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Let O ⊂ Rn, Gi ⊂ Rn, i = 1, 2, be open sets; the function f : J = [a, b] × Os ×
G1 → Rn be continuously differentiable; for any (x1, . . . , xs, u) ∈ Os × G1 the func-
tions f(t, x1, . . . , xs, u), fxj

(·), i = 1, . . . , s, be measurable on J ; for arbitrary compacts

K ⊂ O, K1 ⊂ G1 there exist a function mK,K1
(·) ∈ L1(J, [0,∞)), such that for any

(x1, . . . , xs, u) ∈ Ks ×K1 and for almost all t ∈ J , the following inequality is fulfilled

|f(t, x1, . . . , xs, u)|+
s∑

i=1

|fxi
(·)| ≤ mK,K1

(t).

Let the scalar functions τi(t), i = 1, . . . , s, t ∈ R and ηj(t), j = 1, . . . , p, t ∈ R,
be absolutely continuous and continuously differentiable , respectively, and satisfy the
conditions: τi(t) ≤ t, τ̇i(t) > 0, i = 1, . . . , s; ηj(t) < t, η̇j(t) > 0, j = 1, . . . , p ;

γi(t) = τ−1
i (t), i = 1, . . . , s; σj(t) = η−1

j (t), j = 1, . . . , p ; Γ be the set of continuously

differentiable functions ϕ : J1 = [ρ, b] → N , ρ = min{τ1(a), . . . , τs(a), η1(a), . . . , ηp(a)},
‖ϕ‖ = sup{|ϕ(t)| + |ϕ̇(t)| : t ∈ J1},where N ⊂ Ois a convex set; Ω1 be the set of
measurable functions u : J → U , such that cl{u(t) : t ∈ J} ⊂ G1 is compact, where
U ⊂ G1 is an arbitrary set; Ω2 be the set of piecewise continuous functions v : J →
V ,where V ⊂ G2 is a convex set; Aj(t, µ), j = 1, . . . , p be n × n-dimensional matrix
functions, continuous on J × V and continuously differentiable with respect to v ∈ V ;
qi : J2 ×O2 → R, i = 0, . . . , l, be continuously differentiable functions.

To every element µ = (t0 , t1, ϕ, u, v) ∈ B = J2×Γ×Ω1×Ω2, t0 < t1, let us correspond
the differential equation

ẋ(t)=

p∑

i=1

Aj(t, v(t))ẋ(ηj (t))+f(t, x(τ1(t)), . . . , τs(t), u(t)), t∈ [t0, t1], (1)

with the continuous initial condition

x(t) = ϕ(t), t ∈ [ρ, t0]. (2)

Definition 1. The function x(t) = x(t, µ) ∈ O, t ∈ [ρ, t1 ], is said to be a solution
corresponding to the element µ ∈ B, if on [ρ, t0] it satisfies the condition (2), while on
the interval [t0, t1] the function x(t) is absolutely continuous and satisfies the equation
(1) almost everywhere.

Definition 2. The element µ ∈ B is said to be admissible, if the corresponding
solution x(t) = x(t, µ) is defined on [t0, t1] and satisfies the conditions

q′(t0 , t1, x(t0), x(t1)) = 0, i = 1, . . . , l.

Denote by B0 the set of the admissible elements.
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Definition 3. The element µ̃ = (t̃0 , t̃1, ϕ̃, ũ, ṽ) ∈ B0 is said to be locally optimal, if
there exist a number δ > 0 and a compact set K ⊂ O such that for an arbitrary element
µ ∈ B satisfying

|t0 − t̃0|+ |t1 − t̃1|+ ‖ϕ− ϕ̃‖+ ‖f − f̃‖K + sup
t∈J

|v(t) − ṽ(t)| ≤ δ,

the inequality

q0(t̃0 , t̃1, x̃(t̃0), x̃(t̃1)) ≤ q0(t0 , t1, x(t0), x(t1))

is fulfilled.
Here

‖f − f̃‖K =

∫

J

H(t; f,K)dt,

H(t; f,K) = sup

{
|f(t, x1, . . . , xs)− f̃(t, x1, . . . , xs)|+

+
s∑

i=1

|fxi
(·) − f̃xi

(·)| : (x1, . . . , xs) ∈ K
s

}
;

f(t, x1, . . . , xs) = f(t, x1, . . . , xs, u(t)), f̃(t, x1, . . . , xs) =

= f(t, x1, . . . , xs, ũ(t)), x̃(t) = x(t, µ̃).

The problem of optimal control consists in finding a locally optimal element.
Introduce the notation

ω0 = (t̃0, ϕ̃(τ1(t̃0)), . . . , ϕ̃(τs(t̃0))), ω1 = (t̃1 , x̃(τ1(t̃1)), . . . , x̃(τs(t̃1))),

ω = (t, x1, . . . , xs);

f̃xi
[t] = f̃xi

(t, x̃(τ1(t)), . . . , x̃(τs(t))), f̃ [t] = f̃(t, x̃(τ1(t)), . . . , x̃(τs(t))),

Ãj(t) = Aj(t, ṽ(t)), j = 1, . . . , p.

Theorem 1. Let µ̃ ∈ B0, t̃i ∈ (a, b), i = 0, 1, be a locally optimal element and

there exist the finite limits: ˙̃x(ηj(t̃1−)), j = 1, . . . , p; lim
ω→ω0

f̃(ω) = f−0 , ω ∈ [a, t̃0]×Os.

lim
ω→ω1

f̃(ω) = f−1 , ω ∈ [a, t̃1]×Os. Then there exist a non-zero vector π = (π0, . . . , πl),

π0 ≤ 0 and solutions χ(t), ψ(t) of the system






χ̇(t) = −
s∑

i=1
ψ(γi(t))f̃xi

[γi(t)]γ̇i(t),

ψ(t)=χ(t)+
p∑

j=1
ψ(σj(t))Ãj (σj(t))σ̇j (t), t∈ [t̃0, t̃1], ψ(t)=0, t> t̃1,

(3)

such that the following conditions are fulfilled:

χ(t̃0)ϕ̃(t̃0) +
s∑

i=1

t̃0∫

τi(t̃0)

ψ(γi(t))f̃xi
[γi(t)]γ̇i(t)ϕ̃(t)dt+

+

p∑

j=1

t̃0∫

ηj(t̃0)

ψ(σj (t))Ãj (σj (t))σ̇j (t) ˙̃ϕ(t)dt ≥

≥ χ(t̃0)ϕ(t̃0) +
s∑

i=1

t̃0∫

τi(t̃0)

ψ(γi(t))f̃xi
[γi(t)]γ̇i(t)ϕ̃(t)dt+
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+

p∑

j=1

t̃0∫

ηj(t̃0)

ψ(σj (t))Ãj (σj(t))σ̇j (t) ˙̃ϕ(t)dt, ∀ϕ ∈ Γ; (4)

t̃1∫

t̃0

ψ(t)f̃ [t]dt ≥

t̃1∫

t̃0

ψ(t)f(t, x̃(t), τ̃1(t)), . . . , x̃(τs(t)), u(t)dt, ∀u ∈ Ω; (5)

p∑

j=1

t̃1∫

t̃0

ψ(t)
[ ∂

∂v
Ãj(t) × ṽ(t)

]
˙̃x(ηj(t))dt ≥

≥

p∑

j=1

t̃1∫

t̃0

ψ(t)
[ ∂

∂v
Aj(v(t)) × v(t)

]
˙̃x(ηj (t))dt, ∀v ∈ Ω2; (6)

πQ̃x1
= ψ(t̃1); (7)

πQ̃t0 ≥ ψ(t̃0−)

[
˙̃ϕ(t̃0)−

p∑

j=1

Ãj(t̃0−) ˙̃ϕ(ηj(t̃0))− f−0

]
,

πQ̃t1 ≥ −ψ(t̃1)

[ p∑

j=1

Ãj(t̃1−) ˙̃x(ηj(t̃1)) + f−1

]
.

Here Q = (q0, . . . , ql)∗, the tilde over Q means that the corresponding gradient is

calculated at the point (t̃0, t̃1, x̃0, x̃(t̃1));
∂

∂v
Ãj(t) × ṽ(t) =

( ∂

∂v
ãim

j (t) · ṽ(t)
)n

i,m=1
.

Theorem 2. Let µ̃ ∈ B0, t̃i ∈ (a, b), i = 0, 1, be a locally optimal element and

there exist the finite limits: ˙̃x(ηj(t̃1+)), j = 1, . . . , p; lim
ω→ω0

f̃(ω) = f+
0 , ω ∈ [t̃0, b]×OS,

lim
ω→ω1

f̃(ω) = f+
1 , ω ∈ [t̃1, b]×OS. Then there exist a non-zero vector π = (π0, . . . , πl),

π0 ≤ 0 and solutions χ(t), ψ(t) of the system (3) such that the conditions (4)–(7) are

fulfilled. Moreover,

πQ̃t0 ≤ ψ(t̃0) +

[
˙̃ϕ(t̃0)−

p∑

j=1

Ãj(t̃0+) ˙̃ϕ(ηj (t̃0)) − f+
0

]
,

πQ̃t0 ≤ −ψ(t̃1)

[ p∑

j=1

Ãj(t̃1+) ˙̃x(ηj (t̃1+)) + f+
1

]
.

Theorem 3. Let µ̃ ∈ B0, t̃i ∈ (a, b), i = 0, 1, be a locally optimal element and the

assumptions of Theorems 1, 2 be fulfilled. Moreover,

p∑

j=1

Ãj(t̃0−) ˙̃ϕ(ηj(t̃0)) + f−0 =

p∑

j=1

Ãj(t̃0+) ˙̃ϕ(ηj(t̃0)) + f+
0 = f0;

p∑

j=1

Ãj(t̃1−) ˙̃x(ηj (t̃1−)) + f−1 =

p∑

j=1

Ãj(t̃1+) ˙̃x(ηj(t̃1+)) + f+
1 = f1;

Ãkj
(σkj

(· · · (σk1
(σi(t̃0−))) · · · )) = Ãkj

(σkj
(· · · (σk1

(σi(t̃0+))) · · · )), kj = 1, . . . , p, j =

1, . . . , ni, i = 1, . . . , p, where ni ≥ 0, i = 1, . . . , p, are integer numbers such that σi(t̃0) ∈

(ηni+1(t̃1), ηni (t̃1)), i = 1, . . . , p, η(t) = max
1≤j≤p

{ηj(t)}, t ∈ J, ηi(t) = η (ηi−1(t)),

η0(t) = t.
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Then there exist a non-zero vector π = (π0, . . . , πl), π0 ≤ 0 and solutions χ(t), ψ(t)
of the system (3) such that the conditions (4)–(7) are fulfilled. Moreover,

πQ̃t0 = ψ(t̃0)[ ˙̃ϕ(t̃0)− f0]; πQ̃t1 = −ψ(t̃1)f1.

Finally we note that the optimal problems with non-fixed initial moment for various
classes of delay and neutral differential equations are considered in [1]–[6].

References

1. G. L. Kharatishvili, A maximum principle in extremal problems with delays.
Mathematical Theory of Control (Proc. Conf., Los Angeles, Calif., 1967), 26–34. Aca-

demic Press, New York, 1967.
2. G. L. Kharatishvili and T. A. Tadumadze, A nonlinear optimal control prob-

lem with variable delay, nonfixed initial moment, and piecewise-continuous prehistory.
(Russian) Tr. Mat. Inst. Steklova 220 (1998), Optim. Upr., Differ. Uravn. i Gladk.

Optim., 236–255; translation in Proc. Steklov Inst. Math. 1998, No. 1 (220), 233–252.
3. N. Gorgodze, Necessary conditions of optimality in neutral type optimal problems

with non-fixed initial moment. Mem. Differential equations Math. Phys. 19(2000), 150–
153.

4. N. Gorgodze, Necessary conditions of optimality for one class neutral type prob-
lems of optimal control. Proc. I. Javakhishvili Tbilisi State Univ. Appl. Math. Inform.

342(20) (2000), 19–22.
5. T. Tadumadze and L. Alkhasishvili, Necessary conditions of optimality for opti-

mal problems with delays and with a discontinuous initial condition. Mem. Differential

equations Math. Phys. 22 (2001), 154–158.
6. L. Alkhazishvili, The linearized maximum principle for optimal problems with

variable delays and continuous initial condition. Mem. Differential equations Math.

Phys. 29 (2003), 153–155.

Author’s address:

A. Tsereteli Kutaisi State University
59, Tamar Mepe St., Kutaisi 4600
Georgia


