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ON ZAREMBA’S BOUNDARY
VALUE PROBLEM FOR HARMONIC
FUNCTIONS OF SMIRNOV CLASSES



Abstract. Analogously to Smirnov classes of analytic functions, Smirnov
classes of harmonic functions are introduced and mixed Zaremba’s bound-
ary value problem is studed in them, i.e., the problem of constructing a
harmonic function when on a part of the boundary its values are given,
while on the remaining part the values of its normal derivative.

2000 Mathematics Subject Classification. 35J05,35J25.
Key words and phrases: Smirnov classes of harmonic function, Mixed
problem for harmonc function.

&9b0omdg. obomebmEe gmbiogselb bloebmgob 3mobidob sbomemaon©on
I3dermadmmos 3o&dmbommo gmbiegdob bdembmgol 3mobjbe mo domdo gob-
bormmos 50635380b g6 gmmo 9dezobo, obm 9dezobs Jo&dmbomme gmbieob
22,700b Igbobgd, Gege bobmaeeb 1@ bofformby dobe dbodzbgmmdgdos de-
G99me, berymer ©oboEBb boformbybmedomon Fodemgbnmol dbodzbgme-
d3%0.



On Zaremba’S Boundary Value Problem 31

The Boundary value problems for harmonic functions of two variables
are studied well enough under different assumptions for unknown functions
(see, e.g., [1-6]). Because of the fact that such harmonic functions are
real parts of analytic functions, the properties of the latter often play an
important role in studying boundary value problems. One of the most in-
teresting classes is the set of those functions, analytic in the given domain
D, whose integral p-means along a sequence of curves converging to the
domain boundary are uniformly bounded. These classes are generalizations
of Hardy classes H? and are called Smirnov classes EP(D) (see, e.g., [7],
Ch. IX-X, [8]). The functions from these classes are representable for p > 1
by the Cauchy integral and possess a number of various important proper-
ties, so they are frequently encountered in the theory of functions. These
properties are also preserved for harmonic functions from the class e (D)
which is composed of the real parts of functions from EP(D). It was that
fact that evoked great interest in the theory of boundary value problems for
harmonic functions from e?(D). The Dirichlet, Neumann and Riemann—
Hilbert problems in domains with arbitrary piecewise smooth boundaries
have been studied in [9-13]. Boundary value problems have also been con-
sidered in those classes which are defined analogously to Smirnov classes,
or represent their generalizations ([14]-[15]).

Our aim is to consider in these classes the problem when some value of
an unknown harmonic function is given on one part of the boundary and
the value of its derivative in the direction of the normal is given on the
supplementary part of the boundary. S. Zaremba [16] was the first who
considered this problem, and that is why the problem is called after his
name, Zaremba’s problem (see, e.g., [17]). This problem is a particular case
of the so-called mixed problems for elliptic equations (see [18], p. 16; ref-
erences concerning these problems can be found on pages 201-202 therein).
The simplest solution of Zaremba’s problem under the assumption that the
boundary function is differentiable along the whole boundary, is given in
[19]. In [20] we can find an explicit solution of the problem for a half-plane
when the boundary functions belong to the Holder class. The more gen-
eral problem ag—z + bu = c (or ag—z + bg—Z + cu = d) has been investigated
thoroughly in [2], [3], [24], etc. However, in all those works the assumptions
regarding the coefficients do not cover the problem of our interest.

In the present paper we pose and investigate the problem of Zaremba
in a sufficiently wide weighted Smirnov class e(I'1,(p1), 5, (p2)), first in a
circle (Sections 3°-7°) and then in domains bounded by Lyapunov curves
(Section 8%). In Section 9° we consider the mixed boundary value problem
in a more narrow (than that mentioned above) class of harmonic functions.

1°. Some Definitions.

Let U be the unit circle {z : |z] < 1} bounded by the circumference
v = {7 :|r] =1}, and let v = [ax, bx], K = 1, m, be arcs separately lying
on it; note that the points a1, b1, as,ba, ..., am, by follow each other in the
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positive direction on v. Let m; be an integer from the segment [0, 2m]. We
denote by c1,ca, ..., com the points ay, by, k = 1, m, taken arbitrarily and

consider in the plane cut along the set of curves I'; = 1:81% the analytic

functions
I bl I T
1(2) = k:l(Z —Ck), 2(z) = k=m1+1(2 — k), (1)

where of the first we take an arbitrary branch and the second function we
choose in such a way that the function

11, (2)

R(z) = )

(2)
decomposes in the neighborhood of the point z = co as follows:
R(z) =27 4 Ayt

(see [2], p. 277). For z =t € 'y, under I (¢t), TI2(t), R(t) we will mean the
value which the corresponding function takes on the left of I';y.
Let ¢ > 1,

w(t)= T ft— e, = <ap<=, ¢ =—L 3)
K1 k ) q k q,7 q— 1’
and let I' be a measurable set on 7. By L%(I;w) we denote the set of
measurable on I" (by the arc measure ds) functions f for which

/|f(t)w(t)|qu < .
T

Suppose L4(T') = L4(T;1), L(T') = LY(T).
Next, let [a),b)] be the arcs lying on I';, (the point bj, follows aj, in the
direction on v from ay to by). Denote

m m m
r=Uu y= U Wl U 0,0k, Ta =7\ 4
1 k:17k7 Y k:l[ak,ak] k:l[ k> k]; 2 ’7\ 1 ( )

If £ C ~, then we denote by x g the characteristic function of the set E.
Moreover, suppose

O(E)={0:0<0<2m, ¢ c F}. (5)

When F is a finite union of closed arcs on v, by A(E) we denote the set of
functions f(t) = f(e*) absolutely continuous on ©(E), i.e., the functions f
for which for any € > 0 there exists a number § > 0 such that if U(e?*, e?0r)
is any union of non-intersecting intervals from E satisfying > (8r — ax) < 6,
then the inequality > |f(e?*) — f(e!**)| < & holds.

Let d1,ds, ..., d, be different from cj, points on ; note that di,ds, ..., dy,
are located on I'1\¥, and d,41,...,d, on I's. Assuming that p > 1, and
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q > 1 we put
w(z):ﬁ(z—d)ak —l<a <l p’:L (6)
1 b1 k P D k p, ) p— 1 )
b v T Mo i)’ 7
— _ k _ k _ k
@)= -ar T oo I e-d) @
1 1 1 1
—— < <0, 0N <, —=—<Bp<—,
q q q
where w; and wy are arbitrary branches of the functions which are analytic
in the plane cut along ~, and for p = 1 we assume that p’ = oo, z% =0.

20, Classes h(I'1,(w1),T,(w2)) and Some of Their Properties.
We say that a harmonic in the circle U function u(z), z = z + iy = re®¥
belongs to the class h(T'1,(w1), ', (w2)), p >0, ¢ > 0, if

sup { / |u(re?)w: (re')|Pdo+

o<r<1
O(T1)
ou, i ! ou, g ! i0\|q
+ / (a(re )|+ 8—y(re ) ) |wa(re™)]9do| < . (8)
O(T'2)

For I'y = 7, wq = 1 this class coincides with the class h,, (see, e.g., [7],
p. 373). For p = 0, wy = 1, I'y = v we get the class h,(U) (see. [10], [11],
p. 169).

For wy = 1, instead of h(T'1,(1), 'y, (w2)) we will write h(I'1,, 'y, (w2)).

Lemma 1. The class h(T'1p(w1), ', (w2)) coincides with the class of those
harmonic in the circle U functions u(re®®) for which

sup [ / [u(re'®)w (re®)|Pdo+

o<r<1
O(71)

o | e

Proof. The validity of the lemma follows immediately if we apply to the
second summand in (9) the inequality

qde} < 00. (9)

1 x x T xr
2—£(a+b) <a®+b" <2(a+0b* >0, b>0, z>0, (10)
2 2
assuming in it thata:(%) , b= S—Z yx =4

The validity of the inequality (10) for a = 0, b = 0 is obvious, and for

T x
a+b > 0 it follows from the equality a® +b* = (a+b)* Kﬁ_b) + ({IL_H)) },
if we take into account that 0 < -4 <1 and [max(a,b)](a +b)~" > . 0O
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Lemma 2. If u € h(T'1p, I, (w2)), p > 1, p < q then u € hy. In
particular, if u € h(I'11,T5,(w2)), ¢ > 1, then u € hy.

Proof. Let I(r) = fOQTr |u(re'®)[Pde.
We have

I(r) = / lu(re'®)|Pdl + / '/T%;w)dru(())

O(Ty) o(z) O

I P
§M1+2p< / ‘/a—“dr
or

oT,y) 0

T(?u
= My + 2P —
2+ / ‘/é)r

0

O(I'2)
dy

r ou ou P
< i — )
‘/ dr d9_ / (/‘81 9y )dr) dé (12)
ez) 0

If ¢ = 1, then p = 1, and |wo| = [T;2 |z — " [T, 1 12 — dy,| %,
-1 <y, <0, —1< 0 <0 (since ¢ = 00, Ay = 0). Therefore the function
w% is bounded.

P
df <

o + |u(0)p27r) -

P
dr| do = My + 2PI (). (11)

du
or

: ou u
Since <|3x|+ |5

)

By virtue of the above-said, it follows from (12) that

// )dd9<

Fg) 0

[ au ou
< M d — )|d6 _
3/ r / + ay D|w2(re )| ér(lgzc) oa(re®)] =

< My su (‘—rew ‘Jr‘—rew Dw re'?)|do < co.
<My sup. / Selre™)| + [ wntre®)
6(T'2)
This implies that u € h;.
Let now ¢ > 1. Using Holder’s inequality, the expression (12) results in
/ ou|a |0u |4 . dr \v
I(r) < (‘—‘ —‘ ) aq ) (13
= [ ([5G ewrar) ([ (13)
o,) 0 0
But
1 M 1

) x . Br "
|w2|q Hk my+1 rei — Ck|7kql Hﬁk>0 |rei? — dk|7kq/
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Suppose a = supy, (Axq’, Bxq’). Then from the assumptions (7) regarding
Ak, B it follows that o < 1. Taking now into account the obvious inequality
lre’ — ¢i| > |1 — 7|, we obtain

sup (/L>§<sup sup (/TL>:/<
o) \J lwa(rei®)|7 ) T Tk peo((Brians)) ) |wa(re)[? )~
1 P
MGdT' o
=M 14
<[ o) = 1
0

M6:<Supm) o Azt = U{en} U{di}

Since & <1, it follows from (13) that

r) < Mg // ‘)|w2|qd97

O(T2) 0

o f [y

0 O(T>)
Consequently, by (8) we have supli(r) < oo, and the expression (11)

T
allows us to conclude that u € hy,. O

Corollary 1. If u € h(I'1p, 5 (w2)), p > 1, ¢ > 1 then u € hs, where
s = min(p,q).

Indeed, if ¢ > p, then in this case s = p and, according to the lemma,
u € hy. If p> g, then s =gq.

We can easily verify that for p; < ps the embedding h(rlm,I”Qq (w2)) C
h(T1p,, T, (w2)) is valid, and therefore the function u(re®), being of the
class h(I'1p, 'y, (w2)), belongs to the class h(I'14, 1, (w2)) as well. But then
u belongs to hy (= hs), by our lemma.

Corollary 2. If u € (I'p, Ty (w2)), p > 1, ¢ > 1, then u(z) possesses
for almost all t € ~ the angular boundary values u™ (t) = ut(e??) = ut(9),
ut € L(v), s = min(p, q), and u(z) is representable by the Poisson integral

4 1 27
w(z) = u(re) = — [ uT(0)P(r,0 — p)db,
2770/

(15)
1—172

Pra)= —— 1

(r.z) 1472 —2rcosz

Indeed, under the adopted assumptions s > 1, and for the functions from
hs, s > 1, the statements of the lemma are valid (see, e.g., [7], Ch. IX).
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Remark. If the function u € h(T'11, F’Qq(wg)), g > 1, then u € hy. There-
fore it has almost everywhere on v angular boundary values and is repre-
sentable by the Poisson—Stieltjes integral (see [7], p. 374).

Lemma 3. Ifu € h(['1p(w1),T5,(w2)), p> 1, ¢ > 1, then there exists a
number o > 1 such that u € h,. If v is the function conjugate harmonically

to u, then v € h(T'p, (wl),I"Qq(wg)), pp = 1%'

Proof. By the conditions ay, € (711—), I%) (see (6)), it follows that w% € HP'+e,
0<e< é — p/,a = maxay), where H” is the class of Hardy (for the

definition of H? see, e.g., [8]). Therefore there exists n(> 0) such that

sup / [u(re?)|*T1dH < oco. (16)
0<r<1
O(I')

Thus u € A(['1 144, ['5,(w2)) and, according to Corollary 1 of Lemma 2,
we conclude that u € hy, 0 = min(1 + 17, q).

By the M. Riesz theorem (see [21] and also [8], p.54), it follows that
v € hy. Therefore the function ¢(z) = u(z) +iv(z) belongs to the class H?.

Since wy € HP, the function ¢(z)w1(z) belongs to HP*, p; = z%' Con-
sequently,

sup / [u(re?®)w; (re'?)[Prdo < co. (17)
0<r<1
o(I'1)
Next, by the Riemann—Cauchy conditions, (8) implies that
0 o ]2 |0 o1 .
sup / (‘a—z(rele)‘ + ‘8—2(7‘619)‘ >|w2(7°ew)|qd9 < 00,
O(I'z)

which together with (17) yields v € h(I'1p, (w1), 'y, (w2)). O

PaT
Pato’

where p, = mi<% ﬁ, and now from (6) it follows that p, > p1 and hence
ag
P2 > Dp1-
Corollary 1. If u € h(Typ(w1), T, (w2)), p > 1, ¢ > 1 then u(re'?) is
representable by the Poisson integral (15) with the function ut € L7 (y).

Corollary 2. If u € h(T'1p(w1), T, (w2)), p > 1, ¢ > 1 and ¢(z) =
u(z) + iv(z), then ¢ € H? and

Remark. The index p; in fact, can be replaced by the number py =

sup / | (re™)|?|wq (re'?)|9dh < oc. (18)
0<r<1
O(T2)
Let now 77 = iy be an interior normal to the circumference « at the point
t = €. We calculate the derivative of the function u along the vector 7 at
the point 7e?. Denote this derivative by S—Z(rew). Thus

(2)(re®) = 22 1%y — 2 ) con, )+
n o .
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(20 e contig) = 24 o) + (D) ey cons. (19)

Sometimes, instead of ( )(7’610) we will write —Z, assuming that if

that value is calculated at the point re?, then n = 7t = 7.

If ( )(re ) and (g—;) (re’) have limits (%)+ and (8y)+ asr — 1,

then we put
(o) = () om0 (5) om0
(cf. [2], p. 243).

Lemma 4. Ifu € h(l'1,(w1), T, (w2)), p> 1, ¢ > 1 and u™ is absolutely
continuous on I's, then the function g—(rew) has angular boundary values
almost everywhere on I's and the equalzty

0 X out . X
lim —u(re“p) -4 (e*¥°), €0 ey
reivSetvo 8(‘0 8(‘0

holds.

Proof. Sincep > 1, g > 1, according to Corollary 1 of Lemma 2, the equality
(15) holds. Therefore

ou 1
Py — +
_&p( ) o / u™(0)=—P(r,0 — ¢)do+
O(I'y)
1 I 0

1 " (1 —72)2rsin(0 — ¢) B
_ / “(0); d

27 1472 —2rcos(6 — ¢)]?
o('y)
1 tom O
f%/u()ae (r,0 —p)df =
o(2)

= ul(rew) — Uy (rei‘P).

Let €?0 € I'y. Then there exists a number § > 0 such that for § € O(I'y)
we have § < |0 — | < 27 — ¢, and therefore
lim ug(re’?) = 0. (20)
re'Y —e'¥0
As regards uz(re’?), the density u™ in the integral which represents this
function is absolutely continuous, and hence partial integration is quite
admissible here. As a result, we obtain
ou™
ug(re?) = ut ()P (r,0 — ©)|r, — / 50 P(r,0 — ¢)db.

O(I'2)
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Passing in this equality to the limit, we get

. +
lim  ug(re'?) = —%(ewo)?

reiv Set®o
which together with (20) provides us with the equality being proved. O
Lemma 5. Ifu € h(T'1p(w1), 5 (w2)), p>1, ¢ > 1 and ut is absolutely

+
continuous on I's, then the function (g—g) belongs to the class LY(Ty;wo).

Proof. Since

@(rew) = —rsing + %rcos
) - Oz v Ay 4
we have

Ou |2 Oule |Ou|4

ol <2z 150

oL or oy
and from (8) it follows that

q
/ ‘ ‘ |w2|qd9<2q< / @‘ + au‘ >|w2|‘1d0<Mg
or 0y
O(T2) o(I2)

Using Lemma 4, for almost all ¢ = ¢?¥0 € T'y we obtain
ou, ou™
- Py — ipo
ok 55 re) g 27

According to Fatou’s lemma, the last equality and the previous inequality
allow us to conclude that

ou™ Nk ou™
/ WWQ( )‘ df = / —WQ‘ df < Msg. 0
O(I'z) O(T2)

+
Corollary. Under the conditions of the lemma, the function (g—g) (or,

what comes to the same thing, the functzon ) belongs to the class L(T'3).

Indeed, by the conditions (7) regarding the weight wo we find that w—12 €
LY (T'2), and the statement of the corollary follows from the equality % =

dut 1
( d¢ WQ) w

Lemma 6. Let
1 2
— 5 [ 1OPw0 - p)as,
0
where f € LP(T1\7, (w1)), p > 1, f € A(O(T2U7)), f' € LY Tq;wa), ¢ > 1,

Then
u € h(T1p(w1), Nyg(w2)).
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Proof. In the circle U we consider the function

2 27

0 0
o) = 5z [ 10 2o = o [ 1oy aor

z 2T
0

0
1 0
bor [ 205 2d0 = 61() + 6a(),
0

where f1(0) = xp. \5(0)f(0), f2(0) = xp,,5(0)f(0) and by the condition
' € LU(Ty;wy) we have f5 € LI(Ty;ws).
Because of the fact that the Cauchy type integral in the case of a circum-
ference belongs to the set 601H5 (see, e.g., [8], p.39), we can easily show
<
. 5 i
that ¢; € 6Q1H ,j=1,2.

Performing partial integration, we write ¢4 in the form

27 27
N 22940 1 fo(0) 1 [ f0)d9
04(2) = 3= [ RO = = i e — = [ 2P -
0 0
2
1 fla)y 1 [ f3(0)de
Zﬂ(blfz_a;ffz)_ﬁz‘ e _ 5 (21)
0

Density of the latter integral belongs to L9(7y;ws) and the Cauchy singular
integral of such a function belongs to LI(y;ws) (see, e.g., [23], p.79).
Since wa(z) € HY, the function

27 f1(0)d6
et _, )

belongs to H" for some 7 > 0, and the limit function (“Q(Z) I

as is just said, belongs to L?(vy). But then the function itself belongs to H?
(by virtue of the well-known Smirnov theorem which states that if F'(z) €
H" and F* € L"¢(y), e > 0, then F € H*"" (see, e.g., [7], p. 393)).
Consequently,

2m 2m
. [ostoe
0<p<1

0

As far as a}, b}, €5 on the basis of (21), we can conclude that

sup /
0<p<1
€]

(T'2)

£300) |

&0 — i dy < 00.

q

& (pe™)| |wa(pei®)|?dd < oc. (22)
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The function f; on I's U7 is absolutely continuous and its derivative
belongs to L(T'y;ws). Since 5—2 € L7%e(y), e > 0, the function f} €
LTy U7), n > 0. Therefore it is not difficult to establish that f satisfies
Hélder’s condition. On the basis of that fact, ¢2(z) may have at the end
points aj,, b}, only logarithmic singularity (see [2], p.75). Hence on I'y we
have

62 (2)en ()] < Mg|w1<z>|(2|1n|z |+ |z bzn).

k=1
Moreover, even if the points dj in the product (6) coincide with some
points aj,, b}, we will have

27 m »
sup /|w1(z)|p<2|1n|z —a})| + |In|z — b;||) df < oco.
|z|<1 =1
0
Consequently,

sup / |p2(pet? w1 (pe™®)|Pdb < oo,
0<p<1
O(T1)
which together with (22) yields
<t [ [ 1oatrenre e

o<r<1
o(T1)

+ / |¢’2(rew)w2(7’ei0)|qd0 < 00. (23)
O(T'2)

Density of the integral ¢; belongs to LP(I';;wi), and thus, as above, for
@ we establish that

sup / g1 (re?)wi (re')[Pd < oo.
0<r<1
6(T'1)
The inequality
sup / |9 (re?Ywa(re'?)|9dh < oo
0<r<1
6(T'2)

is obvious because the distance from I';\J to I is positive and we € HY.
The last two inequalities result in
sup [ / |1 (reie)wl (rew)|pd0 + / | (rew)wg (rew)|qd0 < o0. (24)
o) o(T'z)
Since u(re’?) = Re ¢(re?), we have

[u(re®®Jan (re'®)] < g1 (re'?)on (rei®)| + |63 (re® Jwa (re™?),
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and
ou ou
Ful <16t +lonl, |50 ] <161+ 1ol
Taking into account the above-said and also the inequalities (23) and
(24), we conclude that u € h(I'1p(w1), 'y, (w2)). O

3%, Statement of the Mixed Problem and Scheme of Its Solu-
tion.

Let I'y, Ty, 7 be the sets defined in Section 1°, and let wy, wy be given
by the equalities (6)—(7). Consider the following boundary value problem:
find a harmonic function in the class h(I'1p(w1), 'y, (w2)) such that (i) its
angular boundary values coincide almost everywhere on I'1 \¥ with the given
function f, f € LP(I'1\7;w1); (ii) the boundary values on I'y U7 form an
absolutely continuous function on 4 and u* = 1, ¢’ € LI(¥,ws); (iii) the
boundary value of the normal derivative on I's coincides with the function
g, g &< Lq(FQ;WQ).

Thus it is required to find the function u satisfying the following condi-
tions:

Au=0, €h(l1p(w1), Iy (w2)), p>1 ¢>1,
utlppny = f, feLlP(m\V,wi); utA(l2U7),
utly =9, e AR), ¢ € LUF;wa);
(2—Z)+Ir2 =g, g€ Li(z;wa).

Here we present a brief scheme of solving the problem formulated above.

If a solution w of the problem (25) does exist, then according to Lemma
3 and its Corollary 1, this solution belongs to the class h,, 0 > 1 and it is
representable by the equality (15) with the function u™, u* € L(y), o > 1.
The function v conjugate harmonically to the function w also belongs to h,,
and

(25)

2rsinx
T 14+7r2 —2rcosx

ore'?) = 5 [ wt O~ )b, Qlria) =
0

(see, e.g., [8], p. 54). Moreover, since

ou, ou
IV iy . ZY i
on (re™?) or (re™)
and
ou_ 100
or  royp’
we find that
ou 1 0v
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Taking this into account, we obtain

27

Ju 1 4 0 1 0
[t Q0 — p)dh = ——— +200r,6 — p)do—
on omr | ¢ &pQ(T’ 2 27r / “ &pQ(r’ ?)
0 o)
L / u+£Q(r 0 — ©)df = vy (re’?) + vo(re’?). (26)
27r Ao
O(I'2)

For e'¥ € Ty, in the integral with v (re??) we can pass to the limit under
the integral sign, i.e.,

lim vy (re'?) = 1 / ut(0) 49

r—1 27 2sin? =2
o) ?
We write vg in the form
vy (re’?) = b / u+(9)£Q(r 0 —p)dd =
2mr dp “
O(I'z)
1 0
= — T(0)= 0 — p)do.
el IEG T
O(T2)

In this integral, u™ is absolutely continuous on Q(I'z), and hence partial
integration is quite admissible here. This yields

1 out

o WQO“,H - <P)d9-

Q(T2)

UQ(Teicp) = —u+(9)Q(r, 0 — Lp)‘fb -

Passing to the limit as » — 1 and using the property of the integral with
the kernel Q(r, z) (see [8], p. 62), we obtain

00—
2

1 Au™ 60— ,
- — — ctg ———df ¥ eTs.
o / og 8T W T el

. 1
: 9y + _
lim wy(re®?) = o—u™(0) ctg T
O(T'2)

If we take into account the above-obtained expression for limiting values
vy and vg, then from (26) for e'? € T’y we get

+ —
(Gr) €)= —5 / wt Tt Lt e | -

on o7 ogin2 =2 ' 2 2 Ir,
o) 2
1 ou™ 60—
"o | By e
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As far as u is a solution of the problem (25), we arrive at the equality

+ _
1 / aLctge SDdG:

o 0 2
O(I'2)
; 1 do 1 do
= — PN o
9(e") = 5 / UG ey % "o / YO 7 = +
o(I'1\¥) o)
im Qk+1 — P Ok — i
+2W; (o) et EL=E ) ctg HE] e e,

where aj, = €', by, = €%, a1 = ay.

Thus if u(re’?) is a solution of the problem (25), then the function Bul

o6
belongs to L(T'y; w2) (by Lemma 5) and is a solution of the integral equation

1 out 0 -
% / W Ctg Tgodo = M(QD), e'? S FQ, (27)
O(I'2)
where
1 do
(oY _ _
wy) = —g() = 5 / 0 > sin? =2
o1 \7¥)
1 df
Cor ( )2 sin? 9—5‘3 *
o)
1 & Q41 — @ b B —
tor Z [W%H)Ctg — 5 ¥ (br) ctg 5 | (28)

k=1

Let us show that under the adopted assumptions regarding the functions
f, ¥ and g, the function in the right-hand side of the equality (27) belongs
to Lq(rg; (,Ug).

Indeed, we have

L _dh b—p) 1L [0 00,
QW/w(G)QsiHQG—Q@_ V(8 ot 2 7y+27r / 00 ctg 2 9 =
o) o)
1 « B — 8 —
= _gz {w(bk)ctg—kQ 4 — $(b) ctg =5 w]—
k=1

—ctg—wde a%zem%, b;:em’;.

1 , o), — ¢ ag — ¢
_2wz[w(“k)°tg vl cte 5 }Jr
1

o ] 2
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Here the last summand can be written as

2m
Ty = L [ W 0= L[ 9P 08
B =5 [ Gyete 5 td= 5o [xs(0) 5 et Zas
o) 0

Since % e L1(¥; wg)N, the function 14 (0) = X:Y(H)% belongs to LI(v; wa).
But then the function ; likewise belongs to L(~y;w2) (see, e.g., [24], p.24).
Inserting the expression for 7 into (28), we obtain

() = —g(e™) +Z[ et S P ) erg P f) -

1 do ~
~on / f(e)m*%(%)
o(r\¥) 2

By virtue of what has been said about 7:/;1, we can conclude that p €
L1 (Fg, wg).

Consequently, (27) is the singular integral equation with respect to %
in the class L(I'g; ws), where I's is the union of the arcs (by, axt1), k = 1,m,
am+1 = a1 and wsq is given by the equality (7). This equation can easily be
reduced to the equation with the Cauchy kernel; the latter has been solved
in [24] for a particular case with the weight ws.

On the basis of the results obtained in [24] (pp. 35-46; see also [23], pp
104-108), we will be able to find conditions for the solvability of the above
equation and to construct its solution in the case of more general weights
(below, see the conditions (32) regarding vy and Ay).

All this will be done in Section 4°. We will prove there that the equation
(27) is, undoubtedly, solvable for m; < m and the solution contains an
arbitrary polynomial of order r — 1 = m — my — 1. If, however, m; > m,
then it is solvable provided that m; — m integral conditions are fulfilled
(see the equalities (57) below). Solutions, if they exist, are written out in
quadratures.

Having known %, we can find the values u* on I'; to within constant
summands By, k = 1, m, on (bg, axy1). The condition of absolute continuity
of the functions ut on T's U7 results in the equalities u™ (ax) = v(ax) and
uT(bg) = (bg). This allows us to get conditions for the solvability of the
problem (25) and to find specific values for By. As a result, we find the
values of u* on the whole circumference v and construct solutions of the
problem (25).

49, On the Inversion Formula of the Cauchy Singular Integral
in Lebesgue Classes with Power Weight.

Let Ly, = (A, Bg), k = 1,m be the arcs lying separately on the oriented
Lyapunov curve £, and let m; be an integer from the segment [0, 2m]. We
denote by C1,Csy, ..., Cy,, the points Ay, By, kK = 1, m taken arbitrarily in
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any order. Let ¢ > 1,

2m

m
= — Ak F:
o) = Il ol v= 86

and f € L(I') N LY(T; p). Consider the Cauchy singular integral

(spf)(t)%/fg“%‘ff, LeT.

As is known, the Cauchy singular operator St : f — Srf is continuous
in the space LI(T; p) if and only if
1 1
<< = 29
. 7 (29)
(see, e.g., [23], [25]).
Consider now in L4(T"; p) the integral equation

Sre = f. (30)
If we wish a solution ¢ to be "bounded” in the neighborhood of the points
C1,C2,. .., Cm, and " free” in the neighborhood of the remaining points ¢, +1,
., Cam, We assume that
mi 2m 1 1
pt) = [T lt=Cel™ [ It—Cul, PR 0, 0< M\ < 7 (31)
k=1 k=mi+1

Under these conditions Sr acts from L(T; p) to LI(T'; p) and thus we
assume that f € LY(T; p).
Suppose (following [2], p.279, or [23], p. 104) that

(Urep)(t m/R

where R(z) is the function defined by the equalities (2)—(1).
It is easy to verify that the operator Ur is continuous in LI(T'; p) if and
only if the operator

d
Urp:p— UF,p(‘P)a Ur p( /R <,0 (Q)dg
-t
is continuous in LI(T).
Since
mi 2m
[RWp(t) = [T 1t =l JT It —Cul™ =,

k=1 k=mi+1

it follows from (29) that for the operator Ur,, to be continuous in L4(T'), it
is necessary and sufficient that
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By virtue of the above said and together with the conditions (31) we can
conclude that:

— if the weight p is given by the equality (31), then the operator Ur is
continuous in Li(~; p), if

1 1 1 1 1 1
-= in(0; — — = —— =) <A< = 2
. <y < mm((], 7 2), max (0, 5 q) < 7 (3 )

In particular,
(a) if 1 < ¢ <2, then

1 q—2 1
—— <y < —; 0< < — 32
q Vi 2q ) > Nk q,a ( 1)
(b) if ¢ > 2, then
1 -2 1
—a<l/]¢<07 qQ—QS)\k<E (322)

Taking this statement into account and following the reasoning from [23]
(pp-106-108), we establish the following

Theorem A. If for the weight

mi 2m
p) =TT 1E=cul™ [ It—cul™
k=1 k=mq+1

the conditions (32) are fulfilled, then for mi < m the equation (30) is solv-
able in L1(T; p), and all its solutions are given by the equality

e(t) = (Urf)(t) + R()Pra(t), r=m—m,

is an arbitrary polynomial of order r — 1, and if m1 = m,

where P._1(t)
= 0. However, if m1 > m, then the equation (30) is solvable the

then P._1

if and only if the conditions
/th(t)f(t)dt —0, k=0T, l=mi—m, (33)
r

are fulfilled and if they are fulfilled we obtain the unique solution given by
the equality p = Upf.

Remark 1. The condition that Ly, k = 1,m, lie on a Lyapunov curve
has been adopted for the sake of simplicity (this condition is sufficient for
applications; Theorem A will be used below in case L is a circumference).
Theorem A remains also valid in the case of curves I' for which the operator
Sr is continuous in the space L?(T; p) with all the power weights p satisfying
the condition (29).

Remark 2. It is not difficult to see that Theorem A remains valid if
instead of the weight p we take the weight

n
1 1
o) = pO TL 1= Dal™, — << 2,
Py q q
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where Dy, are arbitrary points on I, different from the ends L.

Remark 3. In [23] and [24], the equation (30) is solved for the particular

case in which v, = —2—1(1 and \, = i_

. . . +
59. Determination of Function % on I's.

To apply Theorem A to the equation (27), it is necessary to make use of
the fact that for 7 = e, t = €*¥ we have

dr 1 0—p i
=(=-ctg——+ = )db 4
Tt <2Cg 2 +2) ’ (34)
and we write the equation (27) in the form
out  dr 1 ou™
— — —df =
00 T—ev  2m 00 inle)
F2 O(T'2)
Putting here - I, % = a, we obtain
out dr
— | g T = o) ta (35)
F2

Since u™ is the boundary value of the solution of the problem (25),

1 m
= = Woke) ~ (0], amer = o, (36)
k=1
and finally we have
out  dr ) 1 &
=i | a0 T T W) T oo 2 Y(ak+1) — ¥ (br)], (37)

1)
which, according to Theorem A, allows us to conclude that for m; < m,

ut ; e (7)) +a T .
T = Wnle = T [HS S 4 R, o9

T2
r=m-—my, T=e"°,
and for my > m, the equation (37) (and hence the equation (27)) is solvable
if and only if the conditions
/ 42“5;(); Crkdr =0, k=0,0—1, l=m1—m, (39)

Y2
are fulfilled. If these conditions are fulfilled, then

0u e'?) w
- / R(r)(r — e“’ (381)

(here we have taken into account the fact that for m; > m the equality
= 0 holds (see [23], p. 105)).

ng R(T) 7— 67’9
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If Wr, is the function defined by the equality (38), then
1 dr

E WF2 (T)
s

and hence from (34) we find that

— e = ) +a,

1 i0 0—¢
g/sz (") ctg 5 df =
Iy

(1 dr 1 i0 _
! (m /VVF2 T—e% 27 / Wr, (e )d9) B
)

FQ @(F2
. 1 0
= —u(p) + 2<a ~ 5 / Wr, (e )d9>.
O(I'2)

Consequently, the function Wr,(e) is a solution of the equation (27) if
and only if

1 i
o / Wr, (e9)df = a,
o(T's)
ie. if
1 R(e") [ip(r)+a dr i0 i0
— . R(e"¥)Pr_1(e")|df = a. 40
2mi / { i / R(t) 7—¢" +R(ET)Pra () a. (40)
@(FQ) I
If the conditions (40) are fulfilled, then
1 i0 0—v .
[ W eyen PP = ).

O(I'2)

As far as we are interested only in real solutions of the equation (27),
this means that for m; < m the solution is the function

Wi, (') = Re Wr, (") =
— Re [R(e”) / iu(r) +a_dr

i R(r) T-—¢

+ R(ew)Prl(ew)] , (41)

1)

while for my > m, if the conditions (39) are fulfilled, such solution is the

function _
t Wi, () = Re [R(j)/“(g(;ailw}. (41,)

2
Thus we have proved the following

Lemma 7. If the functions f, v, g, from the boundary conditions (25) are
such that the function p defined by means of these functions (by the equality
(28)) and the constant a defined by the equality (36) satisfy the condition
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(40), then the function W = given by the equality (41) is the solution of
the equation (27) for my < m. If, however, my > m, and along with
(40) the conditions (39) are fulfilled, then the solution of the equation under
consideration is the function given by the equality (411). In both cases W,

provides us with the sought for value of % onTs.

6°. Solution of Homogeneous Mixed Problem.
In this case f =0,% =0, g =0 and hence u =0, a =0.
First, let m; > m. Then the conditions (39) are fulfilled and by (381) we

have % =0 on I's. Thus u*(0) = Ay, € € [by,ars1] where Ay are the

real constants, and only the functions

1472 —2rcos(d — )

m
. 1— 72 )
u(re'?) = ZAk / ! o, e¥e~, (42)
P e(brantal)

may be a solution of the homogeneous problem (25).

The condition u™ € A(T'y U7) implies that for e’? € [by, ax+1], we have
A, =9(b;) =0, k = 1,m. Hence for m; > m, the homogeneous problem
(25) has only the zero solution.

If m; < m, then the conditions (40) take the form

/ R(e™)P,_1(¢)d6 = 0, (401)
O(I'z)
and if these conditions are fulfilled, then
0
ut(e?) :/X@(F2)(a) Re[R(e')P,_1(e")|da+ Ay, €€ (b, ars1). (43)
B1

It is not difficult to see that u* is absolutely continuous on I's U7 if and
only if

Q41

/ Xo () () Re[R(e")P,_1(e")]da + A, =0
B
k=T,m, e =ay, P =b, (44)
B
Xo(ry) () Re[R(e")P,_1(e")]da + Ay, = 0.
B1

The above conditions are compatible only if
Q41
Re[R(e"*)P,_1(e"*)]da = 0. (45)
Bk
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If these conditions are fulfilled, then
Qg1
Ay =— / Re[R(e")P,_1(e")]da. (46)
Bk

Let us find for which polynomials P._; the conditions (40;1) (and hence
the conditions (45)) are fulfilled.
Suppose R(t) = Ry(t) + iRz(t), and let

r—1

Proa(t) =) (a; +iy)t, t=e”. (47)

Jj=0

Then the conditions (45) take the form

Z fak“ [z R1 (%) cos jO— y; Ra(e') sin j0]d0 = 0,
k=1,m, r=m—m, (48)
Z fa"“ [z Ra(€') cos jO+ y; R1 (') sin j0]dO = 0.

Thus we have obtained a linear system with respect to the unknowns xg,

X0y Tr—1, Y05 Y1, - - Yr—1. The determining matrix of the system (48) is the
matrix
A= (aij)i,jzma
Q41
[ Ri(6)cos(j —1)0do, i=1,m, j=1,r,
Bi i
— / Ry (0)sin(j —r — 1)0d0, i=1,m, j=r+1,2r,
Qij = %H—l (49)
Ry(0)cos(j — 1)0dB, i=m +1,2m, j=1,r,
Bi
Q41
[ Ri()sin(j —r —1)8d6, i=m+1,2m, j=r+ 1,2r.
Bi

The matrix A has 2m rows and 2r = 2(m — m1) columns.
Let

v = rank A. (50)

(Obviously, v < 2r). The system (48) has a solution which depends on 2r—v
real constants. Inserting the values of these solutions in the expression P,_
from (47) and substituting the obtained polynomials into (41), we define
W, . Next, from (46) we can find the values of Aj. Having obtained Wy,
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and Ay, by the formula (43) we can find u™ on I's. Let

0, eely
WO =1 : : 51
v {fael Xo(rs) ()WE, (0)d0 + Ay, e €Ty (51)

Then the formula (15) provides us with a possible solution. By Lemma 6,
the obtained function belongs to h(T'1,(w1), I, (w2))-

We can easily verify the fulfilment of all boundary conditions. Thus we
have proved the following

Theorem 1. For m; > m, the homogeneous boundary value problem
(25) has only the zero solution. For my < m, the problem has the solution
depending on 2(m —m1) — v arbitrary real constants, where v is the rank of
the matriz A defined by (50) in which Ry and Ry are, respectively, the real
and imaginary parts of the function R(t) given by the equality (2). All the
solutions are represented by the Poisson integral (15) with density u™* given
by (51) in which W, is defined by the formula (41) with the polynomial
P,y whose coefficients x; + iy; are defined from the system (48) and the
constants Ay by the equality (46).

79. Solution of Problem (25).

We will now proceed to the investigation of the non-homogeneous prob-
lem.

Towards this end, we construct a particular solution.

As is seen, for m; < m, the function % on I'; is defined by the equality
(41), while when m; > m and the conditions (39) are fulfilled, then this
function is defined by the equality (41;) (see Lemma 7). Taking in these
formulas P._; = 0 and integrating with respect to #, we find u* on TI's,

u+(9) = Wr, (9) =
9 7 .
:/Xe(rz) (a) Re {R(;Z )/R(Z:_L)((’:_)Jr;a) d7':| da—+ By, e e (bk, ak+1). (52)
B Iz

This function on I's belongs to LY(T'y; we) for any p € LY(Ty;we) if my <
m. However, if my > m, then u™ belongs to L9(T'y;w2) only for those u for
which the equalities (39) are valid.

Consider on v the function

Pe?), ey,
ut(0) = 4§ f(e), e e I'1\7, (53)
WF2 (9), €w € FQ.

The functions u(re?) constructed by the formula (15) with that density
are candidates for being a particular solutions of the problem (25). It is
not difficult to notice that only absolute continuity of the function u™(6)

on I's U () needs checking, hence it is necessary and sufficient that this
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function be continuous (since it is absolutely continuous on the parts 5 and
T3, coincides on 4 with 1, 1 € A(¥) and on I'y it has the form (52)).
Thus it is necessary to fulfill the conditions
WFz (akJrl) = w(akJrl)a WFz (619) - w(bk)a (54)
i.e. we have to choose in (52) the constants By, such that
Q41

/Xe(r2>( [ /R () dT:|d04+Bk =¢(ak+1), (55)

1

k=1m,
Bk W
/X@(m( [ / R(r ul7) dT} da + By, =1 (b)- (56)
B1

The numbers By, in the equalities (55) are defined uniquely. Next, for
(56) to be valid, it is necessary and sufficient that the conditions
Ak+1 X
(1e% :
/ Re —R(e' ) / _iplr) ta +q dr|da =
i R(7)(T — €'@)
Bk o(I2)
= Y(ak+1) —P(br), k=1,m, (57)
be fulfilled. Moreover, the condition (40) must also be fulfilled, but as far
as I'y = U(bg, ak+1), the equalities (57) imply that (40) is fulfilled.
If the conditions (57) are fulfilled, and if the equalities (39) are fulfilled
for m > myq, then the solution of the problem (25) is the function

u*(re'?) /w OYP(r,0 — p)do+
@(v)

—|—% / f(eYP(r,0 — p)df + % / Wr,(0)P(r,0 — ©)df,  (58)

o(I'1\¥) o(I'z)
where Wr, () is defined by the equality (52) in which the constants By, are
calculated by virtue of (55), i.e
R() [ _in(r)
t () +a
B = (ki) ~ [ Xeiey (@) Re { R T L)

e T)(T — e'®)
B1 I

The consequence of our reasoning in Sections 4°-7° is the following

Theorem 2. Let U be the unit circle with the boundary v, T'y = ]:Ll [a, by]
be the union of the arcs v, = (ag,by), ax = €', by, = e’ lying separately
on vy, y = T U [ak,aj k@1 (b}, bk], where [a),b)] are the arcs on vy, a), =

ek b = = ek, Ty = Y\[1. Moreover, let c1,ca,...,com be the points
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A1,y Qm,b1 ..., by taken arbitrarily, mq be an integer satisfying 0 < mp <
2m, R, wy, wa be the functions defined respectively by the equalities (2), (6),
(7) and let the conditions (32) be fulfilled.

For the problem (25) to be solvable:

(I) if m1 < m, it is necessary and sufficient that the conditions

Q41
()
/ [ / R = em)dr do =

Br O(T2)
= (e ) = (™), k=Tm, (57)
be fulfilled, where
ulp) = —g(e™) -Lfé[l%“ Q=P (e ot 2]
om 2 2
1 de 1 do
- ) ———— — — 0)———— 29
27 / H )2sin2 —‘3292_ 27 / W )251n29—5‘£’ (29)
o(I'\v) o)
_ i - 'Lak+1 _ iBr\].
,%g; ()]s (36)

(IT) if my > m, it is necessary and sufficient that the condition (57) and

/MdeTZO, k=01-1, 1=my—
R(r)
T2
be fulfilled;
(IIT) if the above-given conditions are fulfilled, then the solution of the
problem is given by the equality

u(re™®) = u*(re'?) + up(re'?),

where
u*(re'? == / (O)P(r,0 — p)do + % / f(eP(r,0 — ©)do+
() e(T1\¥)
/ Wr, (0)P(r,0 — ©)do.
o(T2)
Here

0 , '
Wea) = [ oy (@)| T [ B0 i da s B 62
B1 Iy

r=m—mq,
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Qg1 X
ikan R(e™ iu(T) +a
Br=p(e™) - / Yoy () Re[ (m )/R(T)((T)eia)dT der,(59)
B T2
and

0, for my >m,

1 2m *

== W () P(r,0 — ¢)do

ug(z) = 2m JO , () P(r, )dd,

WE,(0) = [ Xery (@) Re[R(e)Pr_y (e)]do + Ay,
e € (by,any1) for mi<m

where Ay are defined by (46); if, however, my < m, then P._1(e?) =
Z;;S(ax] + iy;)e™? is the polynomial whose coefficients x;, yj, j = 0,7 — 1
are solutions of the system (48). Note that if v = rank A, where A is the ma-
triz given by the equality (49), then among the numbers Xo, 1, ..., Tr—1,Yo,

Y1, Yr—1, there are 2(m — my) — v arbitrary parameters.

8. A Mixed Problem in Domains with Lyapunov Curves.

Let D be a simply connected finite domain bounded by a simple oriented
Lyapunov curve L. Let £y = (Ag, Br), k = 1,m, be arcs lying separately
on that curve. Moreover, let [A}, B;] be arcs lying on L. We denote

m ~ m m
Li=Uci, L= 04,4 U (BB, Lo=I\L.  (60)

Let z = z(w) be a conformal mapping of the unit circle U onto the
domain D and let w = w(t) be an inverse mapping. Suppose

Iy =w(Li), y=w(L), T2=w(La),
L;(r)={w:w=re", 0cO,)}, L;j(r)==z(T;(r)).
Let C1,Cs,...,Co, be the points of Ay, As,...,An,B1,B2,...,Bn
taken arbitrarily, and let D1, Ds, ..., D, be points on L are different from

Cp; the points D1, Ds, ..., Dy, lie on L, and the points Dy, 11,...,Dy, on
Lo.

Suppose
= 1 1
p1(z) = H(z — Dy,)*, - <ap < v (61)
k=1
mi 2m n 1 1
p(2)=[[Gz=C) TI G-co™ ][I G-Dn%, —-—<Bi<-. (62)
k=1 k=mq+1 k=ni+1 q q

We say that the function u(z), z = x 4 4y, harmonic in the domain D
belongs to the class e(L1p(p1), Ly, (p2)) if

Ou|q |Ou |9

P Ju ou q

033121[/ [u(z)p1(2)[P|dz|+ / an + 0y‘ )Im(Z)l |d2|}<00- (63)
Li(r) La(r)
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Lemma 8. If U(z) = U(w,y) € L(L1p(p1), Ly, (p2)), then the function
ww) = U(=(w)) = U(alE, m)>y(€, ) = (6 n) belongs 10 the class

h(T1p(p1(z(w))) {12 (w)]), Taq(p2(z(w)) /12 (w))).
Indeed, taking into account the Cauchy—Riemann conditions, we can eas-
2 2 2 2
ily verify that (%) + (%) = (?TZ) + (g—Z) . Hence the validity of
the lemma follows from (9) if we transform the variable z by the equality
z = z(w) and take into account that (9) is equivalent to (8).
Consequently, transforming z = z(w), from the function of the class

e(L1p(p1), L, (p2)) we obtain the function of the class h(L1y,(w1), Ly, (w2)),
where

wi(w) = pr(z(w)) {12 (w)], (64)
wa(w) = p2(z(w)) V|2 (w)]. (65)

If f(z) is the function defined on a finite union of arcs E = Ly U Z, and
z = z(s) is the equation of the curve L with respect to the arc abscissa s,
then we say that it is absolutely continuous on F, if the function f(z(s)) is

absolutely continuous on the set {s : z(s) € E}, and we write f € A(L2UL).

Lemma 9. If f(z) € A(Ly UL), then the function f(z(1)), where z(7)
is the restriction on 7 of the conformal mapping z(w) of the circle U on D,
belongs to A(T'y U7), and vice versa, if p(w) € A(T'y U7), then p(w(t)) €

A(LQ @] L)

This lemma is the consequence of the fact that under the conformal
mapping z = z(w) of the circle onto finite domain which is bounded by
a simple rectifiable curve, the functions z = z(e?) and w = w(z(s)) are
absolutely continuous with respect to the arguments 6 and s, respectively
(see, e.g., [7], pp.405-407).

Let us consider the following mixed boundary value problem: find in the
domain D the function U, satisfying the following conditions:

AU = Oa Ue e(Llp(pl)a {’/Qq(p2))v p> ]-a q >~1~
U+|L1\Z =F, FelLP(I1\L;p1); UT € A(LyUL), (66)

~ +
Ut); =W, W e LY(L; py); (%) L, =G, G € Li(Ly; pa).

Since L is the Lyapunov curve, the functions |z'(w)| and |w’(z)| are
continuous respectively in U and D and different from zero. If we put
2(Ck) = ¢k, then such will be the functions %ﬁlic’“), k =1, m. Therefore
the classes h(I'1p(w1), ', (w2)) with the weights (64) and (65) coincide with
the same class with the weights defined by the equalities (6) and (7). Taking

into account Lemma 9 and putting

) =F(=(t), o) =¥(z(t)), g(t)=G(=(t), tey, (67)
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we easily see that problem (66) is equivalent to the problem (25) with the
boundary data (67). Applying to the latter Theorem 2, we state that the
following theorem is valid.

Theorem 3. If L is the Lyapunov curve, p1 and ps are the weight
functions defined by the equalities (61) and (62) in which v and A satisfy
the conditions

1 1 1 1 1 1
f—<uk<min<0;—lf—), max(();—f—)g)\k<—,,

q q¢ 2 2 q q
then for the solution U of the problem (66) the statements (I)-(III) of The-

orem 2, in which f, 1, g are given by the equalities (67), are valid.

9°. The Mixed Boundary Value Problem in the Class e} (D;w).
Let D be the domain bounded by a simple Lyapunov curve L, and let
w = wa be the weight function given by the equality (7) with the values
v and Ay for which the conditions (32) are fulfilled. Consider the mixed
boundary value problem in the class e/ (D, w) (somewhat narrower than the

class e(Liy(p1), Lhy(w))): '

Ou|? |Ou |4
'(Dyw) = u: Au = 2]
ey(D;w) {u u=0, 0221/(‘3% + ay‘ )|w (z)||dz|} < 00,

where T';. is the of the image circumference of radius r under the conformal
mapping of U onto D.

If ¢ > 1, and v is the function, harmonically conjugate to u, u € e (D),
then by the Cauchy-Riemann conditions we have v € e (D). Therefore if
d(z) = u(z) + iv(z), then w(z)¢'(z) € E4(D). But then ¢(z) is continuous
in D, absolutely continuous on L (see, e.g., [7], p.395), and ¢ (t) € L9(L;w).

Consider the problem for a circle.

Let 'y = k@ﬂk’ where vy, = (ak, b) are arcs lying separately on the unit

circumference 7, 'y = T'\I'y. It is required to find a function u for which
Au =0, uee(Usw), ¢>1, uteC(y)
u+|f‘1 = wa w S A(F1)7 W S Lq(rl7w)7 (68)
+
(g_:i) |F2 =g, g€ LQ(FQ;W).
It can be easily verified that if u is a solution of the problem (68), then it
is represented by the formula (15) in which u™ € A(y).

Reasoning just in the same way as in Sections 4° — 7°, we arrive at the
conclusion that the following theorem is valid.

Theorem 4. For the problem (68) the statements (I)-(III) of Theorem
2, in which we assume that ¥ =T'1 and

) 1 . 06—
— i 0
u(p) = gle )+—27T / (e ctg ——dip+
O(T'1)
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T Z [w(bk) ctg ﬁkT_(p —P(ags1)ctg w
k=1

are valid.

For the domain D bounded by the Lyapunov curve in the class e (D;w),
the statement analogous to Theorem 4 is true.

Note that general boundary value problems, including mixed type prob-
lems, have been considered by many authors in different classes of functions
(see, e.g., [26-28]).
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