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Introduction

In the present work the formulas of variation of solution for controlled
differential equations with variable delays are proved. These formulas play
an important role in proving necessary conditions of optimality for optimal
problems. The formulas of variation of solution for various classes of delay
differential equations are given in [1]–[4].

1. Formulation of Main Results

Let J = [a, b] be a finite interval; O ⊂ Rn, G ⊂ Rr be open sets. Let
the function f : J × Os × G → Rn satisfy the following conditions: for
almost all t ∈ J , the function f(t, ·) : Os ×G → Rn is continuously differ-
entiable; for any (x1, . . . , xs, u) ∈ Os × G, the functions f(t, x1, . . . , xs, u),
fxi

(t, x1, . . . , xs, u), i = 1, . . . , s, fu(t, x1, . . . , xs, u) are measurable on J ;
for arbitrary compacts K ⊂ O, M ⊂ G there exists a function m

K,M
(·) ∈

L(J , R+), R+ = [0, +∞), such that for any (x1, . . . , xs, u) ∈ Ks ×M and
for almost all t ∈ J , the following inequality is fulfilled

|f(t, x1, . . . , xs, u)|+
s∑

i=1

|fxi
(·)| + |fu(·)| ≤ m

K,M
(t).

Let the scalar functions τi(t), i = 1, . . . , s, t ∈ R, be absolutely continuous
and satisfy the conditions: τi(t) ≤ t, τ̇i(t) > 0, i = 1, . . . , s. Let Φ be the
set of piecewise continuous functions ϕ : J1 = [τ, b] → O with a finite
number of discontinuity points of the first kind, satisfying the conditions
clϕ(J1) ⊂ O, τ = min{τ1(a), . . . , τs(a)}, ‖ϕ‖ = sup{|ϕ(t)|, t ∈ J1}; Ω
be the set of measurable functions u : J → G satisfying the condition:
cl{u(t) : t ∈ J } is a compact lying in G, ‖u‖ = sup{|u(t)| : t ∈ J }.

To every element ℘ = (t0, ϕ, u) ∈ A = J × Φ× Ω, let us correspond the
differential equation

ẋ(t) = f(t, x(τ1(t)), . . . , x(τs(t)), u(t)) (1.1)

with the continuous initial condition

x(t) = ϕ(t), t ∈ [τ, t0]. (1.2)

Definition 1.1. Let ℘ = (t0, ϕ, u) ∈ A, t0 < b. A function x(t) =
x(t; ℘) ∈ O, t ∈ [τ, t1], t1 ∈ (t0, b], is said to be a solution of the equation
(1.1) with the initial condition (1.2), or a solution corresponding to the
element ℘ ∈ A, defined on the interval [τ, t1], if on the interval [τ, t0] the
function x(t) satisfies the condition (1.2), while on the interval [t0, t1] it is
absolutely continuous and almost everywhere satisfies the equation (1.1).

Let us introduce the set of variation

V = {δ℘ = (δt0, δϕ, δu) : |δt0| ≤ α = const, δϕ =

k∑

i=1

λiδϕi,

|λi| ≤ α, i = 1, . . . , k, ‖δu‖ ≤ α, δu ∈ Ω− ũ},

(1.3)
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where δϕi ∈ Φ − ϕ̃, i = 1, . . . , k, ϕ̃ ∈ Φ, ũ ∈ Ω are fixed functions, α > 0
is a fixed number.

Let x̃(t) be a solution corresponding to the element ℘̃ = (t̃0, ϕ̃, ũ) ∈ A,

defined on the interval [τ, t̃1], t̃i ∈ (a, b), i = 0, 1. There exist numbers
ε1 > 0, δ1 > 0 such that for an arbitrary (ε, δ℘) ∈ [0, ε1] × V , to the
element ℘̃ + εδ℘ ∈ A there corresponds a solution x(t; ℘̃ + εδ℘) defined on

[τ, t̃1 + δ1] ⊂ J1(see Lemma 2.2).
Due to uniqueness, the solution x(t, ℘̃) is a continuation of the solution

x̃(t) on the interval [τ, t̃1 + δ1]. Therefore the solution x̃(t) in the sequel is

assumed to be defined on the interval [τ, t̃1 + δ1].
Let us define the increment of the solution x̃(t) = x(t; ℘̃)

∆x(t) = ∆x(t; εδ℘) = x(t; ℘̃ + εδ℘)− x̃(t),

(t, ε, δ℘) ∈ [τ, t̃1 + δ1]× [0, ε1]× V.
(1.4)

Theorem 1.1. Let the function ϕ̃(t) be absolutely continuous in some

left semi-neighborhood of the point t̃0 and let there exist the finite limits

ϕ̇− = ˙̃ϕ(t̃0−),

lim
ω→ω

−

0

f̃ [ω] = f−, ω = (t, x1, . . . , xs) ∈ (a, t̃0]×O
s,

f̃ [ω] = f(ω, ũ(t)), ω−0 = (t̃0, ϕ̃(τ1(t̃0−)), . . . , ϕ̃(τs(t̃0−))).

Then there exist numbers ε2 > 0, δ2 > 0 such that for an arbitrary

(t, ε, δ℘) ∈ [t̃0, t̃1 +δ2]× [0, ε2]×V −, V − = {δ℘ ∈ V : δt0 ≤ 0}, the formula

∆x(t; εδ℘) = εδx(t; δ℘) + o(t; εδ℘)1 (1.5)

is valid, where

δx(t; δ℘) = Y (t̃0; t)
[
(ϕ̇− − f−)δt0 + δϕ(t̃0−)

]
+ β(t; δ℘), (1.6)

β(t; δ℘)=

s∑

i=1

t̃0∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ)dξ+

+

t∫

t̃0

Y (ξ; t)f̃u[ξ]δu(ξ)dξ,

γi(t) = τ−1
i (t), f̃xi

[t] = f̃xi
(t, x̃(τ1(t), . . . , x̃(τs(t)),

Y (ξ; t) is the matrix-function satisfying the equation

∂Y (ξ; t)

∂ξ
= −

s∑

i=1

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ), ξ ∈ [t̃0, t], (1.7)

1Here and in the sequel, the values (scalar or vector) which have the corresponding
order of smallness uniformly for (t, δ℘), will be denoted by O(t; εδ℘), o(t; εδ℘).
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and the condition

Y (ξ; t) =

{
I, ξ = t,

Θ, ξ > t.
(1.8)

Here I is the identity matrix, Θ is the zero matrix.

Theorem 1.2. Let the function ϕ̃(t) be absolutely continuous in some

right semi-neighborhood of the point t̃0 and let there exist the finite limits

ϕ̇+ = ˙̃ϕ(t̃0+),

lim
ω→ω

+

0

f̃ [ω] = f+, ω = (t, x1, . . . , xs) ∈ [t̃0, b)×O
s,

ω+
0 = (t̃0, ϕ̃(τ1(t̃0+)), . . . , ϕ̃(τs(t̃0+))).

Then for any s0 ∈ (t̃0, t̃1) there exist numbers ε2 > 0, δ2 > 0 such that for

an arbitrary (t, ε, δ℘) ∈ [s0, t̃1+δ2]×[0, ε2]×V +, V + = {δ℘ ∈ V : δt0 ≥ 0},
the formula (1.5) is valid, where δx(t; δ℘) has the form

δx(t; δ℘) = Y (t̃0; t)
[
(ϕ̇+ − f+)δt0 + δϕ(t̃0+)

]
+ β(t; δ℘). (1.9)

The following theorem follows from Theorems 1.1 and 1.2.

Theorem 1.3. Let the conditions of Theorems 1.1 and 1.2 be fulfilled.

Moreover, let

ϕ̇− − f− = ϕ̇+ − f+ = f0,

and the functions δϕi(t), i = 1, . . . , k be continuous at the point t̃0 (see

(1.3)). Then for any s0 ∈ (t̃0, t̃1) there exist numbers ε2 > 0, δ2 > 0 such

that for an arbitrary (t, ε, δ℘) ∈ [s0, t̃1 + δ2] × [0, ε2]× V the formula (1.5)
is valid, where δx(t; εδ℘) has the form

δx(t; δ℘) = Y (t̃0, t)
[
f0δt0 + δϕ(t̃0)

]
+ β(t; δ℘).

2. Auxiliary Lemmas

To every element ℘ = (t0, ϕ, u) ∈ A, let us correspond the functional-
differential equation

ẏ(t) = f(t0, ϕ, u, y)(t) =

= f
(
t, h(t0, ϕ, y)(τ1(t)), . . . , h(t0, ϕ, y)(τs(t)), u(t)

)
(2.1)

with the initial condition

y(t0) = ϕ(t0), (2.2)

where the operator h(·) is defined by the formula

h(t0, ϕ, y)(t) =

{
ϕ(t), t ∈ [τ, t0],

y(t), t ∈ [t0, b].
(2.3)
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Definition 2.1. Let ℘ = (t0, ϕ, u) ∈ A. An absolutely continuous
function y(t) = y(t; ℘) ∈ O, t ∈ [r1, r2] ⊂ J , is said to be a solution of the
equation (2) with the initial condition (2.2), or a solution corresponding to
the element ℘ ∈ A, defined on the interval [r1, r2], if t0 ∈ [r1, r2], y(t0) =
ϕ(t0) and the function y(t) satisfies the equation (2) almost everywhere on
[r1, r2].

Remark 2.1. Let y(t; ℘), t ∈ [r1, r2], ℘ ∈ A, be a solution of the equation
(2) with the initial condition (2.2). Then the function

x(t; ℘) = h(t0, ϕ, y(·; ℘))(t), t ∈ [r1, r2], (2.4)

is a solution of the equation (1.1) with the initial condition (1.2) (see Defi-
nition 1.1, (2.3)).

Lemma 2.1. Let ỹ(t), t ∈ [r1, r2] ⊂ (a, b), be a solution corresponding

to the element ℘̃ ∈ A; let K1 ⊂ O be a compact which contains some neigh-

borhood of the set cl ϕ̃(J1) ∪ ỹ([r1, r2]) and let M1 ⊂ G be a compact which

contains some neighborhood of the set cl ũ(J ). Then there exist numbers

ε1 > 0, δ1 > 0 such that for an arbitrary (ε, δ℘) ∈ [0, ε1] × V , to the el-

ement ℘̃ + εδ℘ ∈ A there corresponds a solution y(t; ℘̃ + εδ℘) defined on

[r1 − δ1, r2 + δ1] ⊂ J . Moreover,

ϕ(t) = ϕ̃(t) + εδϕ(t) ∈ K1, t ∈ J1,

u(t) = ũ(t) + εδu(t) ∈ M1, t ∈ J ,

y(t; ℘̃ + εδ℘) ∈ K1, t ∈ [r1 − δ1, r2 + δ1],

lim
ε→0

y(t; ℘̃ + εδ℘) = y(t; ℘̃)

uniformly for (t, δ℘) ∈ [r1 − δ1, r2 + δ1]× V.

(2.5)

This lemma is analogous to Lemma 2.1 in [1, p. 21] and it is proved
analogously.

Lemma 2.2. Let x̃(t), t ∈ [τ, t̃1] be a solution corresponding to the

element ℘̃ ∈ A, t̃i ∈ (a, b), i = 0, 1; let K1 ⊂ O be a compact which

contains some neighborhood of the set cl ϕ̃(J1) ∪ x̃([t̃0, t̃1]) and let M1 ⊂ G

be a compact which contains some neighborhood of the set cl ũ(J ). Then

there exist numbers ε1 > 0, δ1 > 0 such that for any (ε, δ℘) ∈ [0, ε1] × V ,

to the element ℘̃ + εδ℘ ∈ A there corresponds the solution x(t; ℘̃ + εδ℘),

t ∈ [τ, t̃1 + δ1] ⊂ J1. Moreover,

x(t; ℘̃ + εδ℘) ∈ K1, t ∈ [τ, t̃1 + δ1],

u(t) = ũ(t) + εδu(t) ∈ M1, t ∈ J .
(2.6)

It is easy to see that if in Lemma 2.1 r1 = t̃0, r2 = t̃1, then ỹ(t) = x̃(t),

t ∈ [t̃0, t̃1]; x(t; ℘̃ + εδ℘) = h(t0, ϕ, y(·; ℘̃ + εδ℘))(t), (t, ε, δ℘) ∈ [τ, t̃1 + δ1]×
[0, ε1]× V (see (2.4)).

Thus Lemma 2.2 is a simple corollary (see (2.5)) of Lemma 2.1.
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Due to uniqueness, the solution y(t; ℘̃) on the interval [r1− δ1, r2 + δ1] is
a continuation of the solution ỹ(t); therefore the solution ỹ(t) in the sequel
is assumed to be defined on the whole interval [r1 − δ1, r2 + δ1].

Let us define the increment of the solution ỹ(t) = y(t; ℘̃),

∆y(t) = ∆y(t; εδ℘) = y(t; ℘̃ + εδ℘)− ỹ(t),

(t, ε, δ℘) ∈ [r1 − δ1, r2 + δ1]× [0, ε1]× V.
(2.7)

It is obvious (see Lemma 2.1) that

lim
ε→0

∆y(t; εδ℘) = 0 uniformly for (t, δ℘) ∈ [r1 − δ1, r2 + δ1]× V. (2.8)

Lemma 2.3 ([1, p. 35]). For arbitrary compacts K ⊂ O, M ⊂ G there

exists a function LK,M (·) ∈ L(J , R+) such that for an arbitrary x′i, x
′′

i ∈ K,

i = 1, . . . , s, u′, u′′ ∈ M and for almost all t ∈ J , the inequality
∣∣f(t, x′1, . . . , x

′

s, u
′)− f(t, x′′1 , . . . , x′′s , u′′)

∣∣ ≤

≤ LK,M (t)

( s∑

i=1

|x′i − x′′i |+ |u′ − u′′|

)
(2.9)

is valid.

Lemma 2.4. Let the conditions of Theorem 1.1 be fulfilled. Then there

exist numbers ε2 > 0, δ2 > 0 such that for any (ε, δ℘) ∈ [0, ε2] × V − the

inequality

max
t∈[t̃0,r2+δ2]

|∆y(t)| ≤ O(εδ℘) (2.10)

is valid. Moreover,

∆y(t̃0) = ε
[
δϕ(t̃0−) + (ϕ̇− − f−)δt0

]
+ o(εδ℘). (2.11)

Proof. Let us define the following sets

I1 =
{
i ∈ {1, . . . , s} : τi(t̃0) < t̃0, γi(t̃0) > r2

}
,

I2 =
{
i ∈ {1, . . . , s} : τi(t̃0) < t̃0, γi(t̃0) ≤ r2

}
,

I3 =
{
i ∈ {1, . . . , s} : τi(t̃0) = t̃0

}
.

Let ε2 ∈ (0, ε1], δ2 ∈ (0, δ1] be so small that for any (ε, δ℘) ∈ [0, ε2] × V −

the following relations are fulfilled:

γi(t0) > r2 + δ2, i ∈ I1,

τi(t̃0) < t0, i ∈ I2.

The function ∆y(t) on the interval [t̃0, r2 + δ1] satisfies the equation

∆̇y(t) = a(t; εδ℘), (2.12)

where

a(t; εδ℘) = f(t0, ϕ, u, ỹ + ∆y)(t)− f(t̃0, ϕ̃, ũ, ỹ)(t). (2.13)
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Now let us rewrite the equation (2.13) in the integral form

∆y(t) = ∆y(t̃0) +

t∫

t̃0

a(ξ, εδ℘) dξ, t ∈ [t̃0, r2 + δ1].

Hence

|∆y(t)| ≤ |∆y(t̃0)|+

t∫

t̃0

|a(ξ; εδ℘)| dξ = ∆y(t̃0) + a1(t; εδ℘). (2.14)

Now let us prove the equality (2.11). It is easy to see that

∆y(t̃0) = y(t̃0; ℘̃ + εδ℘)− ỹ(t̃0) = ϕ(t0)+

+

t̃0∫

t0

f(t0, ϕ, u, ỹ + ∆y)(t) dt− ϕ̃(t̃0).
(2.15)

Next,

lim
ε→0

δϕ(t0) = δϕ(t̃0−), uniformly for δ℘ ∈ V −.

So,

ϕ(t0)− ϕ̃(t̃0) =

t0∫

t̃0

˙̃ϕ(t) dt + εδϕ(t̃0) + ε(δϕ(t0)− δϕ(t̃0−)) =

= ε[ϕ̇−δt0 + δϕ(t̃0−)] + o(εδ℘).

(2.16)

It is clear that

lim
(ε,t)→(0,t̃0−)

h(t0, ϕ, ỹ + ∆y)(τi(t)) = ϕ̃(τi(t̃0−)), i = 1, . . . , s,

(see (2.3), (2.8)). Consequently,

lim
ε→0

sup
t∈[t0,t̃0]

|f̃(t0, ϕ, ỹ + ∆y)(t)− f−| = 0 (2.17)

From (2.17) it follows that

t̃0∫

t0

f̃(t0, ϕ, u, ỹ + ∆y)(t) dt = −εf−δt0+

+

t̃0∫

t0

[f̃(t0, ϕ, u, ỹ + ∆y)(t)− f−] dt = −εf−δt0 + o(εδ℘). (2.18)

From (2.15), by virtue of (2.16), (2.18), we obtain (2.11). Now, to prove the

inequality (2.10), let us estimate the function a1(t, εδ℘), t ∈ [t̃0, r2 + δ2]. We
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have

a1(t; εδ℘) =

s∑

i=1

t∫

t̃0

LK1,M1
(ξ)

(
h(t0, ϕ, ỹ + ∆y)(τi(ξ)) − h(t̃0, ϕ̃, ỹ)(τi(ξ))

)
+

+ ε|δu(ξ)| dξ ≤
∑

i∈I1

r2+δ2∫

t̃0

LK1,M1
(ξ)δϕ(τi(ξ)) dξ+

+
∑

i∈I2

t∫

τi(t̃0)

LK1,M1
(γi(ξ))|h(t0, ϕ, ỹ + ∆y)(ξ)− h(t̃0, ϕ̃, ỹ)(ξ)|γ̇i(ξ) dξ+

+
∑

i∈I3

t∫

t̃0

LK1,M1
(ξ)|∆y(ξ)|γ̇i(ξ) dξ + O(εδ℘) ≤ O(εδ℘)+

+
∑

i∈I2

t̃0∫

τi(t̃0)

LK1,M1
(γi(t))|h(t0, ϕ, ỹ + ∆y)(t)− ϕ̃(t)|γ̇i(t) dt+

+

t∫

t̃0

L(ξ)|∆y(ξ)| dξ,

where

L(ξ) =

s∑

i=1

χ(γi(ξ))LK1,M1
(γi(ξ))γ̇i(ξ),

and χ(t) is the characteristic function of the interval J .
If Ik = ∅, we assume that

∑
i∈Ik

αi = 0. Let I2 6= ∅, and i ∈ I2,

βi =

t̃0∫

τi(t̃0)

LK1,M1
(γi(t))|h(t0, ϕ, ỹ + ∆y)(t)− ϕ̃(t)|γ̇i(t) dt =

= ε

t0∫

τi(t̃0)

LK1,M1
(γi(t))|δϕ(t)|γ̇i(t) dt+

+

t̃0∫

t0

LK1,M1
(γi(t))|y(t, ℘̃ + εδ℘)− ϕ̃(t)|γ̇i(t) dt.
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It is obvious that when t ∈ [t0, t̃0],

|y(t, ℘̃ + εδ℘)− ϕ̃(t)| = |ϕ(t0) +

t∫

t0

f(t0, ϕ, u, ỹ + ∆y)(ξ) dξ − ϕ̃(t)| ≤

≤ O(εδ℘) +

t̃0∫

t0

| ˙̃ϕ(t)| dt +

t̃0∫

t0

|f(t0, ϕ, u, ỹ + ∆y)(t) dt. (2.19)

For sufficiently small ε2 the integrands are bounded, hence βi = O(εδ℘)
(see (2.18)). Thus,

a1(t; εδ℘) ≤ O(εδ℘) +

t∫

t̃0

L(ξ)|∆y(ξ)| dξ. (2.20)

From (2.14), on account of (2.11), (2.20), on the interval t ∈ [t̃0, r2 + δ2]
we have

|∆y(t)| ≤ O(εδ℘) +

t∫

t̃0

L(ξ)|∆y(ξ)| dξ.

From which, by virtue of Gronwall’s lemma, we obtain (2.10). �

Lemma 2.5. Let the conditions of Theorem 2 be fulfilled. Then there

exist numbers ε2 > 0, δ2 > 0 such that for any (ε, δ℘) ∈ [0, ε2] × V + the

inequality

max
t∈[t0,r2+δ2]

|∆y(t)| ≤ O(εδ℘) (2.21)

is valid. Moreover,

∆y(t0) = ε

[
δϕ(t̃0+) + (ϕ̇+ − f+)δt0

]
+ o(εδ℘). (2.22)

This lemma is proved analogously to lemma 2.4.

3. Proof of Theorem 1.1

Let r1 = t̃0, r2 = t̃1, ℘ ∈ A, then

ỹ(t) = x̃(t), t ∈ [t̃0, t̃1 + δ1],

y(t; ℘̃ + εδ℘) = x(t; ℘̃ + εδ℘), t ∈ [t0, t̃1 + δ1], (εδ℘) ∈ [0, ε1]× V −

(see Lemmas 2.1 and 2.2). Thus

∆x(t) =





εδϕ(t), t ∈ [τ, t0),

y(t; ℘̃ + εδ℘)− ϕ̃(t), t ∈ [t0, t̃0],

∆y(t), t ∈ [t̃0, t̃1 + δ1]

(see (1.4), (2.7)).
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By virtue of Lemma 2.4 and (2.19), there exist numbers ε2 ∈ (0, ε1],
δ2 ∈ (0, δ1] such that

|∆x(t)| ≤ O(εδ℘) ∀(t, ε, δ℘) ∈ [τ, t̃1 + δ2]× [0, ε2]× V −, (3.1)

∆x(t̃0) = ε

{
δϕ(t̃0−) + (ϕ̇− − f−)δt0

}
+ o(εδ℘). (3.2)

The function ∆x(t) on the interval [t̃0, t1 + δ2] satisfies the following
equation

∆̇x(t) =

s∑

i=1

f̃xi
[t]∆x(τi(t)) + εf̃u[t]δu(t) + R(t; εδ℘), (3.3)

where

R(t; εδ℘)=f(t, x̃(τ1(t))+∆x(τ1(t)), . . . ,x̃(τs(t))+∆x(τs(t)), ũ(t)+εδu(t))−

− f̃ [t]−
s∑

i=1

f̃xi
[t]∆x(τi(t)) − εf̃u[t]δu(t). (3.4)

By means of the Cauchy formula, the solution of the equation (3.3) can
be represented in the form

∆x(t) = Y (t̃0; t)∆x(t̃0) + ε

t∫

t̃0

Y (ξ; t)f̃u[ξ]δu(ξ) dξ+

+

1∑

i=0

hi(t; t̃0, εδ℘), t ∈ [t̃0, t̃1 + δ1], (3.5)

where




h0(t; t̃0, εδ℘) =

s∑

i=1

t̃0∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)∆x(ξ) dξ,

h1(t; t̃0, εδ℘) =

t∫

t̃0

Y (ξ; t)R(ξ; εδ℘) dξ.

(3.6)

The matrix function Y (ξ; t) satisfies the equation (1.7) and the condition
(1.8).

By virtue of Lemma 3.4 [1, p. 37], the function Y (ξ; t) is continuous on
the set Π = {(ξ, t) : a ≤ ξ ≤ t, t ∈ J }. Hence

Y (t̃0; t)∆x(t̃0) = εY (t̃0; t)

{
δϕ(t̃0−) + (ϕ̇− − f−)δt0

}
+ o(t; εδ℘) (3.7)

(see (3.3)).
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Now we transform h0(t; t̃0, εδ℘). We have

h0(t; t̃0, εδ℘) =
∑

i∈I1∪I2

[
ε

t0∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ+

+

t̃0∫

t0

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)∆x(ξ) dξ

]
=

∑

i∈I1∪I2

[
εαi(t) + βi(t)

]
.

It is easy to see that

αi(t) =

t̃0∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ−

−

t̃0∫

t0

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ,

βi(t) = o(t; εδ℘)

(see (2.19). Thus,

h0(t; t̃0, εδ℘) =

= ε

s∑

i=1

t̃0∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ + o(t; εδ℘). (3.8)

Finally we estimate h1(t; t̃0, εδ℘). We have:

|h1(t; t̃0, εδ℘)| ≤ ‖Y ‖

t̃1+δ2∫

t̃0

∣∣∣∣

1∫

0

[
d

dξ
f(t, x̃(τ1(t)) + ξ∆x(τ1(t)), . . . ,

x̃(τs(t)) + ξ∆x(τs(t)), u(t) + ξεδu(t))−

−

s∑

i=1

f̃xi
[t]∆x(τi(t)) − εf̃u[t]δu(t)

]
dξ

∣∣∣∣dt ≤

≤ ‖Y ‖

t̃1+δ2∫

t̃0

{ 1∫

0

[ s∑

i=1

|fxi
(t, x̃(τ1(t)) + ξ∆x(τ1(t)), . . . , )− f̃xi

[t]|×

×|∆x(τi(t))|+

+ε|fu(t, x̃(τ1(t)) + ξ∆x(τ1(t)), . . . , )− f̃u[t]| · |δu(t)|

]
dξ

}
dt ≤

≤ ‖Y ‖

(
O(εδ℘)

s∑

i=1

σi(εδ℘) + εασ0(εδ℘)

)
, (3.9)
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where

‖Y ‖ = sup
(ξ,t)∈Π

|Y (ξ; t)|,

σi(εδ℘) =

t̃1+δ2∫

t̃0

[ 1∫

0

∣∣fxi
(t, x̃(τ1(t)) + ξ∆x(τ1(t)), . . . )− f̃xi

[t]
∣∣ dξ

]
dt,

σ0(εδ℘) =

t̃1+δ2∫

t̃0

[ 1∫

0

∣∣fu(t, x̃(τ1(t)) + ξ∆x(τ1(t)), . . . )− f̃u[t]
∣∣ dξ

]
dt.

By Lebesgue’s theorem

lim
ε→0

σi(εδ℘) = 0, i = 0, . . . , s, uniformly for δ℘ ∈ V −.

Thus

|h1(t; t̃0, εδ℘)| ≤ o(t; εδ℘). (3.10)

From (3.5), taking into account (3.7), (3), (3.10), we obtain (1.5), where
δx(t; δ℘) has the form (1.6).

4. Proof of Theorem 1.2

Analogously to the proof of Theorem 1.1, by virtue of Lemma 2.5 we
obtain

|∆x(t)| ≤ O(εδ℘) ∀(t, εδ℘) ∈ [τ, t̃1 + δ2]× (0, ε2]× V +, (4.1)

∆x(t0) = ε[δϕ(t̃0+) + (ϕ̇+ − f+)δt0] + o(εδ℘). (4.2)

Let s0 ∈ (t̃0, t̃1) be the fixed point and let a number ε2 ∈ (0, ε1] be so
small that for an arbitrary(ε, δ℘) ∈ [0, ε2]× V + the inequalities

t0 < s0, τi(t0) < t̃0, i ∈ I1 ∪ I2

are valid. The function ∆x(t) satisfies the equation (3.3) on the interval

[t0, t̃1 + δ2], which by means of the Cauchy formula can be represented in
the form

∆x(t) = Y (t0; t)∆x(t0) + ε

t∫

t0

Y (ξ, t)f̃u[ξ]δu(ξ) dξ+

+

1∑

i=0

hi(t; t0, εδ℘), t ∈ [t0, t̃1 + δ2], (4.3)

where the functions hi(t; t0, εδ℘), i = 0, 1, have the form (3.6)
By virtue of Lemma 3.4 [1, p. 37], the function Y (ξ; t) is continuous on

the set [t̃0, s0]× [s0, t̃1 + δ2]. Hence

Y (t0; t)∆x(t0) = εY (t̃0; t)[δϕ(t̃0+) + (ϕ̇+ − f+)δt0] + o(t; εδ℘). (4.4)
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Now we transform h0(t; t0, εδ℘):

h0(t; t0, εδ℘) =
∑

i∈I1∪I2

[
ε

t̃0∫

τi(t0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ+

+

t0∫

t̃0

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)∆x(ξ) dξ

]
+

+
∑

i∈I3

t0∫

τi(t0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)∆x(ξ) dξ =

=
∑

i∈I1∪I2

(εαi(t) + βi(t)) +
∑

i∈I3

σi(t).

It is obvious that βi(t) = o(t; εδ℘), σi(t) = o(t; εδ℘).
Next,

αi(t) =

t̃0∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ−

−

τi(t0)∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ.

Consequently

h0(t; t0, εδ℘) =

= ε

s∑

i=1

t̃0∫

τi(t̃0)

Y (γi(ξ); t)f̃xi
[γi(ξ)]γ̇i(ξ)δϕ(ξ) dξ + o(t; εδ℘). (4.5)

The following estimation is proved analogously

|h1(t; t0, εδ℘)| ≤ o(t; εδ℘) (4.6)

(see (3.9)). Finally we note that

ε

t∫

t0

Y (ξ; t)f̃u[ξ]δu(ξ)dξ = ε

t∫

t̃0

Y (ξ; t)f̃u[ξ]δu(ξ)dξ + o(t; εδ℘) (4.7)

From (4.3), taking into account (4.4)–(4.7), we obtain (1.5), where δx(t; δ℘)
has the form (1.9).
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