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THE CONSTRUCTION OF THE LINEAR PFAFF SYSTEM WITH THE
ARBITRARY GIVEN DEGREE SETS AND TRIVIAL
CHARACTERISTIC SETS

(Reported on May 24, 2004)

Consider the linear Pfaff system
Oz/0t; = Ai(t)w, w€R", t=(t1,t2) € RLy, i=1,2, (1)

with bounded continuously differentiable matrices A;(t) satisfying the complete integra-
bility condition [1, pp. 43—44; 2. pp. 21-24]

DA1(t)/0t2 + A1(t)A2(t) = DA2(t)/Ot1 + A2(t)Ax(t), t€ R,.

Suppose that the lower characteristic [3] P, and the characteristic [4] Az sets of a
nontrivial solution @ : R% | — R™ \ {0} of the system (1) are trivial, i.e., Pr = {p°} and
Az = {A\°}.

On the basis of Demidovich’s definition of the characteristic degree [5] of a solution
of the ordinary differential system, the lower [6] d = d,(p°) € R? and upper [7] d =
dz () € R? characteristic degrees of the solution & # 0 of the system (1) are defined by
the conditions

In (@)l — (%) — (d,Int) _

n,(p°,d) = lim 0, In,(p°,d+ee;) <0, Ve >0,

oo [t

— - 1 t)|| — (A%, ) — (d,Int — -

Ine(\°,d) = Tim nle®l = 0.8 = (dInt) _ Ine(\0,d — ce;) >0, Ve >0,
0 ]

i = 1,2. The sets D, = {d,(p°)} and Dy = {d»(\°)} are called the lower and upper
degree sets.

Necessary properties of the lower degree set D and the upper degree set D, of a
solution x of the system (1) were obtained in paper [8]. More precisely, it was shown
that the nonempty lower D (upper D.) degree set of x is a continuous closed decreasing
concave (convex) curve on the two-dimensional plane. In the present paper we prove the
sufficiency of these properties.

Theorem 1. Let n be a positive integer, D € R? be a continuous closed decreasing
concave curve on the two-dimensional plane and p® € R? be a point. Then there exists
a completely integrable Pfaff system (1) with infinitely differentiable bounded coefficients
such that its arbitrary nontrivial solution  : R%, — R™\ {0} has the trivial lower
characteristic set Py = {p°} and the lower degree set D, = D.

Construction of the Pfaff system. First, we note that it suffices to construct a
completely integrable linear Pfaff equation

Oz /0t; = a;i(t)x, = E€R, tE€ R2>1, i=1,2, (11)

with infinitely differentiable bounded coefficients and with the desired lower characteristic

set and the desired lower degree set.
We construct the desired equation (11) by constructing a nontrivial solution.
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We define the solution z of equation (11) by = = ¢, where In ¢(t) = (p°, ), t € R2>1.

We define the function 1 so as to ensure that the lower characteristic set of the
resulting solution z coincides with the corresponding set P, = {p°} of the function ¢
and the solution x has the lower degree set D, = D.

It follows from the properties of the curve D that it necessarily has one of the following
ten forms: 1) unbounded from below, left and right, bounded from above; 2) unbounded
from below, above, left and right; 3) bounded from above and left, unbounded from below
and right; 4) unbounded from below, above and left, bounded from right; 5) bounded
from below and right, unbounded from above and left; 6) bounded from below, above
and right, unbounded from left; 7) bounded from above, left and right, unbounded from
below; 8) bounded from above and right, unbounded from below and left; 9) bounded
from above, below, left and right; 10) coinciding with a point.

1. We first suppose that the curve D has one of the forms 1)—9). Then to
construct a function 1) realizing the lower degree set D = D, we perform the following
partition of the curve D.

1.1. Partition of the curve D. If the curve D has the form 1) or 2), then its Ith
partition Dy, | € N, consists of the points A(i,1) € D with first components A1 (i,1) =
(i-2t =)y, i€ {1,2,...,1-2'} = I}; in case 3) of the curve D with the left boundary
point A’ € D, we construct its Ith partition D; using the points A(i,1) € D with first
components A1 (i,l) = A} +iy-271 i€ I;.

If the curve D has the form 4), then its Ith partition D; = Ujer, {A(4,1)} C D consists
of the points A(4,1) € D with second components Az (i,1) = (i- 217! — 1)y, i € I.

In cases 5) and 6) of the curve D with the right boundary point A” € D, and also
in the case 8) of the curve D with the vertical asymptote di = AY, we construct its ith
partition D; using the points A(i,1) € D with first components A1 (i,1) = AY — iy - 27,
ie .

In case 7) of the curve D with the left boundary point A’ € D, its Ith partition D,
consists of the points A(i, 1) € D with second components Az (3,1) = Al —ivy- 2=l ier.

If the curve D has one of the forms 1)—8), then we denote by i; = [ - 2! the last
element of the set I;.

In case 9) of the curve D with the left A’ € D and right A” € D boundary points,
we construct its lth partition D; using the points A(é,l) € D with first components
A1, 1) = A+ (A = A))i- 2D 5 = 1,2,... 241 — 1. We denote by I; the set
{1,2,...,2"*1 — 1} in this case and set 7; = 2!+1 — 1.

By continuing the partition of the curve D infinitely, we obtain a countable set Do =
Uien Uier, {A(4,1)} C D, which is everywhere dense in D.

We note that D; C Dy41,1 € N.

1.2. Construction of a solution. At the ith point A(z,l) € D, i € I}, of the lth
partition, | € N, we draw some straight line of support

dy — Ao (i, 1) = k(i,1)(d1 — A1(5,1)), k(i,1) € (—o0,0), (d1,ds) € R?

to D, which does not lie below this curve. The existence of such a straight line of support
follows from the concavity of D, its decreasing character and from the fact that by
construction all points A(,1) of each lth partition D; are interior points of D. Moreover,
if a point has been used in the partition, then for all subsequent partitions, we draw the
same straight line of support at this point. This will ensure the existence of a sequence
realizing the limit In, (p®, d) in the definition of lower characteristic degree.

We set

O, =1/1k(, )], i€l;, ©;=max{0;;}, Q; =min{O;;},
i€l i€l

Al = rl,ligl({llﬂ(ivl)\l}, Ax(l) =27 A, 1) - AL DT, LEN.
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To sew the different infinitely differentiable functions together into a single infinitely
differentiable function, we introduce the infinitely differentiable functions
e101 (7501, a2, a3) = eo1(T; a2, a3) + [1 — eo1(7; a1, az)],

eo110(T; a1, 2, a3, a4) = eo1(T; 1, @2) - (1 —eo1 (7503, 04)), @1 < a2 < az < a4, T € R,
defined on the basis of the infinitely differentiable function [9]

exp{—(7 — 1) 2 exp[— (T — 12) 2 , T€(11,72),
eo1 (371, 72) = p{—( 1)71 p[—( 2)"°1} (11,72)
I+sgn(r—271(m1 +m)))/2, T & (11,72),
—00 <711 < T2 < +00.
We define the functions ; ; by

Int 5
a1 (£) = (A(i,Z),lnt)e(Jllo( nta i

U’
=20 - L 0 — 1,0+ 7,0+ L
Ints il 1 QT il T 7,0+ >+

5
4
2 lI’th 2 .
+[|Intl|"e101 W%ei,l_nv@i,la@i,l‘f'ﬂ , t€ERS,, it€l;, leN,
1

7, = min{1/2;Q;/2, Az (l)}.
It follows from the definition of the function 1;; that there exists a number T; > 1

such that
Sﬂ},
it >T), de Dy, i€ 1.

We split the domain of the solution z : RZ, — R\ {0} by lines of the forms ¢(t) =
t1 + t2 = const into disjoint strips. By using some values n1 > 71 and ¢ > exp(100), we
introduce the numbers

Into
L N

Ine; i (t) — (d,Int) >0, te R2;\S(i,1), S@E1) = {t € R%,: 0
1

_ _ e+ ! )
n=e©f +97 )O3 + Dexpler ), s = (4O ) expexp),
Biy=e€2aiy, i€, my1 =B+ Ty + 2l 1e N.
‘We introduce the “basic” strips
(i, 1) ={t € R%y : Biy <C() =ta +t2 < e}, i€ L\ {i} =17,
(i, 1) = {t € RZ1 : Bi;10 <) < @141}, LEN,
the “transition” strips
P(i,l)={t € R%; 10y <C(t) < Biy}, 1 €1, LEN,
and the triangle T' = {t € R2, : ((t) < o1,1}.

Let us proceed to the construction of the function ¢ used in the realization of the
desired lower degree set D, = D of x. First we introduce the auxiliary function ¢ by

Ind(t) = Inp; 1 (¢) + [Inehip1,0 () — Inap g (B)]eor (In¢(); Inaigrp, In Bigr),
teTI(i,l) UPG+1,0)UTI(i+1,1), i€ I}, LEN,
In(t) = Iy, 1 (t) + Iy 141 () — Inwy, 1 (H)]eor (In C(); In oy g1, In By 1),
te P(1,1+1), LEN,
ln'zﬁ(t) =Iney1,1(t)eor(In¢(t);Inar,1,InpBy1), t€TUP(L,1).

We set ¥(t) = (t), t € R2 in case of the curve D of one of the forms 1), 2), 4) or 8).
We define the function v by

Iny(t) =In z/;(t) + (A Int) — lnqﬂ(t)]em(

Into

It Inty
in case of the curve D of the forms 3) or 7) with the left boundary point A’ € D.
We set

;173>7 t€R2>17

7 " 7 Int
Inv(t) = Ind(t) + [(A ,lnt)flnz/J(t)]em(ﬁ;l,?:), teR%,,
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in case of the curve D of the form 5) or 6) with the right boundary point A” € D.
Finally, we define the function v by

Ina(t) = Ino(t) + [(A, Int) — Ind()]eor (% 1,3) +

~ Int
+[(A”,Int) — Inv(t)]eor (7\3/51:1152 ; 1,3), te 1’*22>17
in case of the curve D of the form 9) with the left A’ € D and right A” € D boundary
points.

2. In case 10) of the curve D consisting of one point A € R?, we set In(t) =
(A,Int), teR%,.

Construction of the equation. The above-constructed function x > 0 is a solu-
tion of the Pfaff equation (11) with infinitely differentiable bounded coefficients ay(t) =
=1 ()dx(t) /Ot = dnx(t)/Oty, t € RZ |, k = 1,2, satisfying the complete integrability
condition in R2>1 and this solution has the trivial characteristic set P, = {p°} and the
lower degree set D, = D.

Theorem 2. Let n be a positive integer, D € R% be a continuous closed decreasing
convex curve on a two-dimensional plane and \° € R? be a point. Then there exists a
completely integrable Pfaff system (1) with infinitely differentiable bounded coefficients
such that its arbitrary nontrivial solution x : RQ>1 — R™\{0} has the trivial characteristic
set Ay = {\O} and the upper degree set Dy = D.
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