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EXTENSION OF THE CLASS OF

EFFECTIVELY SOLVABLE TWO-DIMENSIONAL
PROBLEMS WITH PARTIALLY UNKNOWN
BOUNDARIES IN THE THEORY OF FILTRATION



Abstract. In the present paper, first we briefly describe effective meth-
ods for solving such two-dimensional problems of the theory of filtration to
which on the plane of complex velocity there correspond circular pentagons
of special type and removable singular points. Of five vertices of the cir-
cular pentagon at least one is a cut end formed by two neighboring sides,
with the angle 2. Then we present effective methods of solving two prob-
lems of the theory of filtration dealing with the motion of an incompressible
liquid through the plane earth dams of trapezoidal shape with water non-
permeable bases. To each problem there corresponds one removable singular
point. The first problem deals with the plane earth dam whose lower slope
is vertical and the upper one is inclined to the horizon. The second prob-
lem deals with the plane earth dam whose lower slope is inclined to the
horizon and the upper one is vertical. To these problems on the plane of
complex velocity there correspond circular pentagons one of whose vertices
is a cut end with the angle 27. To find unknown parameters, we write a
system of equations which is decomposed into three systems. We substitute
the solutions of the first system into the second and third systems, and we
substitute the solution of the second system into the third system.
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INTRODUCTION

In the present paper we give an algorithm for the effective solution of such
two-dimensional problems of the theory of filtration with partially unknown
boundaries to which on the plane of complex velocity there correspond cir-
cular pentagons in which at least one of five vertices is a cut end with the
angle 27, while the remaining four angles are arbitrary ones. So we can,
in particular, consider arbitrary circular quadrangles and triangles. More-
over, in these problems we may additionally come across removable singular
points. We give the solution of the problem of incompressible liquid motion
through earth dams with water-nonpermeable bases whose lower and upper
slopes are segments of straight lines which make with the horizon the fol-
lowing angles: (I). 7/2, we; (II). w(1 =), 7/2; (III). w/2, 7 /2. Problem III
was solved by the well-known authors (see, e.g., [1], [2], [7], [8]). It should
be noted that the most complete solution of that problem is given by P.Ya.
Polubarinova- Kochina in [1, 2], therefore the solution of problem IIT will
be omitted here. Each of the problems I and II has one removable singular
point and to these problems on the plane of complex velocity there cor-
respond circular pentagons, while problem III has two removable singular
points and to that problem there corresponds a circular triangle.

To solve problems I and II, we construct three analytic functions z((),
w(¢) and w(¢) which map conformally the half-plane of the complex { =
t + iT plane onto the domains of: liquid motion, complex potential and
complex velocity, respectively. In constructing the above-mentioned func-
tions we solve Fuchs class equations and nonlinear Schwartz equation. A
system of equations is derived with respect to the unknown parameters; it
decomposes into three systems. The first system is reduced to solution of
three higher transcendental equations with respect to three unknown es-
sential parameters, the second system is reduced to a system of equations
with respect to parameters (constants) of integration of the Schwartz equa-
tion, and the third system of equations is connected with removable singular
points, with the equation for determination of liquid discharge via filtration,
and also with some other parameters. First of all, we solve the first, then
the second and finally the third system. The solutions of these systems are
used subsequently. Finally, we define unknown parts of the boundaries of
the domain of liquid motion.

1. EFFECTIVE METHODS OF SOLVING TWO-DIMENSIONAL PROBLEMS OF
THE THEORY OF FILTRATION WITH PARTIALLY UNKNOWN
BOUNDARIES.

Before we proceed to solving the above-mentioned specific problems, let
us consider in short some new effective methods of solving the plane prob-
lems of the theory of filtration with partially unknown boundaries. Using
the methods presented in this section, we construct solutions of Problems I
and II [26]-[34].
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The plane of steady motion of incompressible liquid in a porous medium
subjected to the Darcy law coincides with the plane of a complex variable
z = x + iy. The porous medium is assumed to be isotropic, homogeneous
and undeformable. The boundary [(z) of the domain s(z) of liquid mo-
tion consists of an unknown depression curve to be defined, and of known
segments, half-lines and straight lines.

In the domain s(z) with the boundary [(z) we seek for a reduced complex
potential (divided by the coefficient of filtration) w(z) = ¢(z,y) + i(x, y),
where p(z,y) is the velocity potential, ¥ (z,y) is the flow function satisfying
both the Cauchy-Riemann conditions and the following boundary conditions

[1]-[8]:
ar1p(z,y)+tare(z, y)+asztara(y) = fr, k=12, (z,y)€l(z), (1.1)

where ay;, fr, k = 1,2, j = 1,4 are known piecewise constant real functions,
fr, K = 1,2, depend on the parameter (), where @ is the liquid discharge
per filtration.

Using the boundary conditions (1.1), we can define a part of the boundary
[(w) of s(w) and the boundary I(w) of the domain of complex velocity w(z) =
w'(z) = dw(z)/dz, except some coordinates of vertices of circular polygons
s(w) [1]-[6]. By means of the functions w(z) and w(z) the domain s(z) with
the boundary [(z) is conformally mapped respectively onto the domains
$(w) and s(w) with the boundaries I(w) and I(w), where the domain s(w) is
a circular polygon with the boundary I(w) consisting of a finite number of
circular arcs and, in particular, of segments of straight lines, half-lines and
straight lines [1]-[8].

Angular points of the boundaries I(z), {(w) and I(w) which may be en-
countered at least on one of them upon the circuit in the positive direction
will be denoted by Ay, k=1, n.

To solve the problem of filtration, we map conformally the half-plane
Im(¢) > 0 (or Im(¢) < 0) of the plane ¢ = t+i7, i = \/—1 onto the domains
s(z), s(w) and s(w). The corresponding mapping functions are denoted by

z(¢), w(¢) and w(() = w'(¢)/7'(¢), dw(C)/d¢ = w'(C), dz(¢)/d¢ = 2'(C). To
the angular points Ay, kK = 1, n, along the axis ¢ there correspond the points
t = e, k =1,n; note that —0o < e; < ey < --- < €, < 400, where the
point ¢t = e,41 is mapped into a nonangular point A, of the boundary I(z)
which lies between the points A, and A;.

The boundary values of the functions z(¢), w(¢) and w(¢), as { — ¢,
¢ € Im(¢) > 0 are denoted as follows: z(t) = x(t)+iy(t), w(t) = (t)+i(t),
w(t) = u(t) —iw(t). By z(t), w(t) and w(t) we denote the functions which
are complex-conjugate respectively to the functions z(t), w(t) and w(t).

Introduce the vectors ®(t) = [w(t),z(¢)], ®(t) = [w(t),2(t)], ®'(t) =

W'(#), 2" ()], (1) = [w'(t),2' (1)), f(t) = [f1(t), fo(t)]. Then by means of
these vectors the boundary conditions (1.1) can be written as [1]-[8], [11],
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[12], [26]-[34]

d(t) = g(t)®(t) +i2G 1 f(t), —o0o<t< +o0, (1.2)
where g(t) = G71(t)G(t) is a piecewise constant nonsingular matrix of the
second order with the points t = ey, k = 1,n, of discontinuity, G~1(t) and
G(t) are, respectively, the inverse and complex-conjugate matrices to the
matrix G(t), and f(t) is a piecewise constant vector. The matrix G(t) and

the vector f(t) are defined by (1.1).
Differentiating (1.2) along the boundary t, we get

O'(t) = g(t)®'(t), —oo <t < +o00. (1.3)
We can easily verify that the equality g(t) = ¢~ *(t) = G~1(t)G(t) holds.

For the points ¢ = e;, j = 1, n, let us consider the characteristic equations
[12]

detlg; ) (ej +0)g;(e; —0) = AE] = 0 (1.4)
with respect to the parameter A, where F is the unit matrix, g,(¢), e; < t <
€j+1, gj__:l (ej+0), and g;(e; —0) are limiting values of the matrices 9]‘_4-11 (t)
and g;(t) at the point ¢ = e; respectively from the right and from the left.

To solve the problem (1.3), we have first to find w(¢) and then, using it
and the boundary conditions (1.3), we construct w’(¢) and z’(¢). Finally,
integrating (1.3) with regard for (1.2), we find w({) and z(¢). With the help
of w(¢) and z(¢) we can find unknown parts of the boundaries I(z) and l(w),
@ being the liquid discharge via filtration.

Using the roots Ag; of the equation (1.4), we define uniquely the numbers
arj = 2mi)TIn gy, k=1,2,j=1,n [1], [2].

Suppose that among the points Ay, k = 1, n, of the boundaries I(2) and
I(w) there exist removable angular points to which on the boundary I(w)
of s(w) there correspond regular nonangular points; such angular points of
the boundaries {(z) and I(w) are commonly called removable singular points
[1)-[6].

For the sake of simplicity, we assume that the number of removable sin-
gular points equals two. Suppose that removable singular points coincide
with the points ¢t = e;, t = e;4x. To these points on the contours /(z) and
l(w) there correspond the angles 7/2, and on the boundary I(w) — 7 there
corresponds the angle [(w) — 7. To remove these singular points from the
boundary conditions (1.3), we introduce a new unknown vector ®1(t) by
the formula [1], [2], [26]-[34]

P'(t) = x01(t)®1(t), —o0 <t < 400, (1.5)
where
xo1(t) = \/(t —ej-1)(t =€) Mt = i) (E = ejyr) 7t >0, (1.6)
t>€jikt1-

After passing from the vector ®'(¢) to ®;(t), we multiply the matrices
gj—1(t) and g;4x(t) in the intervals (ej_1,e;) and (aj4, €j4k+1) by (—1).
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The boundary condition with respect to ®1(t) takes the form

By(t) = g*(O)B1(t), —oo <t < +o0, (1.7)

where
g*(t) = Dxor ()]~ g(8) (o1 (1)]- (1.71)

We renumerate singular points on the contour {(w) and denote them by
Bj, j = 1,m, while the corresponding points along the axis ¢ are denoted
by aj, j = 1,m. Uniquely defined characteristic numbers corresponding to
the points t = a; we denote again by o, k = 1,2, j = 1,m. They satisfy
the Fuchs condition.

Let us set up the Fuchs class [1]-[6], [26]-[34] equation

u”(¢) + p(Q)u'(€) + a(Q)u(¢) =0, (1.8)
where
p(Q) = (1 —an; —a)(¢ —a;) ", (1.9)
j=1
9(Q) =D _lonjon;(¢ — a)) 7 + (¢ —ay) 7). (1.10)
j=1
c¢; are the unknown accessory parameters satisfying as yet the condition
ch = 0. (1101)
j=1
We write the equation (1.8) in the form of a system [26]—[34]
X' (t) = x()P(®), (1.11)
where
o= D) o-(al dw) o

Using linearly independent solutions u4 () and us(t) of the equation (1.8),
we construct

w(t) = [Aua(t) + Bua(t)][Cur (t) + Dua(t)] (1.121)
the general solution of the Schwartz equation [14]—[16]
{w, t} =" (t)/w'(t) — 1,5[w" (t)/w' (t)]* = R(t), (1.13)

where
R(t) =2q(t) — p'(t) — 0,5[p(t)]* =

= Z {0’ 51— (o1 — OéQj)Q](t — aj)_2 + c;(t — aj)_l}, (1.14)

m
Qi —aoj =v;, j=1m, C;f = 2¢; — ﬁj Z 5k(aj — ak)_l, (1.15)
k=1, k#j
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with
Br =1— o1 —ag, k=1,m.
A, B, C and D are integration constants of (1.13) which satisfy the condition
AD — BC #0. (1.16)

We can see from (1.14) that the equation (1.13) depends on a1, — ag; =
vj, j = 1,m. By (1.121) the half-plane Im(¢) > 0 (or Im(¢) < 0) is confor-
mally mapped onto the domain s(w) with the boundary I(w).

Now we express the function R(() in the vicinity of ( = oo as a power
series in 1/¢ and obtain

=> M" (1.17)
k=1

Since the point ( = oo is the image of a nonangular point of the boundary
I[(w), the conditions ([14]-[16])

ch =0, My= Z[akck +0,5(1 - 1)) =0,

=t (1.18)

M; = Z[aicz +ar(1—v3)] =0
k=1

should be fulfilled. From the condition M; = 0 it follows the condition
(1.101), and vice versa, from the condition (1.101) it follows the condition
M; = 0. The conditions (1.18) will be obtained below in somewhat different
way. These conditions will allow us to define three parameters c;, j = 1, 3.
Moreover, of the parameters t = ai, k = 1, m we choose arbitrarily and
fix only three. Therefore R({), defined by the formula (1.14), depends on

2(m — 3) unknown parameters a;, ¢;, j = 1,m — 3 ([14]-[16]).
The equation (1.8) in the vicinity of the point ¢ = a; can be rewritten as

(t = aj)u(t) + (t — a;)p;(t)’ (t) + ¢ (t)u(t) = 0, (1.19)
where
(o] m
O =poj+ > pnit—a;)", puj=(D"" Y Brloy — ),

j=1 k=1,kj

poj = B, Ok =1—our — o,

gj(t) = anjoz; + ¢t — az) + > qnj(t — a;)", (1.20)

n=2
m

Inj = Z [a1gaog(n — 1) + ex(a; — ak)](a; —ak) ™",

k=2,k#j
n=23...,

qoj = a1525, qij=¢;, j=1m, n=01
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The local solutions (1.19) for the points ¢ = a;, j = 1,m are sought in
the form

ui(t) = (t— @) t,(t), Wi(t) =14 Y it —a;)",

where v,;, n = 1,00, j = 1, m, are defined by the recursion formulas

foj(ay) = aj(a; — 1) + poja; + qo; = 0, (1.21)
Y15 foi(a; +1) + fij(a;) =0, (1.22)
Y5 foj(ajr2) + 715 f15(0 + 1) + fa;(e;) =0, (1.23)

Tnjfoj (@ + 1) +Y(n-1); f15(@ +n = 1) + Y2 foj (e +m = 2)+
+ oty f-n (g +1) + failag) =0, (1.24)

fn(e) = ajpnj + qnj- (1.25)
If the difference a1; — agj, 7 = 1,m, is not an integer, then using the

formulas (1.22)—(1.24), we can construct the linearly independent solutions
(18),

(1) = (¢ = a;)™ g (t), Ui (£) = 14+ v (¢ — a;)", (1.26)

k=1,2, j=T1,m.

If, however, ajj —ag; =n, n =0, 1,2, then uy;(¢) can be constructed by
the formulas (1.22)—(1.24), while ug;(¢) by the Frobenius method [13], [17].
Note that if a1; — ag; = 0, then ug;(t) is of a simple form

(oo}
ug; (1) = wry () (e — ) + (t = )™ DA%t =), (1.27)
n=1
where
2 _ [dmj(oy)
J aj=az;
If ij —ag; = n, n = 1,2, then for constructing us;(¢t) we have to

differentiate the equality

uzi(t) = (t = a;)% oy — a; + Y ymj0g)(t — a;)"] (1.28)

n=1

with respect to o; and let a; — ap;. Thus we obtain

ug;(t) = (t —a;)*> {Z tim Ynj () (= aj)”] In(t — a;)+

n=1
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+(t - a 0‘27{1+Z [d% % szmj(t—aj)”}. (1.281)

doy

P. Ya. Polubarinova-Kochina has proved that a solution for the cut end
ugj(t), where o ; —apj = 2, does not contain a logarithmic term. Moreover,
for such points she has obtained the equation which connects the param-
eters aj, ¢j, j = 1,m. To such points t = a; on the contour I(w) there
correspond cut ends (the cuts may be circular or rectangular) with angle
2. To construct ug;(t) uniquely, we have proposed [26]-[34] the following
method. The equality (1.23) for the point ¢ = a; fails to be fulfilled since

Joj(a; +2) =0, o — ag;. (1.29)

For the equality (1.23) to take place as a; — ag;, it is necessary and
sufficient to require that

’)’ijl(aj -+ ].) + fg(aj) = 0, Oéj — Oégj. (130)
After transformation, the condition (1.30) takes the form [26]—[34]
g2 + Q%j + q15p1; = 0. (1.31)
To construct ug;(t) uniquely, it suffices to construct uniquely 722]-(042]-);
the remaining 'yij(agj), n=1,3,4,..., can be calculated by means of (1.22)
and (1.24). Indeed, suppose «; # ag;. Then (1.23) yields
Y25(0) = =y (ay) fij (e + 1) + fa5()]/ folay +2). (1.32)

After developing indeterminacy in (1.30) as a; — a2; we obtain uniquely
that

735 = =0, 5[p1(p1j + 2415) + P2y (1.33)

Now we can define local solutions in the vicinity of the point t = co. We
represent the functions p(t) and ¢(t) near t = oo as

=t Pusct ™™ q(t) =12 gnoot ", (1.34)
n=0 n=0
where
m
Prse =Y _ Braf, Poso = 6, (1.35)
k=1
m
(oo = Y _[ok0ak(n + 1) + craxlag, (1.36)
k=1
Goco = Z[quoézk + cpa), (1.37)
k=1
Qloo = Z[alka2k2 + crag)ag. (1.38)

B
Il
—
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Local solutions in the vicinity of the point ¢ = co are sought in the form

(o]
Uoo(t) = 7% + Y Yoot (T, (1.39)

n=1

where Y00, 7 = 1,00, are defined by the formulas

fOoo(aoo) = aoo(aoo + 1) — P0coOloo + Goce = 0, (140)
Yioo fooo (oo + 1) = Proctes + q10e = 0, (1.41)
7200.]0000(0500 + 2) + "Yloo(aoo + 1) — P20 00 + 200 = 0, (142)

’YTLOOfOOO(aoo + n) + ’Y(n_l)oofloo(aoo +a— 1)+
+ 7(n—2)oof2m(aoo +n — 2) R
+ 7loof(n71)oo(aoo + 1) — ProoQos + Gnoo = 0, (14?))

where
froo = Qroo — (aoo + k)pkoo- (144)
Taking into account that ¢ = co is the image of a nonangular point, the
equation (1.40) must have the roots a0, = 3, aaec = 2 and thus

m

q0co = Z[alkagk -+ akck] = 0. (145)
k=1

Because of the fact that a1, — a0 = 1, the equality (1.41) fails to
be fulfilled. Therefore the formulas (1.41)—(1.43) allow one to define only
one solution 414 (t). To define uzso (), we act as follows [26]-[34]: for the
equality (1.41) to take place as o — a0, it is necessary and sufficient
that the condition

(1o — Ploc®200 = 0 (146>
be fulfilled.

To define 72, we act in the following manner: from (1.41) for aeo # Q200
we define v, and get

Voo = [Ploo®oo — G1co)/ fooo (oo + 1). (1.47)

Since the numerator and denominator in (1.47) vanish as as — @200,
developing indeterminacy we obtain uniquely [32]-[34] that

Vfoo = Ploso- (1.48)

Next, having found 7%, by the formulas (1.42) and (1.43) we define
Y2, n = 2,00, and consequently, the solution ugu (t).
Finally, we have

Ukoo(£) = £70% 4 Y " qF 7ok =1,2, (1.49)
n=1
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It can be proved that the system (1.18), M = 0, kK = 1,3 coincides
respectively with the systems (1.104), (1.45) and (1.46).

Local solutions ug, (t), k = 1,2, j = 1, m, contain many-valued functions
of which we select one-valued branches as follows:

exp[Bk;(t —a;)] >0, t> ajy,

{explak; In(t — a;)]} = explirag;][explak; In(a; — )]}, a; >t,
{explakc In(t — a;)|}~ = exp[—ima;|[explaw; In(a; —t)]], a; >t
For the equation (1.8) in the vicinity of each singular point ¢ = aj,

Jj = 1,m+1, and in the vicinity of the points t = aj = (a; + a;11)/2,
j =1,n— 1, we construct respectively ug, (), k =1,2, j =1,m+ 1.

A solution of (1.7) will be sought by means of the matrix T'x(¢), where
X(t) is the solution of (1.11). Consequently, Tx(t) is likewise the solution
of (1.11), where

T= (’; ‘;) . detT #0, (1.50)
D, q, T, s are the integration constants of the equation (1.13).
. 11The local fundamental matrices ©;(t), o;(t), ©;(t), @;t (t) are defined as
ollows:

() = ulj(t)’ ullj(t) ) ) LT
@J(t)<u2j(t, u'Qj(t) , aj<t<ajyi1, j=1,j—1, t=aj, j=1,n, (1.51)

* = TJ' J ) )
05 (1) <u§j(t), '*4(t)> ;a5 <t <ajii, (1.52)

OF (t) =0705(t), aj_1<t<aj, (1.54)

Ouolt) = (“1“(t)’ “Iloo(t)) , (1.54;)

Uzoo (1), Uheo(T)
where the matrices 9? for aq; —agj #n, n=0,1,2, are defined as
+  [exp(Liman,), 0
05 = < 0, exp(timag;) /)’ (1.55)

while for a;; — ag; = n, n =0,1,2, they are defined by the equalities

1 0
+ . ) ; _
05 = exp[Fimay;] < i, 1) , n=20,2,

+ ) -1, O
. ’
9]. = exp[tiTag;] ( i 1> , n=1.

It should be noted that the series uy, (t), k = 1,2, j = 1,m + 1, converge
slowly making the process of calculations difficult. To remove this drawback,
we replace the series ug, (t), k = 1,2, j = 1,m + 1, by rapidly and uniformly
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convergent fundamental series. Towards this end, it is sufficient to write the
series ug; (t), k= 1,2, j = 1,m + 1, in the form [30-34]:

o
wiy (1) = (8= ag) ™5, (t = ag), U (t —a;) =1+ D 9% (t = a;), (1.56)
n=1

o0
k=12 j=Tm weolt) =t (143 2he(®),  (157)
n=1

where 'y,’jj, vk are defined through f,;(a;) and freo(a;) as follows:

Pl = a7),50) = apips b~ a) + anslt ), (159)
o m t—a; \n
bt =) =07 3 B ez
=LR#)

q15(t — aj) = ¢;(t — ay),

m

t—aj; \"
Gn(t = )= (=1)""2 3 Jawkaze(n = D+en(; —an))(——2) ", (1.59)
. a; — ag
k=1,k#j
t — .
Sl k4
a; — ag
m n
Proe(t) = D7 Br(@i /)", Guoe = Y lagjazi(n + 1) + crarl(an /)", (1.60)
k=1 k=1
n=0,1,2,....

The local matrix ©;(t) is complex conjugate with respect to the matrix
@;r (t). The real matrices ©;_1(t), ©}(t) are the local solutions of the system
of equations (1.11) in the vicinity of the points ¢t = aj_1, t > a;_1, t = aj,
t < a;. Suppose that the elements of these matrices converge on a part
of the interval a;—1 <t < a;, where the matrices ©7(t) and ©;_1(t) are
connected by the matrix identity [26]-[34]

0j(t) = Tj-19;-1(t), (1.61)

which allows one to define the matrix 7;_; uniquely. Assume that the do-
mains of convergence of the matrices ©F(¢) and ©;_1(t) are nonintersecting.
In this case we construct at the point ¢t = aj = (a;—1 + a;)/2 the funda-
mental local matrix ¢;(t) which converges on the interval a;—1 < t < aj.
It is evident that one can always pass from the matrix ©%(t) to the matrix
©;_1(t) successively:

@;k (t) = Ta; 0 (t), (1.62)

O1(t) = T7_,0,-1(t). (1.63)

Tor and T, are defined uniquely from (1.62) and (1.63). It follows from the
above-said that 6,,(t) can be extended analytically along the whole axis t.
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To define the functions w’(¢) and z'(t) on the interval (—oo,+00), we
consider the matrices [26]-[34]

X)) =TOE(t), t>am, O5L(t)=0,(t), O, <t<4oo, (1.64)

where the matrix T is defined by the formula (1.50). From (1.64) it follows
that T =T.

The matrices x*(t) are the solutions of (1.11), where the signs + and —
denote, respectively, the limiting values of the matrix x(¢) from Im(¢) > 0
as ¢ — t and from Im(¢) < 0 as ( — t.

Below we will define the matrix ¥ (#) and take into account that ¥ (¢) =
X~ (t). The use will be made of the following notation: x7(¢) = x(¢),
9;_ = Gj, j = 1,m.

X(t) =T0,0;,(1), am-1 <t < am,
X@t) =T, Tr-10m-1(t), ©O5(t) = Tp10m_1(2),
am—l < t < a/m7

X(t) = Tngmflemfle;kn_l(t)a Am—2 < t < Qm—1,

.................................... (1.65)
X#) = T0mT10m 1T —20m—o ... T1O:(t), a1 <t < as,
X(t)=T0,mT—10m—1.. .T191®;(t), -0 <t<a,

X(t) =TO0mTm—10m—1... T101T_Oo0(t), —o0 <t< ai,
X(t) =TT100Ox(t), am <t < +o0.
Note that
07 (t) =Tm-10m-1(t), am—1 <t < am,
m1(t) = Tm—20m_2(t), am—2 <t < am—1,
............................... (166)

On(t) = TimOx(t), am <t < 4o00.

The matrices T, j = 1,m —1, T_,, Teo from the system (1.66) are
defined by means of the matrices ©;(t), ©5(t), j = 1,m, Ou(t), which
depend on aj, ¢;, j =1, m.

Substituting the matrices x*(t), x(t) defined on the intervals (a;_1,a;),
j =m, m—1,...,2,1, successively into the boundary condition (1.7)
and then multiplying successively from the right each of the equalities by
[@;(t)]_l, j=m,m—1,...,1, we obtain the system of matrix equations

TOpm = gm-1T0m, t=am; (1.67)

T0m Ty —10m—1 = 9m—2T§me—1§m—1, t=am-1; (168)
Teme—lem—le—Qem—Q =
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= gm—3T§me—1§m—1Tm—2§m—2; t = am—2; (169)

TGme_lem_l e T191 = Tngm—lgm—l N Tlgh t= a. (170)

It can be immediately verified that when passing to the conjugate ma-
trix equations, the matrix equations (1.67)—(1.70) remain unchanged, since
— ——1
g(t)=g7'(t) =G (H)G().

Each of the matrix equations (1.67)—(1.70) provide us with two scalar
equations with respect to the elements of the matrices T, T}, Trn_1,...,11
[26-34]. Indeed, from the matrix equation (1.67), or what comes to the same
thing, from

T0m = g, gm-1T0,,,gm = E (1.71)
we find that the matrices
_71 _ _
00, » T 'g gm-1T, (1.72)
are similar. If, for the sake of brevity, we assume that the matrix 6; is
diagonal, then (1.67) can be written as

p-exp(inary,) = gil 1 p-exp(—imaim) + gL2 v - exp(—iTaiy), (1.73)
q - exp(iTagy) = gt 1q-exp(—imao,) + gl? s - exp(—iTagy), (1.74)
r-exp(imanm) = g2 p-exp(—iTaim)+g22  r-exp(—itaiy,),  (1.75)
s exp(imaa,) = g2h1q - exp(—iTagm) + ¢22_ s - exp(—imai,),  (1.76)

where gfi_l, i,5 = 1,2, are the elements of the matrix g,m_1, Qgm =
(271) "L In A, k = 1,2, are characteristic numbers.

It is not difficult to verify that the equations (1.73) and (1.74) coincide
identically with the equations (1.75) and (1.76). Indeed, solving (1.73) and
(1.75) with respect to p/r, and (1.74) and (1.76) with respect to s/q and
then equating them to each other, we obtain the following identities:

(Atm — 972371)(9727371)_1 = 971371()\1771 - 9717371)_% (1.77)
Io1Pam = gon 1) = Nam — g 1) (9h-1) ", (1.78)

where
Im—1 T Gt = Mm + A2y Imo19m—1 = Gm19m—1 = MmA2m.  (1.79)
Taking into account (1.68), we can write the equation (1.67) in the form
——1 _ —1_ 4 _ _
Ton-10m-10,, Tyt =0, T g, 1 gm—oT0p,. (1.80)

The matrices on the left and on the right of (1.80) are similar, therefore
we can perform in (1.80) calculations analogous to (1.73)—(1.79), and prove
that the matrix equation (1.68) provides us with two scalar equations.

For the point t = a,,,_2 we have

1 _
Ton—20m—20,, 2Tty =

= Hmfleilﬁm T lgm£2gm_3T9me_19m_1. (181)
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Further, for all the points t = a,,_1, ..., t = a1, we can write out similar
matrices, which proves the above statement.

Now from the system (1.66) we define the elements of the matrices T)
j =1, m, depending on the parameters a;, cj, j = 1, m, and substitute them
in (1.67)—(1.70); thus we obtain a system of matrix equations with respect
top, q, 7, s, aj, ¢, j = 1, m; from the matrix equations, as is said above,
for each of the points t = ay, k = 1, m, we obtain two scalar equations with
respect to the parameters a;, cj, p/s, q/s, r/s, j = 1,m. Thus we obtain a
system consisting of 2m equations.

According to Riemann’s theorem, we can choose arbitrarily and fix three
parameters from ¢t = a;, j = 1,m.

From the system (1.101), (1.45) and (1.46) we can define the next three
parameters, for instance, ¢, co and c3. Consequently, the number of un-
known essential parameters a;, ¢; turns out to be equal to 2(m—3) [14]-[16].
In the general case, to the above-given parameters a;, ¢; we have to add
three complex parameters of integration of the Schwartz equation. Hence
the number of unknown parameters will be equal to 2(m —3)+6 = 2m. In
our case, for g,,(t) = E we have three integration parameters: p/s, ¢/s and
r/s. Thus the number of unknown parameters is equal to 2m—6+3 = 2m—3,
and the number of equations is 2m. The difference is 2m — (2m — 3) = 3.

The contour [(w) of the domain s(w) may contain vertices with the an-
gles 27 formed by circular or linear cuts. For each of the vertices of [(w) we
obtain one equation of the type (1.30), because in the theory of filtration
the coordinates of such vertices of the contour !(w) are unknown before-
hand. Suppose that the number of such vertices is two, then the number
of equations will be equal to 2(m — 1). In the theory of filtration, as it will
be seen below, we may come across circular pentagons with only one cut.
Then the number of essentially unknown parameters reduces to three, and
the number of equations is equal to five. The difference between the number
of equations and that of the essentially unknown parameters is equal to two.
As is known, in the case of linear polygons the number of equations is by
two units more than that of the essentially unknown parameters.

It is very difficult, but quite possible, to solve a system of three higher
transcendent equations with respect to three essential parameters. If we
denote by wui(t) and uz(t) the components of the vector ®;(t), then using
the formula

w(t) =ui(t)/ua(t), —oo <t < +oo, (1.82)

we obtain the general solution of (1.3). The components w’(¢) and z'(t) of
the vector ®’(t) are defined by the equalities

dw(t) = u1(t)xo1(t)dt, —oo <t < +o0, (1.83)

and

dz(t) = ua(t)xo1 (H)dt, —o0 <t < +00, (1.84)
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where w'(t) = u1(t)xo01(t) and 2'(t) = ua(t)x01(t) satisfy both the bound-
ary conditions (1.3) and the conditions at the singular points ¢ = ej,
j=1n+1

The integration of the equalities (1.83) and (1.84) on the intervals
(—o0,t), (ej,t), j = 1,n, results in

t

w(t) = / s (£) o1 (£)dt + w(—o0), (1.85)

— 00

t

A(t) = / s (€)xor (1) dt + 2(—o0), (1.86)

olt) = [ unlt)xor )t + wle; +0), (1.87)
A1) = / ws(t) xor (1)dt + =(e; + 0). (1.88)

Considering (1.87) and (1.88) for ¢ = e;41, we obtain a system of equa-
tions with respect to the removable singular points ¢t = e;, t = e;4 (pa-
rameters e;, ej4x) and parameters S, @, where @ is the liquid discharge via
filtration.

Equations (1.87) and (1.88) allow us to determine the parametric equa-
tion of the depression curve.

Remark. Sometimes it is advisable to map an arbitrary angular point of
the contour (w) into the point ¢ = co. Assume that the point B,,+1 of I(w)
is an angular point with the angle 7v,,41. Let the point ¢ = a,,,+1 = 0o be
the image of the angular point B,, 1 with the characteristic numbers a;qo
and ass, which must satisfy the conditions

Aloo — 200 = Vm+1, (189)
Pose = Y _(1 = a1g — ) = 1+ Qoo + Q2o (1.90)
k=1
d0o00 = Z[aljagj —+ ajcj] = Ulo " O200- (191)
j=1

Note that the condition M; = 0 in (1.8) remains true, while the condition
Ms = 0 is replaced by the condition (1.91). The condition M3 = 0 fails to
be fulfilled, i.e., M3 # 0. The condition (1.90) is the Fuchs condition [13],
[16].
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2. L1QuiDb MOTION THROUGH THE PLANE EARTH DAM WHOSE LOWER
AND UPPER SLOPES MAKE WITH THE HORIZON THE ANGLES,
RESPECTIVELY, 7/2 AND 7Ta

Schemes of the domains s(z), s(w) and s(w) are given below in Fig. 1.
The boundary conditions along the boundary I(z) have the form: along the
water boundaries A1 Ay : p(z,y) = —Ha, © = L; As46 : o(x,y) = —H;
y = tg(ma)z; along the leaking interval AsAs : ¢(z,y) +y =0, © = L;
along the unknown depression curve A3 A4 A5 : p(z,y)+y =0, ¥(z,y) = Q;
along the dam base AgA; : ¥(x,y) = 0, y = 0, where H; and Hs is water
depth, respectively, in the upper and lower pools, L is the length of water
nonpermeable base of the plane earth dam, and @ is the liquid discharge
via filtration.

' 1 v
I
y <— H |, —>
! 1
I AS A A1 I
As A, - 'T - - {
A, A
H, @ A2 Q @ H ¢
Af T 2, A, H, X l A, A, ¢
T o T 0

Fig. 1
The matrix g(t) and the vector f(t) are defined as follows:
g-oo(t) = E, f_o(t)=10,0], —oo <t< o0,
g1(t)=E, fi(t)=2[-Ha; L], e1 <t< e,

w0 =0 (5 3)e A =21 e<i<e

wt) =m0 = (5 1), A0O=AO =201 a<i<e *Y

g5(t) = (—01 exp(?%a)) fs(t) = —HL[130], es <t < es,

gG(t):Ea fG(t):[OaO]a €6<t<+00,
where F is the unit matrix.
For the functions w’(t) and 2'(¢) at the singular points ¢t = e;, j = 1,7,
we set up the equations (1.4) and define the roots A\, k = 1,2, j = 1,7,
and then define uniquely the characteristic numbers Qg = (27i)~11n Ak s
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Ajlonj-,ai;], 5 = 1,7. We have A;[1/2;-1/2], A2[0;0], A3[0;0], A4[2;0],
As[—1/2; —a], As[—1/2; 0 — 1], A7[3;2].

The point A;[1/2; —1/2] is the removable singular point [1]-[8]. To re-
move it from the boundary conditions (1.3), we introduce the vector

(I)/(t) = Xog(t)q)g(t), —o0 < t < 400, (2.2)

where x02(t) = /(t —e2)(t — 1)1 >0, t > es.

After transformations, on the contour [(w) we renumerate the angular
points and the corresponding points along the axis ¢ and introduce the
following notation: Bjlaqj;as;], t = aj. ejr1 = aj, j = 1,5, ag = a7 = oo.

We fix the points ¢ = a; as follows: a1 = —b, a2 = —a, a3 = 0, ay = aq,
as — b.

For the points Bjlon ;ag;], j = 1,6, we define the characteristic expo-
nents oy, K = 1,2, j = 1,6, and the corresponding matrices 9;’ = by,

9" =07, j=16:

Bi1[—1/2;—-1/2], Bs[0;0], Bs[2;0], B4[-1/2;1—q], Bs[-1/2;a—1],
Bg[3;2] = Bxo[3; 2],

(1, 0 _ (1 0 _
b= (-1) (m, 1)’ 92_(m’, 1)’ 0s = E,
~1

b= ( 0, exp(oz’wa)) » =01 (é: eXp((;m‘)) .

Note that aq; — ag; = vj, j = 1,6, where 7v; is the angle at the vertex
b;.
By means of the numbers ay;, k = 1,2, j = 1,5, we write the Fuchs class
equation

u”(t) + p(t)u'(t) + q(t)u(t) = 0, (2.3)

where

p(t) = Z[l —ayj — agsl(t —az) 7,

(2.31)

q(t) = lajog;(t —a;) "% + ¢t — a )]

=

1

<.
Il

Following Section 1, for the equation (2.3) we construct wuy;(t), ox;(t),
0,(t), 6}‘(1?), o;(t), 5 =1,6, k = 1,2, and xT(¢t), x " (t), X" (t) = x~(¢).
Below we will use the notation x¥(t) = x(t).
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The system of equations (1.104), (1.45) and (1.46) for the problem under
consideration has the form

5 5

Z ¢; =0, Z[alkagk + agcg] — 6 =0,

=1 k=1

! (2.4)
[2aikagr + crar]ar — Prootizee = 0,
k=1
where
5 5
Dico = Z(l — o — o)Ak, D1z = Z (1 — arp — agg)(az —ag) ™!,
j=1 k=1,k#£3

5
Gn3 = (—1)n72 Z [a1paor(n — 1) + cx(as — ax)](as —ax) ™", n=2,00,
k=1,k#3

qoj = a1j2j, qij =c¢j, n=0,1

Using the formulas (1.65) and (1.66) for m = 5, we construct the matrix
x(t), and according to the formulas (1.67) for the points t = ax, k = 1,5,
we construct the matrix equations

t= as T95 = g4T§5; t= ay - T95T494 = g3T§5T4§4;
t= as T95T494T3292 = g2T§5T4§4T32§2, (25)
t= ay - T95T494T3292T191 = T§5T4§4T32§2T1§1,

where T32 = T3T2, 9;(15) = ijl@jfl(t), ] = 2,5, @T(t) = Tfooeinfty(t)a
O5(t) = Thoo, Oco(t).

From the matrix equations (2.5) we obtain respectively the scalar equa-
tions

t=a5:q=0, r=0; (2.6)
t=as:q=0, (2.7)
ppa — sry cos(ma) =0, (2.8)
t=a3: qa3 + qis + qu3p13 = 0, (2.9)
t = as : reqsesin(ma) — s4832 = 0, (2.10)
r4(p32 sin(ma) + mgzg cos(war)) — s4132 = 0, (2.11)
t=a1:qip32+ s1g32 =0, (2.12)
pips2 + (r1 — 72q1)gz2 = 0. (2.13)

For the point t = ag we get only one equation (2.9). The compatibility
conditions for the systems (2.10), (2.11) and (2.12), (2.13) have the form

tg(wa) det T32 + TS832Q32 = 0, (2.14)
det Ty 4 m¢? = 0. (2.15)
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From the matrix equations 0% (t) = T;-10,-1(t), j = 2,5, we define the
elements of the matrices T}, j = 1,4, and substitute them in the system
(2.7)-(2.15).

The systems (2.4) and (2.9) allow us to find the unknown parameters
1, €2, ¢4, and c5. We substitute them in the system of equations (2.7)—
(2.15) and in the matrices 6;(¢), 7 = 1,6. The number of unknown essential
parameters reduces to three: a, b and c3.

The number of equations for the determination of the parameters a, b
and c3 is equal to five: they are (2.7), (2.10), (2.11), (2.12) and (2.13).
The difference between the number of equations and that of the unknown
parameters a, b and c3 is equal to two. To define a, b, and c3 from the system
(2.7), (2.10)—(2.15), we take the system (2.7), (2.14) and (2.15) and solve
it, we substitute the obtained parameters a, b and c3 in (2.4), (2.8)—(2.13),
(1.66) (for m = 5) and find ¢;, j = 1,5, p/s = rycos(ra)/ps. Moreover,
we define the matrices T}, j = 1,4, T_, T4~ where the parameter o is
fixed. Having found the functions w(t) and z(t), we can define the remaining
parameters, for instance, t = e; and Q.

The matrix x(t) along the axis ¢ is defined as follows:

X(t) = (g: 2) Os(t), t> as,

(1) = (pp+oo, pQ+oo> O(t), a5 <t < 400,
ST+os  SS400

_(_1 [ 0 .
X(t) - ( 1) <0, eXp(?:ﬂ'O[)) @5(t), ag <t< as,
. (2.16)
_ (_ Pp4, *
x(t) = (=1) (57"4 exp(iTa), ss4 exp(iwa)) 05(1)04, as<t<as,

w0 = (e 2 e, t<a

isruexp(ima), $S4
_ —Pp4p3; —PPag3
X(t) = (isrupg exp(ima) + ssqrs, israqszexp(ima) + 88483) Os(t),
az <1t < ay,

—DP32, —q32
t) = . . Os(t), az <t< ay,
X(8) = pps (ZP32 + mq32, 1932 ) 2(t) 2 4

—P32 — 1Tq32, —q32\ o«
t) = . . O5(t), a1 <t<asg,
0 =g (7T 630, <<

mq1 +ip1, 1
x(t) = (=1)mppagsz < @ T ql) O1(t), a1 <t < ag,
—rqy, 0

Mﬂ(lhmww<ph QQeam o <t<a,
_7"'(]17 0

The linearly independent solutions w1 (t) and us(tr) of the equation (2.3)
which are defined by the elements of the first column of the matrix () can
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be represented along the axis ¢ as follows:

up(t) = puis(t), we(t) = sugs(t), as <t < +oo,
ui(t) = (—i)puis(t), wa(t) = (=1)sexp(ira)uss(t), a4 <t < as,
u1(t) = (—8)ppaura(t), uz(t) = (—1)sexp(ima)[rauia(t) + sua4(t)],
ay <t<as,
ur(t) = —ppauiy(t), uaz(t) = isrgexp(ima)uiy(t) + ssauzy(t),
asz <t < ay,
u1(t) = —ppalpauis(t) + qzuas(t)], as <t < aa,
us(t) = [isruexp(ima)ps + ssqrs|uis(t)+
+ [isrags exp(ima) + sszsa]uas(t), a3z <t < aqg,
u1(t) = —ppalpszuia(t) + gaou2a(t)], a2 <t < as,
ug(t) = ppal(ips2 + Tas2)ui2(t) + igaause(t)], as <t <as
(

_ ) . 2.17
u1(t) = —ppa[(ps2 + imgs2)uis(t) + ga2usye(t)], a1 <t < aq, ( )

ua(t) = ippa[(p32uis(t) + gsausn(t)], a1 <t < as,

u1(t) = (=1)wppagsa[(7wqr + ip1)u11(t) + iqruai ()], a1 <t < as,
u2(t) = im*ppagsaqruin (t), a1 <t < az,

u1(t) = (—=1)mppagsz[pruyy (t) + qrus, ()], —oo <t < ay,

up(t) = 7 ppagsaquuiy (t), —oo <t < ay,

ui(t) = (—=1)mppagse[prv—1(t) + qiv—a(t)], —oo <t < a,

us(t) = m°ppagsaqrv—1(t), —oo <t<a,

where
V1 (t) = pfoouloo(t) + g—coU200 (t)a
V_2(t) = T—ooUloo(t) + S—ool200(t).
The components w’(t) and z’(t) of the vector ¢'(t) are defined by the
equalities
dw(t) = xo2(t)us (t)dt, —oo <t < 400, (2.18)
dz(t) = xo2(t)ua(t)dt, —oo <t < +o0. (2.19)
Integrating (2.18) and (2.19) on the intervals (e;,t), j = 1,6, we obtain
t
w(t) = p/xoz(t)u15(t)dt — Hy, (2.20)

as
t

z(t) = S/XOQ(t)UQE)(t)dt, (2.21)

as
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t

w(t) = (—i) / xor(E)uls (D)t — Hy + ip(a),
z(t) = (—1)sexp(ina) /Xog(t)u25(t)dt + z(ay),

w(t) = —ippa / oo (ura(t)dt — Hy +i0,
as
t t

2(t) = —sexp(ima)[ry /XOQ( Yu14(t)dt + 84/X02( Yusq (t)dt]+

a4 aq
+H;[ctg(ma) + 1],
t

w(t) = —ppa / Xoo (D) (B)dt + p(a3) +iQ,

t

z(t) = isryexp(ira) /XOQ( Yui,(t)dt+
s [ xonlt)usy(6)dt + 2(a3),

t

w(t) = —ppa / xo02(t)[psu13(t) + qauas(t)]dt + ¢(a3) +iQ,

t
2(t) = [israps exp(iTa) + s8473] /XOQ( Yuis(t)dt+
¢
+[israqs exp(ima) + $5354] /XOQ( Yugs(t)dt + z(a}).,

&
as

w(t) = —pp4/xO2 (t)[p32u12(t) + gazuoz(t)]dt — y(az) +iQ,

t

Z(t) = pp4(’ip32 + 7TQ32) /Xog( )U12( )dt+

az

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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t
+ipp4qs2 /X02 (t)uga(t)dt + L + iy(az), (2.31)

az

¢

w(t) = —ppal(psz + imgan) / Xor (£l (B + g2 / o (£ (£)de]+

+¢(a7) + 1 (al), (2.32)
t t
=(t) = ipps [p / xo2 (1) ()it + gso / xor (£)us3s (t)dt} +
+L +iy(al), (2.33)

w(t) = (—1)mppags2 [(77(11 + iPQ)onz( t)ug (t)dt + iay /txOg( t)ugy (t )dt}

al ay
—H, +iQ, (2.34)
t
2(t) = ir’ppagsaq /Xo2 (t)ui1(t)dt + L + iHs, (2.35)
al

w(t) = —imppagsz {pl /t>?02( tyuy, (t)dt + @1 /tiog( t)us, (t )dt}

*

el e1
—Hy +it(e), (2.36)
t
z(t) = im*ppagasaq /202(15)’“?1@)& + L +iy(e7), (2.37)
21
t
w(t) = (72')7Tpp4q;32 /%02 (t)[p11)71(t) + ql’l),g(t)]dt — HQ, (238)
t
2(t) = im*ppagsap1 />~<02(t)y71(t)dt + L, (2.39)
€1
where
)?Qg(t) = \/(62 — t)(t — 61)_1, e; <t <eo, (240)

Q' is the liquid discharge via filtration though the interval

(e1,€2), €5 = (ej—1 +¢€;)/2, aj =(aj—1+a;)/2, j=2,5. (241)
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Consider (2.39) and (2.38) for t = e7,

e*
J

=1L, y(e}) = 7°ppagsap /SC'OQ(t)V_l(t)dt, (2.42)

€1

*
€1

p(e1) = —Ha, v(e}) = —mppags2 /%(t)[p1v_1(t) + qru_o(t)]dt. (2.43)

If we substitute the values of y(e}) and 1 (e}) in (2.37) and (2.36), and
consider them for ¢t = a1, we obtain

z(ar1) = L, yla1) = 7mppagseq /ioz(t)UTl(t)dt +y(el), (2.44)
p(a1) = —Ha, (2.45)
Q = —mppags: [m / Roa (Ol (B)dt + 0 / mwu;l(t)dt] +p(el). (2.46)

Having defined the parameters, we can define the liquid discharge Q'
through the interval [e1, e2] by the formula (2.46).

Define now the values of the functions (2.34) and (2.35) for t = a}. We
have

N
ay

z(a}) =L, y(a}) =’ppags2q1 /Xo2(t)ul1(t)dt + Hs, (2.47)
ay

p(al) = (—1)7T2pp4Q32p2/X02(t)u11(t)dt — Ho, (2.48)
a1

Y(ai) = (—=1)mppagsa x

* *

aq a

X |:p2/Xog(t)ull(t)dt+a1/Xog(t)UQl(t)UQl(t)dt} +Ql. (249)

By the formulas (2.33) and (2.32) we can define z(a2) and w(az). We get
x(az) =L, (2.50)

y(az) = pps [psz [ xoat®uisrat + e [ xO2<t>u;2<t>dt] +ylat), (250)

az az

oaz) = —pps [psz [ xaateraiar +aus | m(t)u;xt)dt} y(a), (252)

* *
ay ay
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az

Q= vlaz) ~ mppa [ xoa®uia b1t + v}

aj
Since ¢(az) = —y(az), the equations (2.51) and (2.52) coincide.
Considering (2.31) and (2.30) for ¢ = a}, we find that

as

z(a3) = Tppags2 / Xo2(t)u12(t)dt + L,

az

* *
as as

y(a3) = ppa [p32/X02(t)U12(t)dt + Q32/X02(t)u22(t)dt} +y(az),

*
as

p(as) = —pp4/X02(t) {p32u12(7§)dt + q32u22(t)dt} dt—

as

—ylaz), VP(az) = Q.

If we consider (2.29) and (2.28) for ¢t = as, then we obtain

as
x(a3) = [—srapssin(ra) + ssars) /XOQ(t)ulg(t)dH—
a3
as
+[—sraqz sin(ma) + $8384] /Xog(t)qu(t)dt + z(a3),
a3
as
y(ag) = sraps cos(ma) /Xog(t)ulg(t)dt—‘r
a3
as
+s74q3 cos(mar) /X02 (t)ugs(t)dt + y(al),
a3
as
p(asz) = —pp4/X02(t)[p3U13(t) + q3ua3(t)|dt+

X
as

+e(as), ¥(az) = Q.

113

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

From (2.29) and (2.28) we find z(a}) and w(a}). We substitute the ob-
tained values z(a}) and w(a}) in (2.27) and (2.26). We do not write out
these values, because they can be obtained from (2.57)—(2.59) if instead of

t = a3 we take t = aj.
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Considering (2.27) and (2.26) for ¢ = a4, we obtain

agq aq

x(ay)=—sr4 sin(wa)/XOQ(t)uf4(t)dt+584 /Xog(t)u§4(t)dt+x(a§), (2.60)
y(as) = sr4 cos(ma) / Xoa (£)ul (D)t + y(a3), (2.61)
(as) = —pps / xor (D0ly(B)dt + p(a5), (as) = Q. (2.62)

By means of the formulas (2.25) and (2.24) we find z(a}) and w(a}).
Thus we have

* *

z(a}) = —scos(ra) {7‘4 /XQQ( Yu4(t)dt + 84/X02( )q24(t )dt]
' +H, ctg(mra), 4 (2.63)
y(ay) = Hy — sin(ra) {7“4 /XO2( Yu14(t)dt + 54/X02( Yoy (t )dt] (2.64)
p(ay) = —Hy, 9(a}) = —pp4/X02(t)u14dt +Q. (2.65)

Finally, considering (2.23) and (2.22) for ¢t = a5, we get

as

(—1)s cos(ra) / Yo (Ouls (Ot + () = 0, (2.66)
(~Dssin(ra) [ xoa(uss (Bt + ylai) =0, (2.67)

*

as

as

olas) = —Hy, b(az) = —p / Non (Ol (B)dt + (a3) =0, (2.68)

*

ay

Taking into account (2.63)—(2.65), let us consider the system of equations
(2.66), (2.67) and (2.68). From the system (2.66) and (2.67) we find the
parameters e; and s and then substitute them in (2.20)—(2.65) and (2.68).
Then from the formula (2.65), with regard for (2.68), we define @, and
the formula (2.53), with regard for (2.68) we define @’. Formula (2.51),
with regard for (2.47) allows us to define y(az). When all the unknown
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parameters are determined, we can find the parametric equation of the
depression curve by means of the formulas (2.26)—(2.31).

3. LiQuibD MOTION THROUGH THE PLANE EARTH DAM WHOSE LOWER
AND UPPER SLOPES MAKE WITH THE HORIZON THE ANGLES
m(1 — B) AND 7/2, RESPECTIVELY

Schemes of the domains s(z), s(w) and s(w) are given in Fig. 2, and the
boundary conditions along I(z) have the form: along the water boundaries
A1 Ay o(z,y) = —Ha, y = —tg(nB)(x — L); AsAs 2 p(x,y) = —Hi, x = 0;
along the leaking interval AsAs : ¢(x,y) +y = 0, y = —tg(nB)(x — L);
along the unknown depression curve AzAy : o(z,y) +y = 0, ¥(z,y) = Q;
along the dam base AsA; : ¢(z,y) = 0 y = 0, where H; and Hy are
water depth, respectively, in the upper and lower pools, L is length of water
nonpermeable dam base, and @ is liquid discharge via filtration.

Fig. 2

The piecewise constant matrix g(¢) and the vector f(t) are defined as
follows:

Jooe) =[0,0], fooo(t) =1[0,0], —oo<t< e,

a(t) = (01 exp<0i2wﬂ)) ’

f1(t) = 2i[—Ha, Lsin(wf) exp(—inf)], e1 <t < ea, (3.1)
(-1, 2sin(nB)exp(—inp)
92(t) = ( 0, exp(*i;;ﬂ)a ) ,

f2(t) = 2Lsin(nf) exp(inf)[—1,d], ea <t < es,
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=00 = (5 1), HO=HO=20L] a<t<e

1, 0
95(t): ( 0’ 1) ’ f5(t):_2H1[170]7 €4<t<€5,

gG(t):E7 fﬁ(t):[070]7 €5<t<€6<t<+OO,

where E is the unit matrix.

Characteristic exponents for w’(t) and 2'(¢) at the points A;, j = 1,7,
are defined in the following manner: A;[a;;a3;], j = 1,7, A[-1/2;8—-1],
A[00], As[1/2 — B 0], As[~1/2;—1/2], A5[1/2:~1/2], Ag = [20], Ar[3;2].

As[1/2; —1/2] is the removable singular point.

Let us introduce a new unknown vector by the formula

(I)/(t) = X03(t)¢’3(t), —o0 < t < 400, (32)

where

X03(t) = \/(t — 65)(t — 65)71 >0, t>es. (321)

We renumerate the angular points of the boundary I(w) of the domain
s(w) and the corresponding points along the axis and introduce for them
the following notation: Bjan;;azjl, t = aj, ej = aj, j = 1,6, ag = er = .
We fix the points ¢ = a;, j = 1,5 as: a1 = —b, as = —a, a3 = 0, as = a,
as = b.

For the points Bj[aij; o)), § = 1,6, the characteristic exponents Olkjs
k = 1,6, and the corresponding matrices Q;T =0, gf =60y, j =1,6 have
the form

By[-1/2;8—1], Bs[0;0], Bs[1/2— ;0]
By[-1;-1], Bs[2;0], Bs[3;2],

B i, 0 (1, 0 _ (exp(inB), 0
b1 =(=1) (0, exp(m,@))’ 92_(7ri, 1)’ 93_( 0, 1)’

1, 0 (1, 0
= (i 1) (1)

Now we write the Fuchs class equation analogously to (2.3), where ay;
are defined by (3.3).

To construct the matrix x(¢), it is necessary to construct the local ma-
trices for the points ¢ = a;, j = 1,6, ag = co. We fixt = a;, j = 1,5, as
follows: t =a; = —-b,t=ay=—a,t=a3=0,t=a4 =a,t =as =b.

Having constructed the matrix x(¢), we have

(3.3)

X(t) =TOs(t), as <t<+oo, x(t)=T"O4(t), as<t<as,
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where T* = TTy, p* = pps + qra, ¢* = pqa + qs4, ™" = TPy + 874, 57 =
Qs + SS4.

x(t) =T70,05(t), as <t < ag,

x(t) = T*0,T305(t), a3 <t < aq,

X(t) =T 0,T30305(t), a2 <t < as,

X(t) = T"0,T303T2045(t), az <t < as,

X(t) = T*04T303T50,05(t), a1 <t < as, (3.31)
X(t) = T*0,T305T20:T104(t), a1 <t < ag,

X(t) = T*0,T303T20:116:07 (t), —oo <t < ay,

X(t) = T*0, 130312051101 T O (t), —o0 <t < ay,

X(t) = TT10O0(t), a5 <t < 4oo.

The transition matrices from one singular point to the neighboring are
defined as

@;(t) - ijlgjfl(t)v J=2,6,

O =T wOnlt), O5(1) = Ty0m(t, )

The system of equations (1.101), (1.45) and (1.46) for the problem under
consideration is of the form

5 5
Z cj = Z Q10 + ajcj] —6=0,
j=1 j=1
5 (3.4)
2[2061]062] + ¢jajlaj — Proo20 =0,
j=1
where
5
Plec = Z(l — Qi — Oégj)aj,
j=1
and the equation for the point ¢ = as has the form
2 _
925 + ¢15 + q15p15 = 0, (3.5)
where
5
P15 = Z (1 — ai, — agg)(as —ax) ™t
k=1,k#£5

qoj = a1j25, q1=c¢;, n=01,

Gns = (—1)" 2 Z [argaor(n — 1) + ck(as — ax)](as —ax) ™", n=2,00.
k=1,k#5




118 A. Tsitskishvili

The matrix equations, respectively, for the points a;, j = 4, 3,2, 1, have
the form

t=uay: T*04=g3T"04,
t= as : T*94T393 = ggT*§4T3§3,

t=as: T*04T305T204 = g1 T*04T505T505, (3.6)

t=ay: T04T305To0:T101 = T*04T505T20,T10;.

It follows from (3.6) that

t=a4:q" =0, (3.7)
p*+ms* = 0; (3.8)
t=uasz:7r*p3 + s r3 =0, (3.9)
r*qs sin(mw3) + s*[wqs cos(mwB) + s3sin(wf)] = 0; (3.10)
t = as : p3gasin(mfB) + gss2 =0, (3.11)
p3[p2 sin(nB) — wqz cos(wB)] + gzra = 0; (3.12)
t=a1:p2q1 + q251 =0, (3.13)
p1=0. (3.14)

The compatibility conditions for the systems (3.9), (3.10) and (3.11),
(3.12) have, respectively, the form

tg(wp) det Ts + mgsps = 0, (3.15)
tg(mB) det To — wgass = 0. (3.16)

The system (3.7), (3.8) and (3.9) allows us to determine p/s, r/s and
q/s:

7/s = —[r3sa + raps]/[p3pa + 734], (3.17)
p/s = —(sa/as)/(a/s),
a/s = —{(p/s)(pa/ra) + m[(r/s)(qa/s4) + (54/74)]}-

From the system (3.4) and (3.5) we can define the parameters c;, j = 1,4,
which are the functions of the parameters 73, cs, a, b. The parameter 3
is given beforehand. To determine the parameters cs, a, b we have the
system (3.15), (3.11), (3.16), (3.13) and (3.14). The difference between the
number of equations and that of unknown parameters cs, a, b is equal to
two. But were the coordinates of the vertex Ag known, the above-mentioned
difference would be equal to three. From the system (3.10)—(3.16) we select
the system (3.14)—(3.16), define the elements of the matrices Tj, j = 1,4,
from (3.32) and substitute them in (3.6)—(3.16). Then we solve the system
(3.14)—(3.16) with respect to ¢5, a and b and substitute the obtained values
in (3.4)—(3.17). Thus we define the parameters ¢;, a;, p/s and r/s. It
remains now to define the parameters ey, ( and s for which below we will
get a system of equations.

(3.18)




Effectively Solvable Two-Dimensional Problems 119

Further, following the reasoning of Sections 1 and 2, we define the matrix
x(t) along the axis t. We have

X(t) = (p’ g) O5(t), as <t < +oo,

r’
X(t) = TT10Ox(t), a5 <t < +o0,

0
X(t) = (p*, S*) @5(t), ay <t <as,
(3.19)

=0, P L)eio. t<a

rTtamsT,

_(_ D3, q3 ) a a
Xt =(=1) (—irg, qs exp(—inf/ sin(wﬁ))@h(t),) O3(t), as <t <ay,

\(t) = (—1)p* exp(—inf) (1533 Zsﬁfn((i;fg))) O5(t), w<t<a,

X(t) = (=1)p"ps cos(rf) (w(}z expi(m;ﬂ:(?s’ln(wﬂ) iQQ) ©s(t), az<t<as,

x(t)=(=1)p*p3 cos(73) <7Tq2 exp(— Zﬁg)/sin(ﬁﬁ)’ Z?f) O35 (t), a1 <t<as,

i?“l, 0

Y(t)=(=1)p*psgs cos(r3) < 0. 71 exp(—iwﬁ)/sin(wﬁ)>®1(t)’ a1 <t<as,

X(t)=(=1)p*p3qz cos(73) <7S’ 0

) _7TQ1/Sin(7rﬁ)) @T(t)a —o<t<a.

The equations (3.19) allow us to define linearly independent solutions
u1(t) and us(t) of the Fuchs class equation. Thus we have

up(t) = puis(t) + quas(t), as <t < +oo,

ua(t) = ruys(t) + suzs(t), as <t < 4o0;

ui(t) = puis(t) + quis(t), asa <t < as,

ug(t) = ruis(t) + suss(t), a4 <t < as;

ui(t) = p*()uia(t), a4 <t < as,

ua(t) = 1 u1a(t) + s u24(t), aq <t < as;

up(t) = (—1)p*ui,(t), as <t < aqg,

us(t) = (=D)[(r" + ims™)ui (t) + s*us,(t)], as <t < ag;

ui(t) = (=1)p*[psu1s(t) + qsues(t)], asz <t < ag, (3.20)
ug(t) = (—1)p*[—ipsu1s(t) + gz exp(—inB)/ sin(wB)uas (t)], a3z <t < ag;
ui(t) = (—1)p*[ips exp(—imB)uis(t) + qzuss(t)], a2 <t < as,

up(t) = (=1)p" exp(—imB){psuiz(t) + [g3/sin(7f)] - ugs(t)}, a2 <t < as;
up(t) = (=1)p* cos(mB)[(ip2 + mq2)u12(t) + iqauaa(t)], a2 <t < as,
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ua(t) = (=1)wp*p3qa ctg(wf) exp(—imB)uia(t), a2 <t < as;
ui(t) = (—i)p"ps cos(mB) (p2uia(t) + qouds(t)), a1 <t < as,
us(t) = (=1)p*ps ctg(nB)mqz exp(—imBluiy(t), a1 <t < as;
u1(t) = (—i)p"pagary cos(mBluin(t), ar <t <as,

ua(t) = (—=1)wpsgaqr ctg(nf) exp(—infuor(t), a1 <t < ag;
u1(t)=(=1)p*psgars cos(mPfui,(t), —oo <t < ay,

us(t) = mp*pagaqr ctg(nPBud, (t), —oo <t <ay.

The components of the vector ®’(t) = [w'(t), 2’(¢)] are defined as follows:
dw(t) = xos(t)ur(t)dt, —oo <t < 400,

3.21
dw(t) = xos(t)ur(t)dt, —oo <t < 4o0. (3:21)
Integrating (3.21) within (a;,t), j = 1,6, we obtain
t
2(t) =(—1)mpsgaq1 ctg(nB) exp(—in Q) /X03 (t)u21(t)dt + L, (3.22)
ai
t
w(t) =(—1)p*psqari cos(mf) /X03 (t)u11(t)dt — Ho, (3.23)

ai

t
z(t) =(=1)7p*paqaq: ctg(n3) exp(—in3) /Xo3 uiy(t)dt + 2(a}), (3.24)

S _

w(t) =(—i)p*ps cos(m3) {p2 Xo3(t)us(t)dt+

t
+ (J2 Xos(t)uga(t dt} Hy +ip(al), (3.25)
where
aj =(a; +a;j+1)/2, j=1.4, (3.26)
t
2(t) =(=1)mp*psqa ctg(m ) exp(fiwﬁ)/x()g(t)ulg(t)dt + z(az2), (3.27)

az

w(t) =(—1)p* cos(mB)[(ip2 + 7q2) /X03( Yuiz(t)dt+

az
t

+igy / o (B)una(t)d] — Hy + i), (3.28)

az
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z(t) =(—1)p” exp(—ipB) {ps j Xos(t)uis(t)dt+
memmjmmmww%z@x

w(t) =(—1)p"[ips exp(—im3) /t Xos(t)uis(t)dt+
%[MMW&@M+w%%

z(t) =(-1)p" [ —ip3 /tXO3(t)U13(t)df+

a3
t

+q3 exp(—inf)/ sin(7f) /Xog(t)U23(t)dt:| + z(a3),

as

w(t) :(_1)17* |:p3/X03(t)U13(t)dt—‘,—

t

+ Q3/X03(t)u23(t)dt] + w(asz),

as

2(t) =(-1) {(7’* +ims™) /Xog(t)uh(t)dz%

t

+s*/Xo3(t)u§4(t)dt} + z(a3),

t

w@:enw/mmma@ﬁ+w@»

*
as

Z(t) =ir* /§03(t)u14(t)dt +is* /io3(t)U24(t)dt + z(a4),

aq aq

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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t

w(t) =ip* /X03(t)u14(t)dt + w(aq), (3.36)
where

Xo3(t) = iXos(t), as <t <es, (3.37)

2(t) = T/X03(t)u’{5(t)dt+5/X03(t)u§5(t)dt, (3.38)

r/x Juis(t dt—i—q/XOg(t)u;E)(t)dt—Hl, (3.39)

= r/x Yuys (¢ /XOB( Yuos (t)dt + z(eq), (3.40)

w(t) = p/X03(t)U15(t)dt + (]/X03(t)UQ5(t)dt + w(eq). (3.41)

From (3.22) and (3.23) we can define z(a}) and w(a}). Thus we get

z(a}) = (=1)mpsqeqy cos®(73)/ sin(mB) /Xos (t)21(t)dt + L, (3.42)

y(al) = mpsqaqq cos(m3) /Xog(t)um(t)dt, (3.43)

p(a}) = —Ha, (a}) = —p*psgary cos(nf) /X03( Ju11(t)dt — Ha. (3.44)
Considering (3.24) and (3.25) for ¢ = ag, we find that

z(ag) =(—1)7p*psqeq1 COSQ(ﬂﬂ)/ sin(m3) /Xog(t()uTQ(t)dt + x(al), (3.45)

y(az2) =Hs = 7p*p3qaqr cos(nf) /X03(t)uf2(t)dt +y(ay), (3.46)

olaz) = — Ha, @ = (~1)ppa cos(wm{pg [ ronteruaiar-

«
ay
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az

v | xO3<t>uz2<t>dt} T a)). (3.47)

*
ay

Recall that the coordinates [z(t), y(¢)] in the interval (a1, az) satisfy the
boundary condition y(t) = — tg(n8)[z(¢t) — L].
The Equations (3.27) and (3.28) provide us with z(a3) and w(a}),

*
ag

x(a3) =(—1)mp*psgz ctg(n3) cos(m3) / Xos()urz(t)dt + x(az),  (3.48)

y(a3) =mp*paqz cos(m3) /XOs(t)U12(t)dt + y(asg), (3.49)
p(ay) =(—1)mp* gz cos(mf) /X03 (t)u12(t)dt — Ha, (3.50)
0(a) =" cos(B) |2 [ xoalt)na(o)irs

az

az*

+ a2 / X0322(t)u22(t)dt] +Q' (3.51)

az

With the help of (3.29) and (3.30) we obtain

as

ofa2) (-1 cos(m) / Yoo By (0)dt-+

+(gs/ sin(rd) /x (o)t + ofas). (3.52)
yla) =" sin(w5) | /x ()uiy(t)de+

+(gs/ sin(rd) /x (o)t + y(a3) (3.53)

as

olas) =(~1) [ps sin(r) [ s 0t )+

«
as
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as

+as [ xos <t>u33<t>dt] T olal), (3.54)
Q =t(as) = (—1)p"ps cos(nf) / Nos (s ()t +0(as).  (3.55)

Using (3.30) and (3.32), we define z(a%) and w(a}), and find that

z(a}) =(—1)p*qs ctg(nf) /X03(t)uQ3(t)dt + z(as), (3.56)
y(a3z) =p* [ps/X03( Juas(t)dt +q3/X03( Juzs(t )dt] +y(az), (3.57)
Y(a3) =Y(az) = Q,

05 =10 [ [ xaunalt)de + a1 [ xos(thum(01t] + plan)

(3.58)

By means of (3.33) and (3.34) we define z(a4) and w(aq). We have

aq aq

r(as) =(-1) [ [rastonattar +5° [ xas(opusat >dt}
+$W5=0, 3 (3.59)

y(as) =H = (~1)ms" / Yos(®ula (D)t + y(a3), (3.60)

olas) = — Hy, Hy=p' / xos (s (£)dt — p(a5). (3.61)

From (3.35) and (3.36) we define z(e5) and w(es), and get

z(es) =0, 7 /)?03( Juia(t)dt + s /)?03( Yuga(t)dt + Hy =0, (3.62)

aq aq
€5

ples) = —Hy, v(es) =p" /io3(t)u14(t)dt +0Q=0, (3.63)

aq
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By virtue of (3.38) and (3.39) we define z(eg) and w(es), and obtain

x(eq) :7“/Xog(t)u*{g)(t)dt—i—s/Xog(t)u§5(t)dt, (3.64)
lee) =0, yles) =0, (3.65)
¢(eq) Zp/X03(t)ufs(t)dt+q/x03(t)uﬁ5(t)dt — Hi. (3.66)

Thus we have obtained the system of equations (3.46), (3.47), (3.53),
(3.55), (3.62) and (3.63) with respect to the unknown parameters s, es, @',
Q@ and y(asz). Of the above-given system only the system (3.46) and (3.62)
depends on the parameters e; and s. This system makes it possible to find
es and s. We substitute the obtained values in all the above-mentioned
equations. Next, using the formula (3.47), we define Q’, and then by the
formula (3.55) we find Q. We substitute the formula (3.53) allows us to
find y(a3), and the formulas (3.64) and (3.66) provide us with the unknown
parameters of the problem of filtration. Finally, by virtue of the formulas
(3.31)—(3.34), we can find the parametric equations of unknown parts of the
boundaries [(z) and !(w) of the domains s(z) and s(w).
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