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FORMULAS OF VARIATION

OF SOLUTION FOR NON-LINEAR
CONTROLLED DELAY DIFFERENTIAL
EQUATIONS WITH DISCONTINUOUS
INITIAL CONDITION



Abstract. Formulas of variation of solution of a non-linear controlled
differential equation with variable delays and with discontinuous initial con-
dition are proved. The discontinuous initial condition means that at the ini-
tial moment the values of the initial function and the trajectory, generally
speaking, do not coincide. The obtained ones, in contrast to the well-known
formulas, contain new terms which are connected with the variation of the
initial moment and discontinuity of the initial condition.
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INTRODUCTION

The formulas of variation of solution play an important role in prov-
ing necessary conditions of optimality for optimal problems [1]-[5]. In the
present work we prove the formulas of variation of solution for controlled
differential equations with variable delays and discontinuous initial condi-
tion. These formulas are analogous to those given in [6] and their proof
carried out by the method given in [7].

1. FORMULATION OF MAIN RESULTS

Let J = [a,b] be a finite interval; O C R™, G C R" be open sets. The
function f : J x O° x G — R" satisfies the following conditions: for almost
all t € J, the function f(¢,:) : O° x G — R"™ is continuously differen-
tiable; for any (z1,...,xs,u) € O° X G, the functions f(t,x1,...,2zs,u),
foi oz, xs,u), ¢ = 1,...,8, fu(t,z1,...,25,u) are measurable on J;
for arbitrary compacts K C O, M C G there exists a function m, () €
L(J,Ry), Ry = [0,400), such that for any (z1,...,zs,u) € K° x M and
for almost all ¢ € J, the following inequality is fulfilled

|f(t,(£1, o ,LL‘S,U)| + Z |f1’1()| + |fu()| < Moy s (t)
1=1

Let the scalar functions 7;(¢), i = 1,..., s, t € R, be absolutely continuous
satisfying the conditions: 7;(¢) <t, 7;(¢) > 0,7 =1,...,s. Let ® be the set
of piecewise continuous functions ¢ : J; = [1,b] — O with a finite number of
discontinuity points of the first kind, satisfying the conditions cl p(J1) C O,
7 = min{m(a),...,7s(a)}, ||¢ll = sup{le(t)], t € Ji}; Q be the set of
measurable functions u : J — G, satisfying condition cl{u(t) : t € J} is a
compact lying in G, |lu|| = sup{|u(t)] : t € T}.

To every element p = (tg, o, o, u) € A =T xOxdxQ, let us correspond
the differential equation

o(t) = f(t, x(ma(1), ..., 2(7s(t)), u(t)) (1.1)
with discontinuous initial condition
z(t) = @(t), te][rto), =z(to) = o. (1.2)

Definition 1.1. Let p = (tg,zo,p,u) € A, tg < b. A function x(t) =
z(t;p) € O, t € [1,t1], t1 € (Lo, b], is said to be a solution of the equation
(1.1) with the initial condition (1.2), or a solution corresponding to the
element p € A, defined on the interval [r,¢1], if on the interval [7,to] the
function x(t) satisfies the condition (1.2), while on the interval [to, t1] it is
absolutely continuous and almost everywhere satisfies the equation (1.1).

Let us introduce the set of variation
V = {0p = (dto, dx0,0p,0u) : dp € P — @, du €N —1u,
|oto] < @, [dmo| <, [0l < o, [dull < a}, (1.3)
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where ¢ € ®, u €  are fixed functions, o > 0 is a fixed number.

Let Z(t) be a solution corresponding to the element § = (to, Zo, 3, 1) € A,
defined on the interval [r,%], t; € (a,b), i = 0,1. There exist numbers
g1 > 0, 01 > 0 such that for an arbitrary (g,dp) € [0,e1] X V, to the element
§+edp € A there corresponds a solution z(t; §+edp), defined on [r, t; +61].

Due to uniqueness, the solution z(¢, {) is a continuation of the solution
Z(t) on the interval [r,t; + 6;]. Therefore the solution Z(t) in the sequel is
assumed to be defined on the interval [r,#; 4 61], (see Lemma 2.2)

Let us define the increment of the solution Z(t) = x(¢; p)

Az(t) = Ax(t;edp) = z(t; o + edp) — Z(L),
~ 1.4
(t,e,0p) € [1,t1 + 1] X [0,61] x V. 4

In order to formulate the main results, we will need the following notation

0‘; = (Eo, 50, e ,.Afo ; (,AD'(%VQi); s a@i(?oi) ) @(Tp+1(%va))a ce ’(125(7-&(?07)))’
—_— —m
i-times (p—1i)-times
1 =0,...,p,

o; = (v (r1(%)), -+, Z(1i1 (7)), To,

Prit1 (v )+ @(7s(37))),
a; = (v F(m (), E(mima (1)), @t ),

(Tit1(7; ), -y o(Ts (7 )) i=p+1,...,s,
vi=ilto); () =711 A =Aulty);
w=(tar,...,zs), flw] = flw,u(t),

Fuilt] = fo (0BT (E), -, B (7a(1), Ult)).

Theorem 1. Let the following conditions be fulfilled:
Ll yi=to, i=1,...,p, to<7ps1 <+ <7 <t
1.2. There exists a number 6 > 0 such that

t<y(t) < < yplt), e (to—d,to);

1.3. There exist the finite limits

lim f[w]:f[, we (to—0b,1) xO%, i=0,...,p,

lim ) [f[wl] — f[wg]] =f7, wiws € (v —0,7)x O
(wl,w2)~>(a'i_,cri_)

i=p+1,...,s

Then thefe ea:isthumbers gg > 0, do > 0 such that for an arbitrary
(t,s,ép) € [tl — 09,11 +52] X [0,82] xV—, V- = {5@ eV :dtg < 0}, the
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formula
Az(t;edp) = edx(t; 6p) + o(t;edp)! (1.6)

is valid, where

p
oz (t 6@ { tO? Z ’yz—f—l z z
=0

S Y(%-;t)fi"n}éto 1 B(t:80), (L7)

i=p+1
30_:1’ ,’%—:’Y:; i:17~"ap7 ﬁp_+1:07

B(t:80) =Y (s om0+ 3 / i) o ()1 (€)0(€) e +

1
=pt Ti (tO)

+ / Y (&) Ful€lu(e)de.

to

Y (&;t) is the matriz-function satisfying the equation

8Y€t E:Y% t) o, [i(€)3i(€), € € [fo, 1], (1.8)

and the condition

Y@ﬁ%={g g:? (1.9)

Here I is the identity matrixz, © is the zero matriz.

Theorem 2. Let the condition 1.1 and the following conditions be fulfilled:
1.4. There exists a number § > 0 such that

t<n(t) < <p(t), te [t o+ 0);
1.5. There exist the finite limits
i, i=1,...s,

lim+f[w]:f;r, w € [to,to+08) x O, i=0,...,p,

lim [f[wl] — f[u)g]] = fz.'", w1,w2 € [Vi, 7 +0) x OF

(w1, w2)~>(0+ o’+)

i=p+1,...,s (see (1.5)).

Here and in the sequel, the values (scalar or vector) which have the corresponding
order of smallness uniformly for (¢, dp), will be denoted by O(t;dp), o(t; edp).
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Then theIe em’sthumbers gg > 0, do > 0 such that for an arbitrary
(t,E,(Sp) € [t1—52,t1+52] X [0752] ><V+, v+ Z{(SQEV 1 Otg 20}, the
formula (1.6) is valid, where dx(t;dp) has the form

2
dz(t; 0p) = { (to;t Z%H ¥,
=0

S Y(m)fm}ato+6<t;5m,

i=p+1
ﬁo_:].a ﬁ:_:’y:_, i=1,...,p, ;Y\Z—LFIZO'

(1.10)

The following theorem is a result of Theorems 1 and 2.

Theorem 3. Let the conditions of Theorems 1 and 2 be fulfilled. More-
over, let

P P

Z(PyH—l a;)f; = Z(a;—l 71 )f’L f07
i=0 =0
f ’)/z —f+ f'i7 i1=p+1,...,s

Then there exist numbers e > 0, 02 > 0 such that for an arbitrary
(t,e,0p) € [t1 — d2,t1 + 02] X [0,e2] X V the formula (1.6) is valid, where
dx(t;edp) has the form

i=p+1

2. AUXILIARY LEMMAS

To every element p = (tg,xo, ¢, u) € A, let us correspond the functional-
differential equation

9= f(to, 0. u,y) (&)= f (t, h(to, 0, y) (11 (1)), - -, hlto, 0, y) (7s(1)), ult))  (2.1)
with the initial condition

y(to) = o, (2.2)
where the operator h(-) is defined by the formula

(p(t)a te [T7 to),

y(), € [to.b]. (23)

h(to, o, y)(t) = {

Definition 2.1. Let p = (to, 20,9, u) € A. An absolutely continuous
function y(t) = y(t;p) € O, t € [r1,12] C T, is said to be a solution of the
equation (2.1) with the initial condition (2.2), or a solution corresponding
to the element p € A, defined on the interval [r1,72], if to € [r1,72], y(to) =
xo and the function y(t) satisfies the equation (2.1) almost everywhere on
[r1,72].
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Remark 2.1. Let y(t; p), t € [r1,7r2], p € A, be a solution of the equation
(2.1) with the initial condition (2.2). Then the function

z(t; ) = h(to, o, y(:9))(1), t € [r1,72], (2.4)

is a solution of the equation (1.1) with the initial condition (1.2) (see Defi-
nition 1.1, (2.3)).

Lemma 2.1. Let y(t), t € [r1,72] C (a,b), be a solution corresponding
to the element p € A; let K1 C O be a compact which contains some neigh-
borhood of the set cl@(J1) Uy([r1,72]) and let My C G be a compact which
contains some neighborhood of the set clu(J). Then there exist numbers
g1 > 0, 81 > 0 such that for an arbitrary (g,8p) € [0,e1] X V, to the el-
ement © + edp € A there corresponds a solution y(t; @ + edp) defined on
[r1 — 01,72+ 61] C J. Moreover,

p(t) = (1) +edp(t) € Ky, e,
u(t) = u(t) +edu(t) € My, teJ,
y(t; 9 +edp) € K1, t € [r1—01,m2+01], (2.5)
lim y(t; 6+ <0p) = y(t; §)
uniformly for (t,p) € [r1 — 61,72+ 61] x V.

This lemma is analogous of Lemma 2.1 in [7, p. 21] and it is proved
analogously.

Lemma 2.2. Let Z(t), t € [r,t1] be a solution corresponding to the
element § € A, t; € (a,b), i = 0,1; let K1 C O be a compact which
contains some neighborhood of the set cl(J1) UZ([to, t1]) and let My, C G
be a compact which contains some neighborhood of the set clu(J). Then
there exist numbers e1 > 0, 61 > 0 such that for any (g,0p) € [0,e1] x V,
to the element p + edp € A there corresponds the solution z(t; o + €dp),
telr t+ 01) C J1. Moreover,

z(t; §+edp) € Ky, te[rt+d),

u(t) = u(t) +edu(t) € My, teJ. (2.6)

It is easy to see that if in Lemma 2.1 r; = to, 7o = t1, then y(t) = Z(t),
t € [to,t1]; x(t; 9 +edp) = h(to, p,y(:; § +e0p))(t), (t,€,0p) € [T, t1 + 1] x
[0,e1] X V (see (2.4)).

Thus Lemma 2.2 is a simple corollary (see (2.5)) of Lemma 2.1.

Due to uniqueness, the solution y(¢; ¢) on the interval [r; — 1,72 + 1] is
a continuation of the solution y(¢); therefore the solution y(t) in the sequel
is assumed to be defined on the whole interval [ry — d1,72 + 1].

Let us define the increment of the solution y(t) = y(t; ),

Ay(t) = Ay(t;edp) = y(t; o + edp) — y(t),

2.7
(t,E,(Sp)E[T‘l—(Sl,TQ-i-(Sl]X[O,El]XV ( )
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It is obvious (see Lemma 2.1) that
hII(l) Ay(t;edp) = 0 uniformly for (t,0p) € [r1 — 1,72 +01] x V. (2.8)
e—

Lemma 2.3 ([7, p. 35]). For arbitrary compacts K C O, M C G there
exists a function L a(-) € L(J, R+) such that for an arbitrary «, ] € K,
1=1,...,s, v, u" € M and for almost all t € J, the inequality

|f(taxlla --7x,s7u’l) - f(t7xlll7 -7xlsl7u’”)| <
S
< LK,M<t>(Z @ — ] + |’ — u"|) (2.9)
=1
18 valid.

Lemma 2.4. Letv; =to, i =1,...,p, Ypr1 < - <7y <12 and let the
conditions 1.2 and 1.3 of Theorem 1 be fulfilled, then there exists a number
g9 > 0 such that for any (,dp) € [0,e2] X V'~ the inequality

max |Ay(t)| < O(edp) (2.10)
te(to,r2+61]

is valid. Moreover,

Ay(to) = 5{6330 + [ ; (V1 — ﬁi)fi] 5t0} + o(edp). (2.11)

3

Proof. Let e € (0,21] be so small that for an any (g,0¢p) € [0,e2] X V™~ the
following relations are fulfilled:

tog = t~0 + edty € (tNQ - (5,1?0],
_ (2.12)
to < pr1(to) < pr1 <pralto) < - <51 < s(ho)-
The function Ay(t) on the interval [tg, 7 + 6,] satisfies the equation
Ay(t) = a(t; edp), (2.13)
where
a(t; 6p) = f(to, ¢ u, § + Ay)(t) — f(to, & 4, §)(1). (2.14)

Now let us rewrite the equation (2.13) in the integral form
¢
By(t) = By(@o) + [ ale o0 de, ¢ fio,ra+dul
i

Hence
Ay(t)] < [Ay(@o)] + / la(€:250)| dE = Ay(To) + ar(69).  (2.15)

to
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Now let us prove the equality (2.11). It is easy to see that

Ay(to) = y(to; §+edp) —§(to) 755x0+/f to, v, u, g+ Ay)(t) dt. (2.16)

Transform the integral addend of (2.16):

/f(tm o, u, Y+ Ay)(t) dt =
0 p pi+1(to)
=3 / &G (t) + Ay(ri(t)), ..., G(Ti(t)) + Ay(7i(t)),
=0 pi(to)
P(Tir1(t),- - p(rs(®)) ult)dt = Y L, (2.17)
=0
po(t) =t, pi="t), i=1,....,p, ppr1(to) = to.

It is obvious that

7 (to)
b =G = Digto+ [ [Fpna(O).. (e, ul®) - £ di =
=e(§y —1)fy oto + afedp). (2.18)
We now show that
aedp) = o(edp). (2.19)

On account of the condition 1.3 and (1.3), we have

lim  sup |f(t,o(r1(1), ..., (7s(t), u(t)) — fo | =

£=0¢eto,71 (o))

= lim |flw]—fy| =0, we (f—d ) x O,

w—oy
from which immediately follows (2.19). Analogously, the equalities
I’L' :E(;Yiikl —’)/;)f,;(sto—f—O(E(Sp), i = 1a"'7p_17
I, = =¥ f, dto + o(edp)

are proved. By virtue of, (2.17)—(2.20) it follows (2.11). Before proving
(2.10), let us remark that if i =p+1,...,s, £ € [v:i(to), Vi), then

lim (€,5(71(6)) + Ay(ri(€)).... T (€)) + Ay (ri(€)),
P(Tir1(8))s -5 0(7s(8))) =
i (€571 () + Ay(1(€)).. Frir (6)). 2(7(€).. o) =57
(see (1.5), (2.8)).

(2.20)
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Thus, by virtue of the condition 1.3 for a sufficiently small €5 € (0,&1],
the functions

sup (), sup  a(t;edp)|, i=p+1,....5,
te[to,zg] tE['Y%(tO)in]

are bounded on the set [0,e2] x V.
Hence for any (e,0p] € [0,e2) X V™~ the estimation
Vi
/ la(t;edp)| dt < O(edp), i=p+1,...,s, (2.21)
7vi(to)
is valid. ~
Now estimate aq(t;€dp), t € [to,r2 + 01]. We consider several cases.

Let t € [to, Yp+1(to)]. Then on the basis of the inequality (2.9) and the
form of the operator h(-) we get

t

a1 (t;edp) = / [F(&0(1(8)) + Ay(r1(€)), - - -, G(7p(€)) + Ay(7,(€)),

to

@(Tp-l‘l(g))a s 7(;0(7-5'(&)); u(f))_
- f(fv y(m1 (5))7 B g(Tp(g))a 95(7-;0-‘:-1(5))7 B (Z(Ts (5))7 a(ﬁ))] d§ <

t S

S/LKl,Ml(f)[ZIAy(ﬂ(é))l+€ Y 18e(m(E)] + elou(®)] |de <
i=1

< ) = 1
to =p+

t

smwm+/L@MMM% (2.22)

to
(see (2.14)), where

L(¢) = Z X (i (€))L, at, (i (€))Fi (€), (2.23)

X(t) is the characteristic function of the interval J. When ~;(¢) > b, we

assume that x(7i(§)) L, ar, (7:(€)) = 0.
If t € [yp+1(t0), Vp+1), then on the basis of (2.21) and (2.22) we obtain:

TYp+1
a1 (t;e0p) = a1 (vp41(to);edp) + / la(§;e0p)| dE <

Yp+1(to)
t

SO@M+/MMMMWK

to

Thus the estimate (2.22) is valid on the whole interval [to, yp11].
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Let ¢ € [yp41,7p+2(t0)], then

a1(t;e6p) < a1(Yp41;€0p)+

¢ p+1 s

+ / LKl,Ml(E)[Z|Ay(Tz‘(§))|+€ Y 180 +elou(@)]| dg <
o i—1 i=pt2
pt1 T

< alpiri29) +0e0) + Y- [ Lucoan (OO Au(©)| .

—
T (pt1)

As 7 (vpg1) > to, 7i(t) <t,i=1,...,p+ 1, we can rewrite the obtained
inequality in the form

t
ar(:200) < O(89) + a1 (s £69) + / L(E)| Ay(e)] de.
to

Thus, when ¢ € [tg, p12(to)], the estimate

t

ar(t: £6p) < O(edp) +2 / L©)|Ay(E)| de (2.24)

to

is valid. By virtue of (2.21), we can analogously prove the validity of (2.24)
on the interval [to, vp+2]. If we continue this process, we obtain

t
ax(t:260) < O(ebp) + (i + 1) / L(©)| Ay ()] de.
to
te[z077p+i+1]7 i=2,...,s—p-—L
Let t € [vs,72 + 61]. Then
t

S

ar(t:260) < a1(vsi09) + 3 / Ly an, (€)| Ay (€))] dé =

=14,

s Tilt)
—a1(iet) + > [ Lian (OO AY(O) e

Ti('YS)

As 7;(vs) > to, i =1,...,s, we have

ax(t;260) < a1(7s; e0p) + / L(€)|Ay(€)| dé = O(=80)+
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¢
He-p+) [LOIBKOI s tefore+al (229

to
Taking into account (2.11), (2.25), from the inequality (2.15) immediately

follows
t

Ay(t)] < O(ebp) + (s —p+ 1) / LE|AY(©) e, t € [fo,rs + 6],

to
By virtue of Gronwall’s lemma, we obtain(2.10). O
Lemma 2.5. Let v; = to,i=1,...,p; Vo1 < o <y <12 and let the

conditions 1.4 and 1.5 of Theorem 2 be fulfilled. Then there exists a number
g9 > 0 such that for any (g,0p) € [0,e2] X VT the inequality

Ay(t)| < O(ed 2.26
te[trol,li)j-&“ y(t)| < O(edp) (2.26)

is valid. Moreover,
Ay(to) = e[dxo — f,76t0] + o(edp). (2.27)

Proof. Let €2 € (0,e1] be so small that for any (g,dp) € [0,e2] x V' the
following relations are fulfilled:

to € [t~0,t~0+5),
Yp(to) < Ypt+1 < Ypt1(to) < Ypta <o+ < s < Yslto) <712+ 01

The function Ay(t) on the interval [tg, 1 +d1] satisfies the equation (2.13)
which we can rewrite in the integral form

(2.28)

t
Ay(t) = Ay(to) + /a(§;55p) d¢, telto,r2 + 1]
to

Hence
t

Ay(1)] < | Ay(to)| + / a(€: e6p) dE = |Ay(to)] + as(t;edp).  (2.29)
to
Now prove (2.27):

Bylto) = <60~ [ £ 37, 5)(0) dt =

== 555750 - /f(ta g(’rl (t))a e 7g(7—p(t))7 c,»5(7_17Jr1(t))3 DR SZ(TS(t))’ ﬁ(t)) dt =

to

= egldxg — f;réaso] + o(edp).
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By virtue of the condition 1.5 for a sufficiently small g2 € (0,&1], the
functions

sup Yi(t), i=1,...,s, sup la(t;edp)|, i=1,...,p,
tE[to,to] t€[vi—1(to),vi(to)]
Yo (to) = to, sup la(t;edp)|, i=p+1,...,s,

t€[vi,vi(to)]
are bounded on the set [0,e2] x V.
It is obvious that if i =1,...,p, then
i (to) = vi-1(to)] < [i(to) = vi(to)| + [yi-1(to) = vi-1(to)] < O(edp),
70(??0) = t~0-

From these conditions it follows that for an arbitrary (e, dgp) € [0,e2]x VT
the estimates

2

la(§;edp)|dE < O(edp), i=1,...,p,
vi=1(to) (2.30)

Yi—1(to)
|a(&;e0p0)|dE < O(edp), i=p+1,...,s
Vi
are valid.
Now estimate az(t;edp) on the interval [to,r1 + 01]. We consider several

cases.
Let t € [to, ’Yp(to)]. Then

P 'Yl(to)
2(t;e0p) <) / a(&;e6p)|,dé < O(edp) (2.31)
=1
vi—1(to)

(see (2.30)).
Let t € [’)/p(to),’)/p+1]. Then

az(t;e0p) < az(vp(to); edp)+
t

+ / LKl,Ml(E)(E;IAy(Tz N +e Z 10(7i(E))] + eldu(¢ )|)d€§

v (to) i=ptl
Ti(t)
wp+§j / Licyn, ((6))5(6) Ay €)] de.
=1 Tl('Yp(tO))

As Ti(PYP(tO)) > Tz(’)/z(tO)) = th Tz(t) < ta 1= 17 By 2
t

@wwmsmw@+/L@mmm@,tam%ﬂL

to
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(see (2.23), (2.31)).
Using (2.27), (2.30), it can be analogously proved that (see proof of
Lemma 2.4)

Ay(t)] < O(ebp) + (s —p+ 1) / LE|AY(©) e, t € [to,rs + 6],

to

(see (2.29).
By virtue of Gronwall’s lemma, we obtain (2.26). O

3. PROOF OF THEOREM 1

Let 1 = to, 72 = t1. Then for any (e,0p) € [0,e1] x V'~ the solution
y(t; @ + edp) is defined on the interval [to — 01,1 + 01] and the solution
x(t;  + €dp) is defined on the interval |1, ¢ + d1]. Moreover,

y(t; § + edp) = x(t; 5+ 6p), t € [to,t1 + 61],
(see Lemmas 2.1 and 2.2 and (2.4)).

Thus
edp(t), t €[ to),
Az(t) = Sy(t; 0 +edp) — p(t), te [t~O7EO]a (3.1)
Ay(t), t e [to,tl + 51]

(see (1.4), (2.7)).
Let d3 € (0,min(d1,t; — 7s)). By virtue of Lemma 2.4, there exists a
number €5 € (0,£1] such that

|Az(t)| < O(edp)  Y(t,e,09) € [to,t1 + 0] X [0,62] X V7, (3.2)
Bali) = {80+ | S ~ A0 ot + o) 339
=0
(see (3.1).

The function Az(t) on the interval [to,t, + d2] satisfies the following
equation

Z Jz; [t Az(7; (1)) + efu[ 10u(t) + R(t; edp), (3.4)

where

R(t;edp)=f(t,2(m1(t))+Ax(T1(1)), ..., 2(7s(t)) + Ax(71s(t)), u(t) +edu(t))—

S

Fo [ AZ(75(1) — e fult]Oult). (3.5)

i=1



THE FORMULAS OF VARIATION OF SOLUTION 139

By means of the Cauchy formula, the solution of the equation (3.4) can
be represented in the form

t

Ax(t) = Y (fo; ) Ax(l) + ¢ / Y (€ ) Fol€lsu(€) de+

to
1
+Zhi(t;?075(sp)a te [50751 +62]’ (36)
=0
where
s to
hotlorcd) = Y- [ YO0 @O A0(6) de.
T ) (3.7)
t
hi(t;to,e6p) = /Y(f;t)R(ﬁ;eép) ds.
%

The matrix function Y (£;¢) satisfies the equation (1.8) and the condition
(1.9).

By virtue of Lemma 3.4 [7, p. 37], the function Y (£;¢) is continuous on
the set IT={(£,t) : a <E<t,t€ J}. Hence

Y (to; t)Ax(ty) = €Y (to; t {5x0+ [zp: Vie1 =7 ) ]&fo} o(t;edp) (3.8)
i=0

(see (3.3)).
Now we transform ho(t; to, £0p). We have
to
ltitozdo) = 2 |e [ YO OT bOR©5(©) de+
LT L)
to
+ [ YOuER 0T OO 20l de | =
to
= Yy Y (i (€)5 ) fr [ ()14 (€)00(€) dé+
=pt 17’ (to)
s Vi
+ Y [ YEORgacn(©) s+ oftiede)  (39)
i:p—H%(to)

(see (2.12)).
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Owing to the inequality (2.12), the expression hi(t;to,edgp) with [t; —
da,t1 + d2] can be represented as

4
I (t;To,£59) = Y _ ax(t;£dp),
k=1
where
Yp+1(to) s i
aetr) = [ wletedoyds asluetp)= Y [ wletes)de
o =Py (o)
s iti(to) t
aslticdp) = 3 [ witedoyde atieon) = [wieitip) de
i=p+1 Vi Vs

w(&;t,e0p) = Y (& 1) R(t; £0p).
Let us estimate a4 (t;edp). (see (3.1)). We have:
Yp+1(t0)

| (t;e0p)| < [[Y]] / ‘f(tﬁ(ﬁ(t)) +Az(ri(t), .-,

2(1p(1)) + EA2(1p (1)), ¢ (Tp41 (1) + Ee0p(Tp 1 (1)), -,
p(7s(t)) + Eedep(Ts(£)), u(t) + Eedul(t))—

=3 R len(0) = 3 Folddolno) - ehudsu(t] acfar <

i=p+1
<Iiv| /M{ / (31,3 0) + D)) -
o0 Tt

x| Az(ri(t))]+

te > | fu(t BT (1) + EAx(T1(1)), ) = Fui[t]] - [0(mi (8)) |+

i=p+1

el L (0) + EDa(m(D).....) — Full]- |6u<t>|] de}dt <
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<|IYl (O(s&p) Zai(eép) +ea Z oi(edp) +5a0(55p)), (3.10)

i=1 i=p+1

where
[Y[= sup [Y(&1)],
(&,t)en

0i(e6p) = 762[/1 | foi (8, F (1 () + €Az (1 (1), . ) = fu, 1] dﬁ} di
%o 0

o(edp) = 762[/1|fu(t,5(ﬁ(t)) + §Az(7i (1)), -) ﬁ[t]\df] dt
0

to

As e — 0, then g(t)+Eedp(t) — @(t), u(t)+Eedu(t) — ult), Ax(ri(t)) —
0,7=1,...,p, uniformly for (&,¢, (5@) € [o, ] [to,t1 + J2] x V~. Thus, by
Lebesgue s theorem hm oi(edp)=0,i=1,...,s, lim a(gép) = 0 uniformly

for 6p € V. (see (2. )) Thus

a1 (t;edp) = o(t; edp).

Now we transform as(t;edpu). Let us note that if ¢ € [v;(to),7:], then
|A93(Tg( )l < 0(85@) J=1,..10 =1, Ax(r(t)) = edp(r;(t)), j = i +
1,...,8,i=p+1,...,s.(see (3.1) (3.2)). Hence

Vi

/ (& ) de = / Y (€ 0):(€) de
(to

vi(to) 7vi(to)

- [ Y©OF a0 (@) de + ofticbo),
(to

7i(to)

where

—f (& T(Tu (€ )) x(n 1(6), ¢ n( )) p(7s(£)), u(8));

!
ot; £6p) = Z [ vieok, ) de-
i(to)

> / (O ol a6 —= [ Fldoute) i

= Z+16’(t0) vi(to)
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It is obvious that
Yi Yi Yi

[ vens@de= [ veos©- e [ vensdae-
7vi(to) vi(to) 7vi(to)
= a5(t;edp) + ag(t; edp).

Next, when & € [vi(to),vi], 7j(€) > to, 5 =1,...,i =1 (i =p+1,...,5);
hence

lim (z(7;(t)) + Ax(7; (1)) = lim &(7;(€)) = Z(7; (7)), j=1,....i—1.

e—0 e—0
When ¢ € [vi(to), vi], then 7;(€) € [to, to); hence
2(7i(§)) + Az(7i(§)) = x(7i(£); 9 + £dp) = y(7:(£); P + edp) =
=y(7i(§) + Ay(ri(§))  (see (2.7)).

Thus, Eaking into consideration the continuity of the function 37(3) on the
interval [ty — 02,1 + J2], the inequality (2.8) and the condition y(t9) = Zo,
we obtain

lm (7 () + Aa(r(9) = lim §(r(€) = Fo.
Using the relations obtained above, we can conclude that when ¢ = p +
L....s, & € [vilto), il
lim (6,3 () + Aa(n (&), ... 3(7i(€)) + An(ri(6)).

P(1it1(6)), - 0(7s(8) =07, i=p+1,....s
On the other hand,

lim (6,Z(ni(9)),.... &(1i-1(6)), 87 (€)), ..., B(7:(€)) = 77 -
t=p+1,...,s.

Thus

lim sup |5i(€) — f7| =0 uniformly for dp e V™.

=70 gei(t0) ]
The functions Y (&; ) are continuous on the set [y;(to), vi] X [t1 — 02, 1 +02] C
II. Moreover,

vi — 7i(to) = €7, 0to + o(edp).
Hence as(t;edp) has the order o(t;edp) and ag(t; €dp) has the form
ag(t;edp) = —eY (vi;t) f; A Oto + o(t; edp).

Thus

as(t;edp) = —¢ Z Y (i t) fi 4 6to—
1=p+1

s Vi

> [ VGO ganm©) de + ofticop).

Z:p+1’7i(to)
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The equalitys «;(t;edp) = o(t;edp), i = 3,4, are proved analogously (see
(3.10)).
Now hy(¢;tg,e0p) is represented by the form

hi(t;ty,e6p) = —¢ Z Y (vi; t) fi 4 6to—
1=p+1

-y / Y (& 1) o [€)A2(ri(€)) dé + oft; eb0).  (3.11)
=Pty (o)

From (3.6), taking into account (3.8), (3.9), (3.11), we obtain (1.6), where
dx(t; dp) has the form (1.7).

4. PROOF OF THEOREM 2

Let 1 = tg, ro = t;. Then for any (¢,0p) € [0,£1] x V', the solution
y(t; © + €dp) is defined on the interval [t; — 01,1 + 1], and the solution
x(t; 9 + €dp) is defined on the interval [, ¢ + d1]. Moreover,

y(t:  +edp) = a(t; 5 +edp), ¢ € [to, t1 + 1]
(see Lemmas 2.1, 2,2 and (2.4)). Thus

edp(t), t € [r, tNO],
Ax(t) = (p(t) - f(t), le [?OatO)v (41)
Ay(t), t € (to,t1 + 61).

Let the numbers 2 € (0,61], e2 € [0,21], the existence of which are
proved in Lemma 2.5, be so small that for any (e,dp) € (0,e2] x VT the
inequality

Ys(to) <ty — 02

is valid. From Lemma 2.5 and (4.1) we have
|Az(t)| < O(edp)  Y(t,edp) € [to,t1 + 1] X (0,e9] x VT, (4.2)
Ax(to) = e[6zo — [, 0to] + o(edp). (4.3)
The function Az(t) satisfies the equation (3.4) on the interval [to,; + da].

By means of the Cauchy formula, the solution Ax(¢) can be represented
in the form

Ax(t) = Y (to; ) Ax(to) + £ / Y (€ O Faleou(€) dé+

1

+ Z hi(t;to,e6p), t € [to,t1 + 2], (4.4)
i=0
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where

ho(t: to,20) = Z/ Db ©©Ae© de,  (45)

=1 (to)

and hq(t;to,e0p) has the form (3.7).

By virtue of Lemma 3.4 [7, p. 37]. the function Y (¢;¢) is continuous on
the set [to, Ts (tl 752)] X [tl 752, t1 +52] It is obvious that tg € [to, Ts (tl 752)],
hence

(to, )A$(t0) = EY(to, )[(51‘0 — f;(sto] + O(t;E(Sp). (46)

(see (4.3)).
Now let us transform ho(¢; to, edp), (see (4.5)). We have

P to

ho(t; o, 09) = 3 / Y (3:(6): ) o [ (€))s (€) A(€) det
=hri(to)
T Z [ (€);) Fr, [(€))4:(£)000(€) dE+
+]Y(%(ﬁ);t)ﬁi[%‘(ﬁ)]%(E)Ax(/s) d¢| =
=2 / Y (&) fa, €] An(ri(€)) dé+

+e Z / )50 e (O (€)0(©) de+

s / (&0, [ A (73 () dE + ot £60). (4.7)

i=p+l Vi

After elementary transformations, we can easily prove the following equal-
p ~
> [ YT ganne) s -

:Zi / Y (&) o, (€] Ax(ri(€)) dé =
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Yi+1(to)

=3 > [ YEOR @) )=t (45)
=0 =i+l vi(to)

Owing to the inequality (2.28), the expression hy(t;tg,e0p) with t € [t; —
d2,t1 + d2] can be represented as

(S

ha(tito,e60) =Y _ Br(t;edp), (4.9)
k=1
where
p—1 Yi+1(to) Tp+1
Bi(t;edp) = / w(&t,edp)de,  Pa(t;edp) = / w(&;t,e0p) de,
=0 (o) (t0)
s 'Yi(t[)) s—1 Yi+1
63(15785@) = /w({,t,s&p) dga ﬂ4(ta€5@): Z /w({,t,eép) dga
=prl oy, =L (e)
t
saltcio) = [ wlgnebo)de,  wlgitebe) = V(EOR(E L)
'YS(tU)

For 01 (t;edp) we have
p—1 Yi+1(to)
aileso) =Y [ VEOHEHRE) + Aan(©).....
=0 ito)
2(1i(8)) + Az(7i(8)), e(7i41(8)), - -5 (7s(€)), u(€)) =
—f(&E(11(8)), -, F(7p(8), B(7p41(8)), - - - (7€), u(€)) ] dE—

p—1 Yi+1(to) Yi+1(to)

= / V(&) S o [€)An(r; (6) de — ¢ / Y (€ 1) Fulelou(€) de =
=0 to) =1 ~i(to)
= B11(t;e6p) — Pr2(t;e0p) — Bis(t; edp). (4.10)

When § € [vi(to), Yit1(to)], then 7;(§) > to, j = 1,...,4, 7(§) < to, j =
i+1,...,p, (&) <to,j=p+1,...,s; hence
|Az(7;(§))] < O(edp), j=1,....4
|Az(7;(§))] = edp(7;(8)), j=p+1,....5,

(see(4.1), (4.2)).
For each ¢ =0,...,p—1, vi11(to) — vi(to) — 0 as € — 0. Consequently,

—1 p Yi+1(to)
Bua(tieip) =5 3 / Y (€:6) fo, [ A (r;(€)) dE + oft: ). (4.11)
i=0 j=i+1

7vi(to)
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Further,
lim sup |F(&2(r1(8) + Ax(7i(€)), - .., Z(7:(€)) + Aa(m(€)),

€20 ¢€v;(to) it 1(to)]
), w(§) + edu(€)) — f; +f];r

@(Ti+1(€))7~-~;<;0(75(
—f(&x(11(8)), - -, 27, ( ), ¢(Tp+1( ) -5 (75(€)), u(€))| =0,
0,. -1

AR )

uniformly for §p € VT,
From the properties of the functions Y'(¢;t) and ~;(¢), ¢ = 1,...,p, im-
mediately follow the equalities

lim sup [V (&1) —Y(to;t)| =0, i=0,...,p—1,
=70 gelyi(to)vien (t0)]

uniformly for t € [t; — da, 1 + 0a],
Yir1(to) — vi(to) = e(3; 1 — %" )dto + o(edp), i=0,....p—1, =1

These equalities allow us to write the following
P

Bu(t:edp) =Y (fost) Y _(fif = £ (Fi — 3)8to + olt;e6p),  (4.12)
=0

Bis(t;edp) = o(t; edp). (4.13)
From (4.10), taking into consideration (4.11)—(4.13), we obtain

P
Bu(tseto) =¥ i )| G = A+ 5 | to-
1=0
p—1 p i+ito)
293 / Y (€0) o, [E)A2(r; () dE + olt; eBp). (4.14)
=0 g=itl )
Further,
Tp+1
batticog) = | Y(g;o[f(s,%(n(s))+Ax<n(s>>,...,
'Yp(to)

2(1p(8)) + Ax(1p(8)), (1141 (8)), - - -5 (75(€)), ul(€)) —
—f(f (11 (8)); -+ B(1p(€)), P(Tp41(8))s - - P(7(8)), ul€)) —

—fo JAz(7;(€) — ¢ Z Fo, [€180(7;()) — e ful€]0u(€) | de.

j=p+1

In a standard way it can be proved (see (3.10)) that

P
Ba(tsc9)| < 1Y (0<eap> S o4(t: <) +
=1
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+ea i: oi(to; edp) + cao(to; 56@)),
i=p+1
where
os(to: £09) = / [/|fxi(t,5(ﬁ(t)+£Ax(71(t)),...) —fxi[t]|d§} dt,
Yp(to) O
ottwicto) = [ | [1A030(0 + eaotn0)....) - F|ae]
’Yp(tO) 0
when t € [vp(t0), Yp+1], 7 (t) > t0, 5 =1,..., p. Hence (see (4.1))
Az(r;(t)) = Ay(7;(1)).
Thus
wttaicog) < [ | [1500.500) + €890,
to 0
L(7p(8)) + EAY(1p(2)), p(Tp41 (1)), - - -, (75 (1)), u(t))—
~Fa 0 0. B 0). 0 et
o(to;edp) < /‘fu(t,f('rl(t)) + EAY((t)), .. .,
to 0
L(1p(8)) + EAY(1p(1)), p(Tp41 (1)), - - -, (75 (1)), u(t))—
—fut, Z(T1 (1)), ..., 5(rs(t)),a(t))|d§] dt,
whence (see (2.8))
;i_% oi(to;edp) = 0, ;L»I% o(to;edp) = 0 uniformly for §p € V.
Thus
Ba2(t;edp) = o(t; edp). (4.15)
Now let us transform [(5(t;dp).
s i(to)
Baledo) = Y [ VEOEHR©) + Aaln(©).-...
i=p+1

Yi

Z(7i-1(§)) + Az(1i-1(€)), 2(Ti(§), - - -, p(7s(£)), u(€))—
_f(fvi(ﬁ(g)) """ %(Ti(g))ag(ﬁ-‘rl(g)) 77777 &(Té(f)),a@))] d§—
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i1 Yi(to)

- 3 / Y (&0, 61 A0(r; (€)) det

i=p+1 L j=1
vi(to) s i(to)
V(EOTlgbatm@) e Y [ YEOF, 000 ) de| -
¥i j=itl g,
vi(to)
— [ YGoflgoue i (4.16)
Vi

According to 1.5, we have

lim  sup | f(& (i (E) + Az(m1(€)), - -, F(mim1(8)) + Ax(mi-1(€)),

£=0 gelyi i (to)]
@(7i(£)), - - -, p(7s(£)), u(§)) -
—f(& (&), -, B(1i(€)), P(1i41(€)), - - B(7s(€)), u(€)) + fi7]| =0,
i=p+1,...,s uniformly for 6p € V.
Further,
|Az(7;(§))] < O(edp), j=1,....i—1, &€ [y, v(to),

lim sup |Y(&t) —Y(vi;6)] =0,
€20 e lyi,yi(to)]

i=p+1,...,s, te [?1 751,?1%»52].
On the basis of these relations we obtain
Bs(t;e6p) = —& Z Y (yis t) ;i 0to—

i=p+1
s i(to)

= 3 [ V(e 0T 880((0) de + o5,

i=ptl i
Analogously (see (3.10)), it can be proved that
Bi(t;edp) = o(t;edp), i=4,5. (4.17)

By virtue of (4.14)—(4.17) for the expression h(¢;t9,cdgp) we obtain

P
(110, 25) = s{mo,t) [Z@;:l e
1=0
Yit1(to)

=S Y(m;wwj}ato > [ vEOk gaete) -
+

= — .5
=pt EEITIT (o)
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s i(to)

-y / V(€0 o [ Aa(ri(©) de +o(ticdp)  (4.18)

i=p+l1 Vi
(see (4.9)).
Finally we note that with ¢ € [t — d2,#; + d2]
t t
s/Y(g;t)fu[g]éu(f)dg = e/Y(g;t)fu[g]au(g)dg+o(t;55p) (4.19)
to to

From (4.4), taking into consideration (4.6), (4.7), (4.8), (4.18), (4.19), we
obtain (1.6), where dz(¢; dp) has the form (1.10).
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