Mem. Differential Equations Math. Phys. 31(2004), 109-111

SESHADEV PADHI

ON OSCILLATORY SOLUTIONS OF THIRD ORDER DIFFERENTIAL
EQUATIONS

(Reported on June 9, 2003)

The proposed note deals with the asymptotic properties of solutions of the differential
equation
(&))" = po(t)u +pr(t)u’ + q(t), (1)
where r : [0,+00[—]0,+o0[, p; : [0,400[— R (¢ = 1,2) and ¢ : [0,40c0[— R are
continuous functions.
The following theorem is valid.

Theorem. Let

oo
/ t dt < +o00,
r(t)
+oo ’ +oo &)
[ i@l < oo =01, [ lato)lde < +x.
0 0
Then an arbitrary oscillatory solution of the equation (1) satisfies the conditions

ti}Too u(t) = tilgloo u'(t) = tilgloo r(t)u’(t) = 0. 3)

Proof. Let the sequence (tk)z;’? be such that
ulty) =0, 1<t <tpyr (k=1,2,...).
Then for each natural k there exists t5, € ]ty, ty4 o[ such that
o (t) = 0.

Hence (1) implies
t
" _ 1 ’
u''(t) = T(t)z/ [po(s)u(s) + p1(s)u’(s) + q(s)] ds.

If now we set
Pik = max{\u(i>(t)| st <t <tppo} (1=0,1),
par. = max {r(t)[u" ()] : tp <t <tgpyo}

and
tk+2 '
ek = t/ (@ + po(®)] + p1 (D] + la(®)]) dt,
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then from the latter identity we find that

lu”(t)] <

L
— r()

er(pok + p1x +1) for t <t <tpio

and
p2r < ek(por + p1x + 1) for ¢ <t <o
On the other hand, by virtue of conditions (2) we have

lim Ep = 0.
k—+oco

Therefore without loss of generality it can be assumed that

1
5k<§ (k=1,2,...).

By the Green formula, for each natural k£ we have

trto tHQaG
t
u(t) = / Cult, s)u"(s)ds, /() = / % W' (s) ds
ty tg
for t <t <tpio,
where
t—t -1
w for t < s,
Gilt,s) = R2 = b
’ t—t —t
(Gl ) Gkl
teto — tk
Moreover,
OG(t
|Gr(t,5)] <s—tp <s, ‘%‘ <1 for t <t,5 < tpyo.

By virtue of these estimates and inequalities (4), from (8) we find that

tk{ﬂ
S
por < er(pok + p1k + 1) / @ ds < €2 (pox + p1x + 1),
ty
tey2
" ds
pie < er(por + p1x +1) o) <
t
tht2 d
sas
< er(pok + P11 + 1) / ) < er(pok + p1x + 1).
ty

Therefore
pok + p1k < 223 (pok + p1k) + 263
Hence by (5)—(7) it follows that

pok + Pk <42, por <2 (k=1,2,...)

and

li x=0 (i=0,1,2).
L m pik (i=0,1,2)

Therefore equalities (3) are fulfilled.

(4)

(5)

(6)

(7

)

O

The proven theorem completes the previously known results on asymptotic behavior
of solutions of liner differential equations of third order (see [1]-[9] and the references

cited therein).
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