t, x̃i(τi1(t)), . . . , x̃i(τisi

(t))
)
dt−
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−

θip+1∫

θip

Q̇l
ip(t)

( t∫

θip

δfij

(
ξ, x̃i(τi1(ξ)), . . . , x̃i(τisi

(ξ))
)
dξ

)
dt.

For every fixed l = 1, 2, . . . on the basis of the preceding lemma we have

lim
j→∞

θip+1∫

θip

Ql
ip(t)δfij

(
t, x̃i(τi1(t)), . . . , x̃i(τisi

(t))
)
dt = 0. (2.12)

From (2.10), taking into consideration (2.11) and (2.12), we obtain (2.9). �

3. Statement of the Problem. Necessary Conditions of

Optimality

Let ∆i0 =
{
ϕi ∈ Eϕi

: ϕi(t) ∈ Ni

}
be sets of initial functions, Ni ⊂ Oi

be convex sets; scalar functions qp(t1, . . . , tm+1, x1, . . . , xm, xm+1), p = 1, l,
be continuously differentiable in all arguments: ti ∈ J , xi ∈ Oi, i = 1,m,
xm+1 ∈ Om.

We introduce the sets:

Bi1 =
{
σi = (t1, . . . , ti+1, x10, . . . , xi0, ϕ1, . . . , ϕi, , u1, . . . , ui) ∈

∈ J1+i ×

i∏

j=1

Oj ×

i∏

j=1

∆j0 ×

i∏

j=1

Ωi; t1 < · · · < ti+1

}
, i = 1,m.

To each element σm ∈ Bm1 we assign the system of neutral differential
equations with variable structure and discontinuous initial condition

ẋi(t) =

ki∑

j=1

Aij(t)ẋi(ηij(t))+

+ fi

(
t, xi(τi1(t)), . . . , xi(τisi

(t)), ui(t)
)
, t ∈ [ti, ti+1], (3.1i)

xi(t) = ϕi(t), t ∈ [τi, ti), xi(ti) = xi0 + gi(ti, xi−1(ti)), i = 1,m. (3.2i)

Here, as above, g1 = 0.
The solution {xi(t;σi), t ∈ [τi, ti+1] : i = 1,m}, where σi ∈ Bi1, corre-

sponding to the element σm ∈ Bm1 is defined similarly (see Def.2.1).

Definition 3.1. The element σm ∈ Bm1 is called admissible, if the
following conditions are fulfilled

qp
(
t1, . . . , tm+1, x10, . . . , xm0, xm(tm+1)

)
= 0, p = 1,m, (3.3)

where xm(t) = xm(t;σm).

The set of admissible elements is denoted by B0.

Definition 3.2. The element

σ̃m = (t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0, ũ1, . . . , ũm) ∈ B0
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is called optimal, if there exist a number δ̃ > 0 and compacts K̃i ⊂ Oi,
i = 1,m, such that for an arbitrary element σm ∈ B0 satisfying the condition

m+1∑

i=1

∣∣t̃i − ti
∣∣ +

m∑

i=1

(∣∣x̃i0 − xi0

∣∣ +
∥∥ϕ̃i − ϕi

∥∥ +H1

(
f̃i − fi; K̃i

))
≤ δ̃,

the following inequality is fulfilled

q0
(
t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0, x̃m(t̃m+1)

)
≤

≤ q0
(
t1, . . . , tm+1, x10, . . . , xm0, xm(tm+1)

)
. (3.4)

Here

x̃m(t) = xm(t; σ̃m), f̃i(ωi) = fi(ωi, ũ(t)),

f(ωi) = f(ωi, u(t)), ωi = (t, xi1, . . . , xisi
).

The problem (3.1i)–(3.2i), (3.3), (3.4) is called the optimal problem of
neutral type with variable structure and discontinuous initial condition, and
it consists in finding an optimal element σ̃m.

Theorem 3.1. Let σ̃ be an optimal element, t̃1 > a and conditions

2.3)–2.5) of Theorem 2.2 be fulfilled. Let, besides, there exist finite limits:

˙̃x−mj = ˙̃xm(ηmj(t̃m+1−)), j = 1, km;

lim
ωm→ω2

m

f̃m(ωm) = f−msm+1, ωm ∈ (a, t̃m+1]×Osm
m ,

where ω2
m =

(
t̃m+1, x̃m(τm1(t̃m+1)), . . . , x̃m(τmsm

(t̃m+1))
)
. Then there exist

a vector π = (π0, . . . , πl) 6= 0, π0 ≤ 0, and a solution
{
(ψi(t), χi(t)), t ∈

[t̃i − δ, γi0] : i = 1,m, δ > 0
}
∗ of the variable structure system





χ̇i(t) = −

si∑

j=1

ψi(γij(t))
∂f̃i[γij(t)]

∂xij

γ̇ij(t),

ψi(t) = χi(t) +

ki∑

j=1

ψi(ρij(t))Aij (ρij(t))ρ̇ij(t), t ∈ [t̃i − δ, t̃i+1],

(3.5)

ψi(t) = χi(t) = 0, t ∈ (t̃i+1, γi0], i = 1,m,

such that the following conditions are fulfilled:

3.1) the integral maximum principle for controls

t̃i+1∫

t̃i

ψi(t)f̃i[t]dt ≥

t̃i+1∫

t̃i

ψi(t)fi

(
t, x̃i(τi1(t)), . . . , x̃isi

(τisi
(t), ui(t)

)
dt

∀ ui(·) ∈ Ωi, i = 1,m;

∗ γi0 = max{γi1(b), . . . , γisi
(b), ρi1(b), . . . , ρiki

(b)}, ψi(t) is piecewise-continuous

function.
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3.2) the integral maximum principle for initial functions

si∑

j=pi+1

t̃i∫

τij(t̃i)

ψi(γij(t))
∂f̃i[γij(t)]

∂xij

γ̇ij(t)ϕ̃i(t)dt+

+

ki∑

j=1

t̃i∫

ηij(t̃i)

ψi(ρij(t))Aij (ρij(t))ρ̇ij (t) ˙̃ϕi(t)dt ≥

≥

si∑

j=pi+1

t̃i∫

τij(t̃i)

ψi(γij(t))
∂f̃i[γij(t)]

∂xij

γ̇ij(t)ϕi(t)dt+

+

ki∑

j=1

t̃i∫

ηij(t̃i)

ψi(ρij(t))Aij (ρij(t))ρ̇ij (t)ϕ̇i(t)dt, ∀ϕi(·) ∈ ∆i0, i = 1,m;

3.3) the conditions for the functions χi(t), i = 1,m,

π
∂Q̃

∂xm+1
= χm(t̃m+1) , π

∂Q̃

∂xi

= −χi(t̃i), i = 1,m,

χi−1(t̃i) = χi(t̃i)
∂g̃i

∂xi−1
, i = 2,m;

3.4) the conditions for the moments t̃i, i = 1,m+ 1,

π
∂Q̃

∂ti
≥ −ψi(t̃i−)

[
˙̃ϕi(t̃i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i))+

+

pi∑

j=0

(
γ̂−ij+1 − γ̂−ij

)
f−ij

]
+

si∑

j=pi+1

ψi(γij−)f−ij γ̇
−

ij−

−χi(t̃i)
[∂g̃i

∂ti
− ˙̃ϕi(t̃i)

]
− χi−1(t̃i)×

×
[ ki−1∑

j=1

Ai−1 j(t̃i) ˙̃x−i−1 j + f−i−1 si−1+1

]
, i = 1,m;

π
∂Q̃

∂tm+1
≥ −ψm(t̃m+1)

[ km∑

j=1

Amj(t̃m+1) ˙̃x
−

mj + f−msm+1

]
.

Here

Q = (q0, . . . , ql)∗,
∂Q̃

∂ti
=

∂

∂ti
Q

(
t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0, x̃m1(t̃m+1)

)
,

f̃i[t] = f̃i

(
t, x̃(τi1(t)), . . . , x̃i(τisi

(t))
)
.

Here and everywhere we suppose, that χ0(t̃1) = 0.
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Theorem 3.2. Let σ̃m be an optimal element, t̃m+1 < b, and the condi-

tions of Theorem 2.3 be fulfilled. Let, besides, there exist finite limits

˙̃x+
mj = ˙̃xmj

(
ηmj(t̃m+1+)

)
, j = 1, km;

lim
ωm→ω2

m

f̃m(ωm) = f+
msm+1, ωm ∈ [t̃m+1, b)×Osm

i .

Then there exist a vector π = (π0, . . . , πl) 6= 0, π0 ≤ 0, and a solution{
(ψi(t), χi(t)), t ∈ [t̃i − δ, γi0] : i = 1,m, δ > 0

}
of the system (3.5) such

that the conditions 3.1)–3.3) are fulfilled. Moreover,

π
∂Q̃

∂ti
≤ ψi(t̃i+)

[
˙̃ϕi(t̂i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i))+

+

pi∑

j=0

(γ̂+
ij+1 − γ̂+

ij)f
+
ij

]
+

si∑

j=pi+1

ψi(γij+)f+
ij γ̇

+
ij−χi(t̃i)

[∂g̃i

∂ti
− ˙̃ϕi(t̃i)

]
−

− χi−1(t̃i)

[ ki−1∑

j=1

Ai−1j(t̃i) ˙̃x+
i−1j + f+

i−1si−1+1

]
, i = 1,m,

π
∂Q̃

∂tm+1
≤ −ψm(t̃m+1)

[ km∑

j=1

Amj(t̃m+1) ˙̃xmj + f+
msm+1

]
.

Theorem 3.3. Let σ̃m be an optimal element, t̃1, t̃m+1 ∈ (a, b) and the

conditions of Theorem 2.4 be fulfilled. Let, besides,

km∑

j=1

Amj(t̃m+1) ˙̃x−mj + f−msm+1 =

km∑

j=1

Amj(t̃m+1) ˙̃x+
mj + f+

msm+1 = fmsm+1.

Then there exist a vector π = (π0, . . . , πl) 6= 0, π0 ≤ 0, and a solution{
(ψi(t), χi(t)), t ∈ [t̃i − δ, γi0] : i = 1,m, δ > 0

}
of the system (3.5) such

that the conditions 3.1)–3.3) are fulfilled. Besides,

π
∂Q̃

∂ti
= ψi(t̃i)

[
˙̃ϕi(t̂i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i)) + fi0

]
+

+

si∑

j=pi+1

ψi(γij)fij − χi(t̃i)

[
∂g̃i

∂ti
− ˙̃ϕi(t̃i)

]
−χi−1(t̃i)fi−1si+1, i = 1,m,

π
∂Q̃

∂tm+1
= −ψm(t̃m+1)fmsm+1.

Some comments. From the integral maximum principle 3.1) by stan-
dard way follows the pointwise maximum principle

ψi(t)f̃i[t] = max
ui∈Ui

ψi(t)fi(t, x̃(τi1(t)), . . . , x̃i(τisi
(t), ui), (3.6)

almost everywhere on [t̃i, t̃i+1].
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The addends
pi∑

j=0

(γ̂−ij+1 − γ̂−ij )f
−

ij and

si∑

j=pi

ψi(γij−)f−ij γ
−

ij

in the condition 3.3) are the effects discontinuity of the initial condition.

Let ϕ̃i(t̃i) = x̃i(t̃i). Then f−i0 = · · · = f−ipi
, f−ij = 0, j = pi + 1, si. In this

case the conditions for moments t̃i, i = 1,m, are simple.
Let the functions γ̇ij(t), j = 1, si, ũi(t), fi(t, xi1, . . . , xisi

, ui) be piece-
wise-continuous in t. Then the conditions of Theorems 3.1 and 3.2 connected
with existence of one-side limits are fulfilled.

Let

γ̇−ipi
< · · · < γ̇−i1, γ̇+

i1 < · · · < γ̇+
ipi
, i = 1,m.

Then the conditions 2.4) and 2.6) are fulfilled, respectively.
Theorems 3.1 and 3.2 correspond to the cases, where the variations at the

points t̃i, i = 1,m+ 1, take place on the left and on the right, respectively.
Theorem 3.3 corresponds to the case where at the points t̃i, i = 1,m+ 1,

double-sided variations take place.

4. Economic Problem with Variable Structure

In this section we consider the problem of optimal distribution of the
invested capital, as well as of optimal determination of investment periods,
among various economy branches.

Let the economy be divided into ni various branches, where i = 1,m
are different periods of investment. Suppose that xj

i , j = 1, ni, is the total
volume of the output produced by the j-th branch in the corresponding
investment period. xi = (x1

i , . . . , x
ni

i )∗ is the state vector of the system, uj
i ,

j = 1, ni, are proportionality coefficients of the invested capital for the j-th
branch in the corresponding period, ui = (u1

i , . . . , u
ni

i )∗ is the control vector
parameter. If we take into account that the investment gives the real result
after a certain lapse of time τi > 0, i = 1,m (delay), and also recurrent
process factor, then the process of economic development, on the basis of
the balance equation of V. Leontief’s dynamical model, can be described as
the following neutral optimal control problem:

ẋi(t) =Ai(t)ẋi(t− τi) +Bi(t)xi(t− τi)+

+Di(t)ui(t), t ∈ [ti, ti+1], (4.1i)
{
xi(t) = ϕi0(t), t ∈ [ti − τi, ti), i = 1,m,

x1(t1) = x10, xi(ti) = Eixi−1(ti), i = 2,m,
(4.2i)

with the final condition

xm(tm+1) = xm1 (4.3)

and the cost function

tm+1 − t1 −→ min, (4.4)



Necessary Conditions of Optimality 21

where t1 is a fixed initial moment; x11 ∈ Rn1

+ and xm1 ∈ Rnm

+ are fixed
points; ϕi0 : [a − τi, b] → Rni

+ are fixed continuously differentiable initial

functions; Ai(t), Bi(t), Di(t), t ∈ J , i = 1,m, are ni × ni-dimensional
continuous matrix functions; Ei, i = 2,m, are ni×ni−1 dimensional constant
matrices;

ui(t)∈Ui =

{
ui =(u1

i , . . . , u
ni

i )∗ :

ni∑

j=1

uj
i ≤ 1, 0 ≤ uj

i ≤ 1, j = 1, n
}
, t∈J,

are piecewise-continuous control functions.
Next,

Ai(t) = C−1
i K0

i (t), Bi(t) = C−1
i K1

i (t), Di(t) = C−1
i Ii(t),

where Ci is a non-degenerate matrix of the material cost coefficients cpj
i ,

p, j = 1, ni which show the output quantity which the p-th branch must
invest in the j-th branch so that the latter could produce one unit of output
during the i-th period of investment. K0

i (t) is a diagonal matrix with coef-
ficients of intensity of the output quantity of the i-th branch on the main
diagonal. K1

i (t) is a diagonal matrix with accumulation coefficients of the
i-th branch on the man diagonal. Ii(t) is the volume of credit or foreign
capital.

Our aim is to choose such investment proportionality coefficients, i.e.,
such controls ui(t), t ∈ [ti, ti+1], i = 1,m, and investment structure change
moments ti, i = 2,m, the final moment being tm+1, that the corresponding
solution {xi(t) ∈ Rni

+ , t ∈ [ti − τi, ti+1] : i = 1,m} of the system (3.1i)
satisfies the condition (3.2i), (3.3) and the effectiveness function (3.4) takes
the least possible value.

Below, for the optimal control problem (4.1i), (4.2i), (4.3), (4.4) we
formulate the necessary conditions of optimality, which follow from The-
orem 3.3.

Theorem 4.1. Let ũi(t), t ∈ [t̃i, t̃i+1], i = 1,m, be optimal controls,

t̃i∈ (a, b), i=2,m, be optimal time moments at which the system structure

changes, t̃m+1 be optimal final moment and let {x̃i(t) ∈ Rni

+ , t̃i − τi ≤ t ≤

t̃i+1, i = 1,m} be the corresponding solution and ˙̃xi(t − τi), i = 1,m, be

continuous at the points t̃i+1, i=1,m, respectively. Besides, let t̃i+τi<t̃i+1,

t̃i, t̃i + τi 6∈ {t̃i+1−kτi : k = 1, 2, . . .}, i = 1,m. Then there exists a solution

{(ψi(t), χi(t)), t ∈ [t̃i, t̃i + τi]: i = 1,m} of the variable structure system
{
χ̇i(t) = −ψi(t+ τi)Bi(t+ τi),

ψi(t) = χi(t) + ψi(t+ τi)Ai(t+ τi),
t ∈ [t̃i, t̃i+1],

ψi(t) = χi(t) = 0, t ∈ (t̃i+1, t̃i+1 + τi], i = 1,m,

where ψi(t) is a piecewise-continuous function, such that (ψm(t), χm(t)) 6=0,

t∈ [t̃m, t̃m+1] and the following conditions are fulfilled:
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4.1) the maximum principle

ψi(t)Bi(t)ũi(t) = max
ui∈Ui

ψi(t)Bi(t)ui, t ∈ [t̃i, t̃i+1], i = 1,m;

4.2) the condition for χi(t), i = 2,m,

χi−1(t̃i) = χi(t̃i)Ei;

4.3) the condition for the final moment t̃m+1

ψm(t̃m+1)
[
Am(t̃m+1) ˙̃xm(t̃m+1 − τm) +Bm(t̃m+1)x̃(t̃m+1 − τm)+

+Dm(t̃m+1)ũm(t̃m+1)
]
≥ 0;

4.4) the conditions for the moments t̃i, i = 2,m,

ψi(t̃i)
[
ϕ̇i0(t̃1)−Ai(t̃i)ϕ̇i0(t̃1 − τi)−Bi(t̃i)ϕi0(t̃1 − τi)−Diũi(t̃i)

]
−

−ψi(t̃i + τi)
[
Eix̃i(t̃i)− ϕi0(t̃i)

]
− χi(t̃i)ϕ̇i0(t̃i)+

+χi−1(t̃i)
[
Ai−1(t̃i) ˙̃xi−1(t̃i − τi)+

+Bi−1(t̃i)x̃i−1(t̃i − τi) +Di(t̃i)ũi(t̃i)
]

= 0.

5. Proof of Theorem 3.1

Consider the topological vector space

Eµm
= R1+m ×

m∏

i=1

Rni ×

m∏

i=1

Eϕi
×

m∏

i=1

Efi
= Ex ×Eζ

of the points µm = (x, ζ), where

x = (t1, . . . , tm+1, x10, . . . , xm0) ∈ Ex, ζ = (ϕ1, . . . , ϕm, f1, . . . , fm) ∈ Eζ .

The set

X0 = (a, t̃1]×

m∏

i=1

(t̃i, t̃i+1]×

m∏

i=1

Oi ⊂ Ex

is a locally convex subspace.
By D0 ⊂ Eµm

we denote the set of the elements

µm ∈ X0 ×

m∏

j=1

∆j0 ×

m∏

j=1

Efj
,

to each of which there corresponds the solution {xi(t;µi), t ∈ [τi, ti+1] : i =
1,m}. The set D0 is not empty, because µ̃m ∈ D0.

Lemma 5.1. The set D0 is finitely locally convex.

Proof. Let µm0 = (x0, ζ0) ∈ D0, where

x0 = (t01, . . . , t
0
m+1, x

0
10, . . . , x

0
m0), ζ0 = (ϕ0

1, . . . , ϕ
0
m, f

0
1 , . . . , f

0
m),
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is an arbitrary fixed point and Lζ0
⊂ Eζ is a linear finite dimensional man-

ifold passing through the point ζ0, i.e.,

Lζ0
=

{
ζ0 + δζ : δζ =

k0∑

j=1

λjδζj , λj ∈ R, j = 1, k0

}
,

where

δζj = (δϕ1j , . . . , δϕmj , δf1j , . . . , δfmj) ∈ Eζ , j = 1, k0,

are fixed points.
Let {x0

i (t) = xi(t;µi0), t ∈ [t0i , t
0
i+1] : i = 1,m} be the solution corre-

sponding to the element µm0 and Ki0 ⊂ Oi be a compact set containing
some neighborhood of the set ϕ0

i (Ji) ∪ x
0
i ([t

0
i , t

0
i+1]).

There exists a number δ0 > 0 such that to every element

µm ∈
(
V (t01; δ0) ∩ (a, t̃1]

)
×

m∏

j=1

(
V (t0i+1; δ0) ∩ (t̃i, t̃i+1]

)
×

×

m∏

j=1

(
V (x0

i0; δ0) ∩Oi

)
×

m∏

j=1

(
V (ϕ0

i ; δ0) ∩∆i0

)
×

m∏

j=1

(
f0

i +W (Ki0; δ0)
)

there corresponds the solution {xi(t;µi) ∈ intKi0, t ∈ [t0i , t
0
i+1] : i = 1,m}

(see Remark 2.1).
Let a number δ1 ∈ [0, δ0] be so small that the neighborhood of the point ζ0

Vζ0
=

{
ζ0 +

k0∑

j=1

λjδζj : |λj | ≤ δ1, j = 1, k0

}

is included in the set
m∏

i=1

(
V (ϕ0

i ; δ0) ∩∆i0

)
×

m∏

i=1

(
f0

i +W (Ki0; δ0)
)
.

Thus there exist convex neighborhoods

Vx0
=

(
V (t01; δ0) ∩ (a, t̃1]

)
×

m∏

j=1

(
V (t0i+1; δ0) ∩ (t̃i, t̃i+1]

)
×

×

m∏

i=1

(
V (x0

i0; δ0) ∩Oi

)
⊂ X0

and Vζ0
⊂ Lζ0

such that Vx0
× Vζ0

⊂ D0.
Hence the set D0 is finitely locally convex. �

On the set D0 we define the mapping

T : D0 −→ Rnm

by the formula

T (µm) = xm(tm+1;µm).



24 A. Arsenashvili, I. Ramishvili, and T. Tadumadze

Lemma 5.2. The mapping T is differentiable at the point µ̃m = (x̃, ζ̃) :

dTµ̃m
(δµm) =

m∑

i=1

{
Yi(t̃i−)

[
˙̃ϕi(t̃i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i)+

+

pi∑

j=0

(γ̂−ij+1 − γ̂−ij)f
−

ij

]
−

si∑

j=pi+1

Yi(γij−)f−ij γ̇
−

ij+

+Φi(t̃i)
[∂g̃i

∂ti
− ˙̃ϕ(t̃i) + Φi−1(t̃i)

[ ki−1∑

j=1

Ai−1j(t̃i) ˙̃x
−

ij+

+f−i−1si−1+1

}
δti + f−msm+1δtm+1 +

m∑

i=1

Φi(t̃i)δxi0+

+

m∑

i=1

{ si∑

j=pi+1

t̃i∫

τij(t̃i)

Yi(γij(t))
∂f̃i[γij(t)]

∂xij

γ̇ij(t)δϕi(t)dt+

+

ki∑

j=1

t̃i∫

ηij(t̃i)

Yi(ρij(t))Aij (ρij(t)ρ̇ij(t)δ̇ϕi(t)dt+

t̃i+1∫

t̃i

Yi(t)δfi[t]dt

}
, (5.1)

where Φi(t), Yi(t), i = 1,m, are matrix functions satisfying the system




Φ̇i(t) = −

si∑

j=1

Yi(γij(t))
∂f̃i[γij(t)]

∂xij

γ̇ij(t), t ∈ [t̃i − δ, t̃i+1],

Yi(t) = Φi(t) +

ki∑

j=1

Yi(ρij(t))Aij (ρij(t)ρ̇ij(t), i = 1,m,

(5.2)

and the conditions



Φi−1(t̃i) = Φi(t̃i)
∂g̃i

∂xi−1
, Yi−1(t̃i) = Yi(t̃i)

∂g̃i

∂xi−1
, i = 2,m,

Φi(t) = Yi(t) = Θi, t > t̃i+1, i = 1,m, Φm(t̃m+1) = Im.
(5.3)

Proof. Let L
ζ̃
⊂ Eζ be a linear finite dimensional manifold and let

V01 ⊂ X0 − x̃, V11 ⊂ L
ζ̃
− ζ̃

be bounded convex neighborhoods of zero, where

x̃ = (t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0), ζ̃ = (ϕ̃1, . . . , ϕ̃m, f̃1, . . . , f̃m).

It follows from finitely locally convexity of the set D0 and Theorem 2.2
the existence of a number ε0 > 0 such that for an arbitrary (ε, δµm) ∈
[0, ε0]×V01×V11 we have µ̃m+εδµm∈D0 and

∆xm(t̃m+1 + εδtm+1; εδµm) = εδxm(t̃m+1 + εδµm; δµm)+

+o(t̃m+1 + εδtm+1; εδµm),
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where the variation δxm(t̃m+1 + εδµm; δµm) is calculated by the formula
(2.4).

We have

T (µ̃m + εδµm)− T (µ̃m) = xm(t̃m+1 + εδtm+1; µ̃m + εδµm)− x̃m(t̃m+1) =

= xm(t̃m+1 + εδtm+1; µ̃m + εδµm)− x̃m(t̃m+1 + εδtm+1)+

+
[
x̃m(t̃m+1 + εδtm+1)− x̃m(t̃m+1)

]
=

= εδxm(t̃m+1 + εδµm+1; δµm) +

t̃m+1+εδtm+1∫

t̃m+1

f̃m[t]dt+ o(εδµ). (5.4)

It is easy to see that

lim
ε→0

δxm(t̃m+1 + εδtm+1; δµm) = δxm(t̃m+1; δµm) (5.5)

uniformly for δµm ∈ V01 × V11 and

t̃m+1+εδtm+1∫

t̃m+1

f̃m[t]dt = εf−msm+1δtm+1 + o(εδµm). (5.6)

Let us introduce the following notation:




Φm(t) = Φm(t; t̃m+1), Ym(t) = Ym(t; t̃m+1),

Φi−1(t) = Φi(t̃i)
∂g̃i

∂xi−1
Φi−1(t; t̃i),

Yi−1(t) = Φi(t̃i)
∂g̃i

∂xi−1
Yi−1(t; t̃i), i = m, 2.

(5.7)

Obviously Φi(t), Yi(t) satisfies the system (5.2) and the conditions (5.3)
(see (2.5) and (2.6)).

From (5.4), taking into consideration (5.5), (5.6), (5.7) and the variation
formulas (2.4), we get

T (µ̃m + εδµm)− T (µ̃m) = ε
[
δxm(t̃m+1; δµm) +

km∑

j=1

Amj
(t̃m+1) ˙̃x−mj

+

+f−msm+1)δtm+1

]
+ o(εδµm) = εdTµ̃m

(δµm) + o(εδµm), (5.8)

where

δxm(t̃m+1; δµm) =

{
Ym(t̃m−)

[
˙̃ϕm(t̃m)−

−

km∑

j=1

Amj
(t̃m) ˙̃ϕm(ηmj

(t̃m) +

pm∑

j=0

(γ̂−mj+1 − γ̂−mj)f
−

ij

]
−

−

sm∑

j=pm+1

Ym(γmj−)f−mj γ̇
−

mj + Φm(t̃m)
(∂g̃m

∂tm
− ˙̃ϕm(t̃m)

)
+
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+Φm−1(t̃m)
[ km−1∑

j=1

Am−1j(t̃m) ˙̃x−m−1j + f−m−1sm−1+1

]}
δtm+

+Φm(t̃m)δxm0 + Φm−1(t̃m)δxm−1(t̃m; δµm−1)+

+

sm∑

j=pm+1

t̃m∫

τmj(t̃m)

Ym(γmj(t))
∂f̃m[γmj(t)]

∂xmj

γ̇mj(t)δϕm(t)dt+

+

km−1∑

j=1

t̃m∫

ηmj(t̃m)

Ym(ρmj(t))Amj(ρmj(t))ρ̇mj(t)δ̇ϕm(t)dt+

t̃m+1∫

t̃m

Ym(t)δfm[t]dt.

Continuing this process with respect to the variation δxj(t; δµi), i =
m−1, 1, and grouping terms in suitable way, from (5.8) we obtain the for-
mula (5.1). �

Now consider the space Ez = R×Eµm
of the points z = (ξ, µm).

Define the set

X = [0;∞)×X0, D = [0,∞)×D0.

Obviously the set D ⊂ X×Eζ is finitely locally convex (see Lemma 5.1).
On the set D we define the mapping

P : D −→ R1+l

by the formula

P (z) = Q
(
t1, . . . , tm+1, x10, . . . , x0m, T (µm)

)
+ (ξ, 0, . . . , 0)∗,

where Q = (q0, . . . , ql)∗.

Lemma 5.3. The mapping P is differentiable at the point z̃ = (0, µ̃m) :

dPz̃(δz) =

m∑

i=1

{[∂Q̃
∂ti

+
∂Q̃

∂xm+1

(
Yi(t̃i−) ˙̃ϕi(t̃i)−

−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i)) +

pi∑

j=0

(γ̂−ij+1 − γ̂−ij)f
−

ij

)
−

−

si∑

j=pi+1

∂Q̃

∂xm+1
Yi(γij−)f−ij γ̇

−

ij +
∂Q̃

∂xm+1
Φi(t̃i)

(∂g̃i

∂ti
− ˙̃ϕi(t̃i)

)
+

+
∂Q̃

∂xm+1
Φi−1(t̃i)

( ki−1∑

j=1

Ai−1j(t̃i) ˙̃x−i−1j + f−i−1si−1+1

)]
δti+

+
(∂Q̃
∂xi

+
∂Q̃

∂xm+1
Φi(t̃i)

)
δxi0+
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+

si∑

j=pi+1

t̃i∫

τij(t̃i)

∂Q̃

∂xm+1
Yi(γij(t))

∂f̃i[γij(t)]

∂xij

γ̇ij(t)δϕi(t)dt+

+

ki∑

j=1

t̃i∫

τij(t̃i)

∂Q̃

∂xm+1
Yi(ρij(t))Aij(ρij(t))ρ̇ij(t)δ̇ϕi(t)dt

+

t̃i+1∫

t̃i

∂Q̃

∂xm+1
Yi(t)δfi[t]dt

}
+

[ ∂Q̃

∂tm+1
+

+
∂Q̃

∂xm+1

( km∑

j=1

Amj(t̃m+1) ˙̃x
−

mj + f−msm+1

)]
δtm+1 + (δξ, 0, . . . , 0)∗, (5.9)

δz = (δξ, δµm) ∈ Ez − z̃.

Proof. Let L
ζ̃
⊂ Eζ be an arbitrary finite-dimensional linear manifold and

let
V01 ⊂ X − x̃, V11 ⊂ L

ζ̃

be arbitrary convex bounded neighborhoods of zero, where

x̃ = (0, t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0), ζ̃ = (ϕ̃1, . . . , ϕ̃m, f̃1, . . . , f̃m).

There exists a number ε0 > 0 such that for (ε, δz) ∈ [0, ε0]× V01 × V11

z̃ + εδz ∈ D

and the formula (5.8) is true.
We have

P (z̃ + εδz)− P (z̃) = Q
(
t̃1 + εδt1, . . . , t̃m+1 + εδtm+1, x̃10 + εδx10, . . .

. . . , x̃m0 + εδxm0, T (µ̃m + εδµm)
)
−Q

(
t̃1, . . . , t̃m+1, x̃10, . . .

. . . , x̃m0, T (µ̃m)
)

+ ε(δξ, 0, . . . , 0)∗.

Let the number ε0 > 0 be so small that

T (µ̃m) + t
(
T (µ̃m + εδµm)− T (µ̃m)

)
∈ Km1,

∀(t, ε, δµm) ∈ [0, 1]× [0, ε0]× V −m

(see Lemma 2.2).
Now we transform the difference

Q
(
t̃1 + εδt1, . . . , t̃m+1 + εδtm+1, x̃10 + εδx10, . . . . . . , x̃m0 + εδxm0,

T (µ̃m + εδµm)
)
−Q

(
t̃1, . . . , t̃m+1, x̃10, . . . . . . , x̃m0, T (µ̃m)

)
=

=

1∫

0

d

dt
Q

(
t̃1 + εtδt1, . . . , t̃m+1 + εtδtm+1, x̃10 + εtδx10, . . .

. . . , x̃m0 + εtδxm0, T (µ̃m) + t(T (µ̃m + εδµm)− T (µ̃m))
)
dt =
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= ε

[ m+1∑

i=1

∂Q̃

∂ti
δti +

m∑

i=1

∂Q̃

∂xi

δxi0 +
∂Q̃

∂xm+1
dTµ̃m

(δµm)

]
+ α(εδµm),

where

α(εδµm) = ε

1∫

0

{ m+1∑

i=1

[(∂Q̃[ε; t]

∂ti
−
∂Q̃

∂ti

)
δti +

m∑

i=1

(∂Q̃[ε; t]

∂xi

−
∂Q̃

∂xi

)
δxi0+

+
[∂Q̃[ε; t]

∂xm+1
−

∂Q̃

∂xm+1

]
dTµ̃m

(δµm)

}
dt+ o(εδµm)

1∫

0

∂Q̃[ε; t]

∂xm+1
dt,

∂Q̃[ε; t]

∂ti
=
∂Q̃

∂ti

(
t̃1 + εtδt1, . . . , t̃m+1 + εtδtm+1, x̃10 + εtδx10, . . .

. . . , x̃m0 + εtδxm0, T (µ̃m) + t(T (µ̃m + εδµm)− T (µ̃m))
)
.

It is not difficult to see that uniformly for (t, δz) ∈ [0, 1]× V01 × V11 we
have

lim
ε→0

(
∂Q̃[ε; t]

∂ti
−
∂Q̃

∂ti

)
= 0, i = 1,m+ 1;

lim
ε→0

(
∂Q̃[ε; t]

∂xi

−
∂Q̃

∂xi

)
= 0, i = 1,m;

lim
ε→0

(
∂Q̃[ε; t]

∂xm+1
−

∂Q̃

∂xm+1

)
= 0.

Therefore α(εδz) = o(εδz).
Thus

P (z̃ + εδz)− P (z̃) = ε

[ m+1∑

i=1

∂Q̃

∂ti
δti +

m∑

i=1

∂Q̃

∂xi

δxi0+

+
∂Q̃

∂xm+1
dTµ̃m

(δµm) + (δξ, 0, . . . , 0)∗
]

+ o(εδµm).

Hence according to the equality (5.1) we obtain (5.9). �

In the space Ez we define the filter Φz̃ as the direct product of the filters

Φz̃ = Φx̃ ×

m∏

i=1

Φϕ̃i
×

m∏

i=1

Φ
f̃i
,

where the filters Φx̃, Φϕ̃i
, i = 1,m, are defined by the convex bases

{(
V 0 ∩ [0,∞)

)
×

(
Vt̃1

∩ (a, t̃1]
)
×

m∏

i=1

(
Vt̃i+1

∩ (t̃i, t̃i+1]
)
×

×

m∏

i=1

Vx̃i1
: V 0 ⊂ R, Vt̃i

⊂ R, i = 1,m+ 1, Vx̃i0
⊂ Oi, i = 1,m −
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convex neighborhood of points 0 ∈ R, t̃i ∈ R, i = 1,m+ 1,

x̃i0 ⊂ 0, i = 1,m
}
;

{
Vϕ̃i

∩∆i0 : Vϕ̃i
⊂ Eϕi

− convex neighborhood
}
, i = 1,m.

The filters Φ
f̃i
, i = 1,m are introduced in Section 2.

The filter Φz̃ is quasi-convex, because it is the direct product of convex
filters Φx̃, Φϕ̃i

, i = 1,m, on the quasi-convex filters Φ
f̃i

, i = 1,m (see

Lemma 2.3).
According to Theorem 2.1 and Remark 1.1, there exists a number δ1 > 0

such that

W = [0,∞)×
(
V (t̃1; δ1) ∩ (a, t̃1]

)
×

m∏

i=1

(
V (t̃i+1; δ1) ∩ (t̃i, t̃i+1]

)
×

×

m∏

i=1

Vx̃i0
×

m∏

i=1

(
f̃i +W (Ki1; δ1)

)
⊂ D.

Furthermore the mapping

P : W −→ R1+l

is continuous in the topology induced from Ez .
Here V (x̃i0, δ1) ⊂ Oi and Ki1 ⊂ Oi is a compact set containing some

neighborhood of the set ϕ̃i(Ji) ∪ x̃i([t̃i, t̃i+1]).

The element W
(i)
Ki1,δ1

of the filter Φ
f̃i

is a subset of the convex set f̃i +

W (Ki1, δ1). Therefore

co
(
Wz̃(K11, . . . ,Km1; δ1)

)
⊂W ⊂ D,

where

Wz̃(K11, . . . ,Km1; δ1) = [0,∞)×
(
V (t̃1; δ1) ∩ (a, t̃1]

)
×

×
m∏

i=1

(
V (t̃i+1; δ1) ∩ (t̃i, t̃i+1]

)
×

m∏

i=1

Vx̃i0
×

×

m∏

i=1

(
ϕ̃i; δ1) ∩∆i0

)
×

m∏

i=1

W
(i)
Ki1,δ1

∈ Φz̃.

Consequently, there exists an element Wz̃(K11, . . . ,Km1; δ1) of the filter Φz̃

such that the mapping

P : co

(
Wz̃(K11, . . . ,Km1; δ1)

)
−→ R1+l

is continuous.
Thus the mapping P is defined and continuous on the filter co([Φz̃]).
The point z̃ = (0, µ̃m) belongs to all elements of the filter Φz̃. Further-

more,

P (z̃) = (q0(t̃1, . . . , t̃m+1, x̃10, . . . , x̃m0, x̃m(t̃m+1)), 0, . . . , 0)∗.
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Now we introduce the set

B1 =
{
µm = (t1, . . . , tm+1, x10, . . . , xm0, ϕ1, . . . , ϕm, f1, . . . , fm) :

fi = fi(t, xi1, . . . , xim, ui(t)), i = 1,m;

(t1, . . . , tm+1, x10, . . . , xm0, ϕ1, . . . , ϕm, u1, . . . , um) ∈ B0

}
.

For an arbitrary element

z = (ξ, µm) ∈Wz̃ ∩
(
[0,∞)×B1

)
,

where Wz̃ ∈ Φz̃, we have

P (z) =
(
q0(t1, . . . , tm+1, x10, . . . , xm0, x(tm+1;µm)), 0, . . . , 0

)
)∗+

+(ξ, 0, . . . , 0)∗.

The element σ̃m = (t̃1, . . . t̃m+1, x̃10, . . . , x̃m0, ϕ̃1, . . . , ϕ̃m, ũ1, . . . , ũm) ∈
B0 is optimal, so there exists an element

Wz̃(K12, . . . ,Km2; δ2) ∈ Φz̃,

where δ2 ∈ (0, δ̃), Ki2 ⊂ Oi is a compact set containing K̃i, such that for
any element

z ∈Wz̃(K12, . . . ,Km2; δ2) ∩ ([0,∞)×B1)

we have the inequality

q0
(
t̃1, . . . t̃m+1, x̃10, . . . , x̃m0, x̃m(t̃m+1)

)
≤

≤ q0
(
t1, . . . , tm+1, x10, . . . , xm0, xm(tm+1;µm)

)
+ ξ.

It is easy to see that

P
(
Wz̃(K12, . . . ,Km2; δ2) ∩ ([0,∞)×B1)

)
⊂ L =

= {(p0, 0, . . . , 0)∗ ∈ R1+l : p0 ∈ R},

and the point P (z̃) is a boundary point of the set

P
(
Wz̃(K12, . . . ,Km2; δ2) ∩ ([0,∞)×B1)

)

with respect to the one-dimensional space L.
Thus

P (z̃) ∈ ∂
(
P (Wz̃(K12, . . . ,Km2; δ2)) ∩ L

)

and, all the more,

P (z̃) ∈ ∂P
(
Wz̃(K12, . . . ,Km2; δ2)

)
.

Hence the mapping P is critical on the filter Φz̃ .
The assumptions of Theorem 2.5 are fulfilled. Consequently, there exist

a non-zero vector π = (π0, . . . , πl) 6= 0 and an element Ŵz̃ ∈ Φz̃ such that
the following inequality is fulfilled

πdPz̃(δz) ≤ 0 ∀ δz ∈ cone(Ŵz̃ − z̃), (5.10)

where dPz̃ has the form (5.9).
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We introduce the functions

ψi(t) = π
∂Q̃

∂xm+1
Yi(t), χi(t) = π

∂Q̃

∂xm+1
Φi(t), i = 1,m, (5.11)

which, as it is easy to see, satisfy the equation (3.5) and the conditions




ψi(t) = χi(t) = 0, t ∈ (t̃i+1, γi0], i = 1,m;

ψm(t̃m+1) = χm(t̃m+1) = π
∂Q̃

∂xm1
,

ψi−1(t̃i) = χi−1(t̃i) = χi(t̃i)
∂g̃i

∂xi−1
, i = 2,m.

(5.12)

From the inequality (5.10) according to (5.9), (5.11) and (5.12) we get

m∑

i=1

{[
π
∂Q̃

∂ti
+ ψi(t̃i−)( ˙̃ϕi(t̃i)−

ki∑

j=1

Aij(t̃i) ˙̃ϕi(ηij(t̃i))+

+

pi∑

j=0

(γ̂−ij+1 − γ̂−ij)f
−

ij )−

si∑

j=pi+1

ψi(γ
−

ij )f
−

ij γ̇
−

ij + χi(t̃i)×

×
(∂g̃i

∂ti
− ˙̃ϕi(t̃i)

)
+ χi−1(t̃i)

( ki−1∑

j=1

Ai−1j(t̃i) ˙̃x
−

i−1j + f−i−1si−1+1

)]
δti+

+
(
π
∂Q̃

∂xi

+ χi(t̃i)
)
δxi0 +

si∑

j=pi+1

t̃i∫

τij(t̃i)

ψi(γij(t))×

×
∂f̃i[γij(t)]

∂xij

γ̇ij(t)δϕi(t)dt+

ki∑

j=1

t̃i∫

ηij (t̃i)

ψi(ρij(t))Aij(ρij(t))×

×ρ̇ij(t)δ̇ϕi(t)dt+

t̃i+1∫

t̃i

ψi(t)δfi[t]dt

}
+

+

[
∂g̃i

∂tm+1
+ ψm(t̃m+1)

( km∑

j=1

Amj(t̃m+1) ˙̃x−mj + f−msm+1

)]
δtm+1+

+π0δξ ≤ 0 ∀ δz ∈ cone(Ŵz̃ − z̃). (5.13)

The condition δz ∈ cone(Ŵz̃ − z̃) is equivalent to the conditions δξ ∈

[0,∞), δti ∈ (−∞, 0], i = 1,m+ 1; δxi0 ∈ Rni , δϕi ∈ cone(Ŵϕ̃i
− ϕ̃i),

δfi ∈ cone(Ŵ
f̃i
− f̃i), i = 1,m, where

Ŵϕ̃i
= V̂ϕ̃i

∩∆i0, Ŵ
f̃i
∈ Φ

f̃i
, i = 1,m.

Let δti = 0, i = 1,m+ 1, δxi0 = δϕi = δfi = 0, i = 1,m. Then

π0δξ ≤ 0 ∀ δξ ∈ [0,∞).
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Hence it follows
π0 ≤ 0.

Let δϕi = δfi = δxi0 = 0, i = 1,m, δξ = 0. Then from (5.13) with

δti ∈ (−∞, 0], i = 1,m+ 1, we obtain the conditions for the moments t̃i,
i = 1,m+ 1 (see 3.4)).

Let δti = 0, i = 1,m+ 1, δϕi = δfi = 0, i = 1,m, δξ = 0. Then with
δxi0 ∈ R

ni we have

π
∂Q̃

∂xi

+ χ(t̃i) = 0, i = 1,m. (5.14)

Let δti = 0, i = 1,m+ 1, δfi = δxi0 = 0, i = 1,m, δξ = 0 δϕj(t) = 0,
j = 1,m, j 6= i. Then

si∑

j=pi+1

t̃i∫

τij(t̃i)

ψi(γij(t))
∂f̃i[γij(t)]

∂xij

γ̇ij(t)δϕi(t)dt+

+

ki∑

j=1

t̃i∫

ηij (t̃i)

ψi(ρij(t))Aij(ρij(t))ρ̇ij(t)δ̇ϕi(t)dt ≤ 0, ∀ δϕi ∈ cone(Ŵϕ̃i
− ϕ̃i).

From this inequality and the inclusion

cone
(
Ŵϕ̃i

− ϕ̃i

)
⊃ ∆i0 − ϕ̃i

follows the integral maximum principle for the initial functions ϕ̃i, i = 1,m.
In (5.13) assume that δti = 0, i = 1,m+ 1, δxi0 = δϕi = 0, i = 1,m,

δξ = 0, δfj [t] = 0 j = 1,m, j 6= i. Then we get

t̃i+1∫

t̃i

ψi(t)δfi[t]dt ≤ 0, ∀ δfi ∈ cone
(
Ŵ

f̂i
− f̃i

)
. (5.15)

It is clear that this inequality is the more so true with

δfi ∈ cone
([
Ŵ

f̃i
∩W (i)(Ki1;α0)

]
− f̃i

)
,

where
W (i)(Ki1;α0) = f̃i +W (Ki1;α0).

According to Lemma 2.5, the inequality (5.15) also is true with

δfi ∈ cone
([
W (i)(Ki1;α0)

]
Ŵ

f̃i

− f̃i

)
.

But by virtue of Lemma 2.3 we can conclude that the inequality (5.15) takes
place with

δfi = fi

(
t, xi1, . . . , xisi

, ui(t)
)
− fi(t, xi1, . . . , xisi

, ũi(t)) ∈ F̃i − f̃i.

Taking this into consideration, from (5.15) we obtain the integral maxi-
mum principle 3.1) �
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Remark 5.1. Theorems 3.2 and 3.3 are proved analogously to Theorem
3.1. In this case for calculation of the differential we use Theorems 2.3 and
2.4, respectively. Moreover, we replace the set X0 respectively by the sets

m∏

i=1

[t̃i, t̃i+1)× [t̃m+1, b)×

m∏

i=1

Oi and Jm+1 ×

m∏

i=1

Oi.
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