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LINEAR SYSTEMS OF ORDINARY, IMPULSIVE AND
DIFFERENCE EQUATIONS AND LINEAR SYSTEMS
OF GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

(Reported on February 6, 2006)

In the present paper, for each of the linear homogeneous systems: of ordinary differ-
ential equations

dx
— =P(t 1
= P(a, M
impulsive equations
dx
— =Qt 2
=, @
a(tj+) —z(t;j—) = Gjz(t;—) (1=1,2,...) 3)
and of difference equations
Ay(k —1) = G(k - y(k - 1) (k € N) @

we give some sufficient (among them effective) conditions. If these conditions are fulfilled,
then the stability in Liapunov sense of the above-mentioned systems implies that of the
linear homogeneous system of the generalized ordinary differential equations

dz(t) = dA(%) - z(t) (5)

in the same sense.

Here we assume that P, Q : Ry — R"*" (R4 = [0, 4o0[) are matrix-functions with
Lebesgue integrable components on every closed interval form Ri; G; € R™ ™ (j =
1,2,...) are constant matrices, t; € Ry (j=1,2,...),0<t1 <tz <---, lim t; = 400,

J—00

G :{0,1,...} — R™*" is a matrix-function, and A : Ry — R™*" is a matrix-function
with bounded total variation components on every closed interval from R .

To a considerable extent, the interest to the theory of generalized ordinary differential
equations has also been stimulated by the fact that this theory enables one to investigate
ordinary differential, impulsive and difference equations from a unified point of view (see
[1-(3)).

The following notation and definitions will be used in the paper:

R =]—o00,4+0], [a,b] and ]a, b[ (a, b € R) are, respectively, closed and open intervals;
N is the set of all natural numbers, N = {0, 1,...}.

R™*™ is the space of all real n X m-matrices X = (z;);

i=1 with the norm

n
1X|| = j:r{‘f’_‘,mz |lzijls  1X] = (lzis)iyZy
i=1

Opxm (or O) is the zero n X m-matrix.
R™ = R™*1 is the space of all real column n-vectors x = () q.
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If X € R™*™ then X! and det(X) are, respectively, the matrix inverse to X and
the determinant of X. I, is the identity n X n-matrix, diag(A1,...,An) is the diagonal
matrix with diagonal elements A1,...,An; ;5 is the Kroneker symbol, i.e., 6;; = 1 if
i=j,and 6;; =0ifi#j (i,j=1,...,n).

r(H) is the spectral radius of the matrix H € R™*".

b
V(X) is the sum of total variations on [a,b] of the components z;; (i = 1,...,n;

a
j = 1,...,m) of the matrix-function X : [a,b] — R™*™; V(X)(t) = (v(zi;)(t));}Z;,

t
where v(z;;)(0) =0 and v(z;;)(t) = V(zij) for 0 <t < 4oo0 (1 =1,...,n;5=1,...,m).
0

X(t—) and X (t+) are the left and the right limits of the matrix-function X : Ry —
R™*™ at the point ¢. (X(0—) = X(0)); diX(t) = X(t)—X(t—), do X (¢) = X (¢t+) — X (¥).

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of
its components is such.

BVioe(Ry; R™*™) is the set of all matrix-functions X : R4 — R™*™ of the bounded
total variation on every closed segment from R .

Lioe(Ry; R™X™) is the set of all matrix-functions X : Ry — R™*™ such that their
components are measurable and Lebesgue integrable functions on every closed interval
from R.

C([a, b); R™™ ™) is the set of all absolutely continuous matrix-functions X : [a,b] —
Rnxm'

Croc(Ry; R™*"™) is the set of all matrix-functions X : Ry — R™*™ whose restrictions
to any arbitrary closed interval [a,b] from Ry belong to C([a, b]; R™*™).

Cloc(Ry \ {t; };LZO?;R”XW) is the set of all matrix-functions X : Ry — R™*™ whose
restrictions to any arbitrary closed interval [a,b] from Ry \ {t; };;OT belong to
Cloc([aa b]§ Rnxm)_

50 : BVioe(R4;R) — BV (Ry; R) is the operator defined by

so(z)(t) = z(t) — Z diz(T) — Z dox (7).

o<T<t 0<r<t
If g : Ry — R is a nondecreasing function, z : Ry — R and 0 < s < ¢ < +00, then

/tﬂﬁ(T) dg(r) =

— [ e@dantn) - [ 2@ dam+ X a@dam - ¥ oo,

< <
Is,t] 1s,t] o<r<t o<t

where g; : R — R (j = 1,2) are continuous nondecreasing functions such that g1 (t) —
g2(t) = so(9)(t), and [ x(7)dg;(7) is the Lebesgue-Stieltjes integral over the open
s,t

interval ]s, t[ with respect to the measure corresponding to the functions g; (j = 1,2) (if
t
s =t, then [z(7)dg(r) = 0).
S
IfG= (gik)i’zzl : Ry — RX™ is a nondecreasing matrix-function, X = (zar) 0y

Ry — R™ ™ then

l,m

s/th(T) - X(1) = <kzn:13/tzkj(7') dgik(7)> for 0 <s <t < +oo,

i,j=1

So(G)(t) = (80(gik)(t))iizz1'
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If Gj : Ry — RIX™ (j = 1,2) are nondecreasing matrix-functions, G(t) = G1(t) —
Ga(t) and X : Ry — R™ ™ then
t t t
/dG(T) - X(1) = /dGl(T) - X (1) 7/dG2(T) - X(7) for 0<s<t< +oo.
S S S

E(N;R"*1) is the set of all matrix-functions Y : N — R®X1,
A is of the first order difference operator, i.e.,

AY(k—1)=Y(k) —Y(k—1) for Y € E(N;R™*"), keN.

By a solution of the system (5) we understand a vector-function € BV ,.(R4;R™)

such that
t

z(t) = z(s) + / dA(7) - z(1) for 0 <s <t < Ho0.
S
Under a solution of the impulsive system (2)—(3) we understand a left-continuous
vector-function z € Cor (R4 \ {¢; }j':"‘f,R") satisfying the system (2) almost everywhere
on ]tj,tj41[ and the relation (3) at the point t; for every j = {1,2,...}.
Note that each of the systems (1), (2)—(3) and (4) can be rewritten in the form of the
system (5) if we assume, respectively, that

i t
A(t) E/P(T)dT, A(t) E/Q(T)dTJr Z Gj
s 0

0<t;<t
and
k
A(0) = Onxn, A)= Y Gim—1) for k—1<t<k (k=1,2,...).
m=1
Throughout the paper it will be assumed that
det(In +G;)#0 (j=1,2,...), det(In+G(k))#0 (k=0,1,...)
and (6)
det(In + (—1)7d;A(t)) #0 for t €eRy (j =1,2).

It should be noted that the inequalities (6) guarantee the unique solvability of the
Cauchy problem for the systems (2)—(3), (4) and (5), respectively (see [1],[4]).

Definition 1. Let £ : Ry — Ry be a nondecreasing function such that

Then a solution zg of the system (5) is called &-exponentially asymptotically stable if
there exists a positive number 7 such that for every € > 0 there exists a positive number
& = é(e) such that an arbitrary solution z of the system (5) satisfying the inequality

llz(to) — zo(to)ll <&
for some to € Ry admits the estimate
lle(t) —zo(t)]| < eexp (—n(&(t) —&(to))) for t > to.

Note that the exponential asymptotical stability is a particular case of £-exponentially
asymptotical stability if we assume £(t) = t.

Stability, uniformly stability and asymptotical stability are defined just in the same
way as for the systems of ordinary differential equations (see, e.g., [5], [6]).

Definition 2. The system (5) is called stable in one or another sense if every solution
of this system is stable in the same sense.
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Definition 3. The matrix-function A is called stable in one or another sense if the
system (5) is stable in the same sense.

Definition 4. The pair (Q, {G; };L:“f) (the matrix-function G) is called stable in one
or another sense if the matrix-function A corresponding to the system (2)—(3) (to the
system (4)) is stable in the same sense.

Theorem 1. Let the matriz-functions P € Lioe (R4 ;R ™) and A € BV}, (R4 ; R™%™)
satisfy the conditions

+?o|271(t)| dV(So(A) — B)(t)|| < +oo (M)
/
0

and

| X 1271 14A@)] | < 400 (=1,2),
0<t<+4o00

t
where B(t) = [ P(r)dr, Z (Z(0) = I,) is the fundamental matriz of the system (1).
0

Then the stability of the matriz-function P in one or another sense guarantees that of
the matriz-function A in the same sense.

Corollary 1. Let the matriz-function P € Lioo(Ry;R™X™) satisfy the Lappo—
Danilevskii condition

¢ ¢
P(t) / P(r)dr = /P(T) dr - P(t) for t € Ry.
0 0
Let, moreover, the matriz-function A € BVj,e(R4; R™*™) be such that
+oo t
‘ / ‘exp ( - / P(r) dT) ‘ dV (So(A) — B)(t)‘ < 400
0 0

and

3 ‘exp(—jp(f) df)‘ d; At H < +oo,
0

0<t<4o0

t

where B(t) = [ P(t)dr. Then the stability of the matriz-function P in one or another
0

sense guarantees that of the matriz-function A in the same sense.

Corollary 2. Let the components of the matriz-functions P = diag(pi,...,pn) €
Lige(R; R ™) and A = (aix)?y—q € BVioc(R4; R™¥™) satisfy the conditions

“+ o0 t

| 0/ exp (= [ pi(r)dr) dv(oun(r)

0

< 4o

and
t

Y e (= [ i) dan] < +oo (=12 ik=1L....n),
0<t<+o0 0

t
where bk, (t) = 6;1, [ pi(7) dT — so(ak)(t) (i,k =1,...,n). Then the conclusion of Corol-
0

lary 1 is true.
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Theorem 2. Let the matriz-functions Q € Lioe(R4;R™X™) and A € BV 5 (Ry; R™X™)
as well as the constant matrices G; € R"*™ (j =1,2,...) satisfy the conditions (7) and

H 3177100 + G) [ AGy) ~ G | < oo ()
j=1

¢
where B(t) = [Q(7)dr, Z (Z(0) = In) is the fundamental matriz of the impulsive
0

system (2)—(3). Then the stability of the pair (Q,{Gj}jgf) in one or another sense
guarantees that of the matriz-function A in the same sense.
Corollary 3. Let the matriz-function Q@ = (qik)}_1 € Lioc(R4;R™"*™) and the
constant matrices G = (gjik )y € R"*™ (j =1,2,...) satisfy the conditions
1+g]‘“' #0 (i:l,...,n; j:1,2,...),
t t
Jew ([ astds)iaan TT 1+ guldrs
b 7 T<t;<t
A
+ Y ew([a@as)lanml T 1+ gl <
e <t <t i t<tj<t
<hip G#k ,k=1,...,n j=12,..))

and
t

sup{/q“-(s)ds-l— Z In|1+ gjii| : tZt*} <+4oco (i=1,...,n),
0 0<t; <t

where t* € Ry, hy € Ry (2 # k; 1,k = 1,...,n), and the constant matrizc H =
(hik)T s his =0 (i =1,...,n) is such that

r(H) < 1. 9)
Let, moreover, the matriz-function A € BV ,.(R4;R"X™) be such that the conditions

t
(7) and (8) hold, where B(t) = [ Q(7)dr. Then the matriz-function A is stable.
0

Theorem 3. Let the matriz-functions G € E(N;R"*"™) and A € BV (R4 ;R™*™)
satisfy the conditions

+zo:o ‘ iﬁl (In + G(m))fl‘ < |daA(k — 1) — G(k — 1)] H < 400 (10)
k=1 m=0
and
+oo k-1
ST TT (o +GOom) =Y - (VA E) = V(A) (k= 1) = |d2 Ak — 1)) H <too (1)
k=1 m=0

Then the stability of the matriz-function G in one or another sense guarantees that of
the matriz-function A in the same sense.

Corollary 4. Let the components of the matriz-function G = (gi;)7 ;_; € E(N;Rxn)
satisfy the conditions
1+gii(k) #0 for k> k™ (i=1,...,n),
k

k
S lgi@ =01 J[ [+ gilm—1| <hy for k>k* (i#34; i,j=1,...,n)
l=k* m=Il+2
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and
k-1
sup{ Z In|1l+ gis;(m)]| : k>l} <400 (i=1,...,n),
m=l
where k* € N and hij € N (i # j; 4,7 =1,...,n), and H = (hij)}j=1, his = 0
(¢ = 1,...,n) is a constant matriz satisfying the condition (9). Let, moreover, the

matriz-function A € BV ,.(R4; R™%™) be such that the conditions (10) and (11) hold.
Then the matriz-function A is uniformly stable.
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