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CONNECTION BETWEEN SOLUTIONS OF
THE SCHWARZ NONLINEAR
DIFFERENTIAL EQUATION AND THOSE OF
THE PLANE PROBLEMS FILTRATION



Abstract. In the present paper, using linearly independent solutions
of the Fuchs class linear differential equation which contains a term with
the first order derivative of the unknown function, we propose effective
methods for solving both the Schwarz nonlinear equation, whose right-hand
side is a doubled invariant of the Fuchs class linear differential equation,
and the plane problems of filtration with partially unknown boundaries.
The modulus of the difference of the characteristic numbers of the Fuchs
class linear differential equation for every singular point is equal to the
corresponding (divided by 7) angle at the vertex of a circular polygon. For
the first time it is shown that the coefficients at the poles of second order
of the doubled invariant of the Fuchs class linear differential equation and
those on the right-hand side of the Schwarz equation coincide completely.

Relying on the property mentioned above, we suggest simpler methods
of solving the problems of the theory of stationary motion of incompressible
liquid in a porous medium with partially unknown boundaries than those
described by us earlier for the solution of the same problems.

2000 Mathematics Subject Classification. 34A20, 34B15.
Key words and phrases: Filtration, analytic functions, conformal
mapping, differential equation.

Faacosbo gbob ymobol feg030 oggbioommn®o aobimmgded (g3Fea)
0O %0 a0) O 0O S0MDLO (9] S0 [9105) 3 ) (9] ), -

00 oamﬁobbﬁabcﬂ) oaabol) 3(33:](8)-3(*/)0 aammggai’)o ‘3306(301) ol)amo otv/)thv/uBo:go
;Qotaatv/)aﬁ(}oogg-nv/)o 605@)00;:33601)000301), o'/)maggol) 300/)%3350 3%00'/73 ‘B&VQ&'L
60000/)&3(336-3;:20 05300/)005@)00, 060'/)30033 130;:2(8)0/)0(300% mamtv/)ool) EQVOQM—
6603 -3(35006 1)0%;;730/)0050 030')(3053601)000301» ‘B&VQ&'L 30%01)0000363;:20 Go-
GB33601> 1>B3om601> obl)m;:g-:](f’)-nv/)o 350‘3353;:20060 oo Vtv/)o-nggo 30/)030;:33-3—
mBa;gol) ‘331)060301) V33tv/)m1>m05 3;%6063 (7T—°03 60300(30;:20) &Umbob Lo;go;go—
bo.

30639momoo boBggbgde, md Izoe30b asbpmmgbol doEigggbo dbosgdo
30000031)36-3;:30 603001)0})-3;:23601) 33000'/)3 o'/)o&ol) 300;:3-31)01) &magoeoaﬁéabo °b-31>—
Bore 3300})3330 ‘B&VQ&'L 600')0/)&3(336-3;:30 05300/)005@)0% 33000'/)3 o'/)o&ol) SM;:Q-U—
bolb ‘331)060301) &MJ(BOGOJE(")JE)'I).

qbaamm OQEO‘HE‘U[‘_’Q m301>360°03 ;Qogo'/);gﬁmbom, bodered o 300(333-3;:200 0om-
@)60(3001) mamtv/)ool) 50?0;:3006603 -3(35006 1)0%;;730/)0050 030')(3053601) Sdebob-
1)53601) oaabol) -3130'/)00 300'/)(8)030 aammggai')o, 30;Qo'/)3 3335 o;go'/)oﬁggagg ‘30/)0')336‘300
30033050;:30.



CONNECTION BETWEEN SOLUTIONS 111

1. ON THE CONNECTION BETWEEN SOLUTIONS OF THE FucHS CLASS
LINEAR DIFFERENTIAL EQUATION OF GENERAL TYPE AND THE
NONLINEAR SCHWARZ DIFFERENTIAL EQUATION

The filtration theory uses analytic function w(z) = u — v, z = = + iy,
where w(z) the is complex velocity, and u and (—v) are its components
satisfying the Cauchy-Riemann conditions [1-6].

Let on the plane w = u — v a simply connected domain s(w) be given
with the boundary I(w) consisting, in the general case, of circular arcs of
different radii. Such a domain is called a circular polygon. By Ay, k = 1, m,
we denote the angular points of the boundary I(w) and by 7wk, k = 1,m,
the interior angles, respectively. In the general case it can be assumed that
—2 <y; <2, [1-31].

We seek for an analytic function w({) which maps conformally the half-
plane Im(¢) > 0 of the plane { = ¢ + 47 onto the domain s(w) with the
boundary I(w). Denote by t = ax, k = 1, m, the points of the axes t = a,
k = 1,m, of the plane ( = t + i7 which are mapped respectively into the
points Ay, k = 1,m, where —co < a1 < az < -+ < a;, < +00. The point
t = oo is assumed to be mapped into a nonangular point of the boundary
l(w) of s(w), which may lie between the points A,, and A;, although one
can consider as well the case in which ¢ = oo is mapped into an angular
point Ay.

Using the linear-fractional transformation, we can map A,, A1, the arc of
the circumference of the boundary I(w) of s(w), onto a straight line or onto
a part of a straight line parallel to or coinciding with the real axis v = 0.

For the sake of brevity, without restriction of generality, from the very
beginning we assume that the side A,, A; of I(w) is parallel to or coincides
with the axis v = 0. Therefore the function w(¢) can always be extended
analytically through the intervals —oco < t < aj, a; < t < 400 to the
lower half-plane Im({) < 0. Throughout the paper it will be assumed that
if ( € Re(, then ( =t.

The unknown function w(¢) must satisfy the well-known Schwarz equa-
tion [12-17],

{w, ¢} =w"(¢)/w'(¢) — 1,5[w"(Q)/w' (O] = R(C), (1.1)
R(¢) =Y {0,5(1 = vi)(¢ —an)™* + en(C —ar) '}, (1.2)
k=1

where a; and ¢, k = 1, m, are unknown real parameters to be defined later
on.

The expansion of the function R(¢) in the neighborhood of the point
t = oo in terms of the powers of 1/ yields

n=1
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The coefficients N, k = 1,2, 3, must satisfy the conditions

m m
Ni=D ec=0. No=3 laxci+0,5(1—vf)] =0,
=S (13)
N3 = lajer +ar(1—v7)] =0,
k=1

because the point ( = oo is the image of a nonangular point of the boundary
I(w) [12-16].

According to the Riemann theorem, three of the parameters ¢t = ay,
k =1, m, can be chosen arbitrarily and fixed. From the system of equations
(1.3) the parameters c1, ¢z and ¢z in the system of equations (1.3) can be
expressed in terms of the remaining ay and cx. Consequently, the number
of unknown parameters ay, and ¢, is equal to 2(m — 3).

By substitution w’(¢) = 1/[u(¢)]?, the equation (1.1) can be reduced to
the linear Fuchs class equation

W"(¢) +0,5R(C)u(C) = 0. (L4)

By means of linearly independent particular solutions of (1.4) u1(¢) and
uz(¢) with the Wronskian uq(¢)u5(¢) — u2(¢)uj(¢) = 1, we can construct
the general solution of (1.1) as follows:

w(C) = [Aur(¢) + Buz(Q)]/[Cur(¢) + Duz(Q)], (1.5)

where A, B, C, D with AD — BC' =1 are the integration constants of the
equation (1.1).

The general solution (1.5) of the equation (1.1), along with the 2(m — 3)
essential parameters ay, cx, kK = 1, m, depends in the general case on three
unknown complex parameters A, B, C, D with AD — BC =1, i.e. on six
real parameters. Thus the number of unknown parameters is equal to 2m.

The equation of the boundary I(w) of s(w) can be written as

w(¢) = [w({)Bo + iDo]/[~iAgw(¢) + Bo], ¢ € l(w), (1.6)

where w = u — iv, W = u +iv, By = (C§ +iBg)/2, Bo = (Cg —iBg)/2, Ao,
Bg, C§, and Dy are given real piecewise constant functions which, without
restriction of generality, satisfy the condition ByBy — AgDy = 1.

The coordinates of the centers (ug, vg) and the radii of the circumferences
(1.6) can be determined as follows:

up = —Bg/[2A0], Vo = —Cg/[2A0],
Ry = /I(B§)? + (Ci)? — 440 Do) /43,

Suppose that we have constructed linearly independent solutions u] and
u3(¢) with the Wronskian uj(¢)(u5(¢)) — (u3(¢)) us(¢) = 1. Then w(¢) =
ui(€)/u3(C),

ui(Q)/u3(C) = [Boui(¢) + iDouz(¢)]/[~iAoui(C) + Bouz(Q)].  (1.8)

(1.7)
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The methods of constructing w(¢) in the general case have been described
in our works [25-31].
The differentiation of (1.8) yields

1/[uz (O] = 1/[~iAoui (¢) + Bouz (¢)]*. (1.9)
The equalities (1.6)—(1.9) imply that
ui (¢) = £[Boui (¢) +iDou3(Q)], u3(¢) = £[~idoui(¢) + Bouz(¢)]- (1.10)

In [24], we have proved the equality (1.10) in somewhat different way.
The signs + and — are fixed uniquely by means of the boundary conditions.
Let us consider the Fuchs class second order differential equation [14-16]

v"(€) + p()v'(€) + q(¢)v(¢) =0, (1.11)
where -
p(Q) =Y (1= (an; +az)](¢ —ar)

= (1.12)

NE

q(¢) = ) fonjoni(¢ —a;) 2 + (¢ —a;) 7'
j=1
For the points t = a;, j = 1,m, t = oo to be regular singular points, it
is necessary and sufficient that p(¢) and ¢(¢) have the form (1.12) and the
parameters cj, j = 1,m, satisfy the condition [11-20]

My =Y c;=0. (1.13)
k=1

Suppose that the parameters a;, o, ¢, k=1,2, j = 1, m, are real and
t = aj, j = 1,m, are the same as in (1.2). Using the linearly independent
particular solutions (1.1) v1(¢) and v2(¢), we construct the general solution
of the Schwarz equation

w(C) = [A1wi(€) + B1]/[Crwi(¢) + D1, (1.14)

where w1 (¢) = v1(¢)/v2(¢) is a particular solution of the Schwarz equation
with the right-hand side equal to

{w, ¢} = 2¢(¢) — p'(¢) — 0,5[p(¢))?, (1.15)
and A, By, C1, D1, A1D1 — B1Cy # 0 are the integration constants of
(1.14).

The Wronskian for (1.11) has the form
w15 () (€) = vl (Qv2; (¢) = e [ [ (¢ — ay)s e, (1.16)
j=1

The paper [14, p. 300] states that for reducing the right-hand side of
(1.15) to the function R({) appearing in (1.2), we have to choose two func-
tions p(¢) and ¢(¢) due to which the problem becomes indeterminate. In
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[14] the author considers the linear second order equation of general type.
But if one takes (1.11), where a1, az2j, j = 1, (m + 1), satisty the conditions
a1 — Qo =V, j=1,m,  Qiani1) — Qomi1) =1, t=amy1=00,

n (1.17)
A1 (m41) = 3, A(m41) = 2, Z[l - (alj + an;)] =6,
k=1

then the right-hand side of (1.15) is, as it can be directly verified, represented
in the form

{w, ¢} =24(Q) —p'(¢) = 0,5[p(Q))* =
=D 10,51 = (i = a20)*)(C = a5) 7" + 6" (C —a5) ™'}, (1.18)

J

where

m
¢ =2¢; =0 Z Brlaj—ar) ™!, Bp=1—(ax+ao), k=T,m. (1.19)
k=1,k+j

Since a; — @ = v4, j = 1, m, the coefficients at (¢ —a;)~% in (1.2) and
(1.18) coincide.

The expansion of the function 2¢(¢) — p’(¢) — 0, 5[p(¢)]? in the neighbor-
hood of the point { = oo into the series with respect to the powers 1/¢
results in

2¢(¢) = p'(¢) = 0,5[p(Q))* = > M;¢ ™. (1.20)

The point ¢ = co is not a branching point of (1.11), therefore the condi-
tions

m m

My =) " =0, M;=>Y laci +0,5(1—17)] =0,
=t - =t (1.21)
M = Z[aicz* +ap(1—-v3)]=0
k=1

must be fulfilled.

The condition M = 0 coincides with (1.13). Below we will see that the
last two equations of (1.21) can be obtained in somewhat different, natural
way.

As is known, an equation of the type (1.11) can be reduced to an equation
of the type (1.4). The expression ¢(¢) —0,5p(¢) — 0, 25[p(¢)]? is, in a certain
sense, an invariant of (1.4) [23, p. 243]. Indeed, using the substitution
v(¢) = exp[—0,5 [ p(¢)d¢lvg(¢) [23], we reduce the equation (1.11) to the
type

vg (€) + (a(¢) = 0,25p*(¢) = 0,5p'(¢))wo(¢) = 0. (1.22)



CONNECTION BETWEEN SOLUTIONS 115

If the characteristics a1, aaj, 7 = 1,m, of equation (1.11) satisfy the
conditions a1; + ag; = 1, j = 1,m, then p’(¢) = 0, p({) = 0 and hence
R(¢) = 24(¢), 20; =¢,j=1m.

The parameters aq; and ag; in the case of the equation (1.1) are defined
by the equalities an; = 0,5(1 + v;), ag; = 0,5(1 — vj), a; + ag; = 1,
Q15 — Qg5 = Vy, j = 1,m.

In (1.6) there take place indeterminate constants c.;, j = 1, m, which
can be defined by the equality (1.16).

Indeed, if we divide both sides of the equality (1.16), by (( —a;)* T2z ~1
and then pass to the limit ¢ — a;, we will get a system of equations for
determination of c,;, j = 1, m.

Note here that the equalities (1.10) can be generalized even in the case
where a1 + ag; # 1.

2. SOLUTION OF PLANE PROBLEMS OF FILTRATION WITH PARTIALLY
UNKNOWN BOUNDARIES

Consider some plane problems of the theory of stationary motion of in-
compressible liquid in a porous medium subjected to the Darcy law. The
porous medium is assumed to be undeformable, isotropic and homogeneous
[1-7].

The plane of the liquid motion coincides with the plane of the complex
variable z = x+¢y. In the domain s(z) with the boundary I(z) we seek for a
complex potential w(z) = ¢(z,y) + ip(x, y), where p(z,y) and (x,y) are,
respectively, the velocity potential and the stream function which satisfies
the boundary conditions given below. The functions ¢(z,y) and ¥(z,y)
are connected by means of the Cauchy-Riemann conditions. If the analytic
function w(z) is found, then due to the dependencies [1-7]

oz, y) = —k(p/v+y)+e wz)=u—iv,
TR T TR . 2
S ox oy’ Oy Ox’

where p is the hydrodynamic pressure, - is the specific weight of the liquid,
u and v are the vector components of filtration velocity, w’(z) = w(z) is the
complex velocity, k is the coefficient of filtration, and c¢ is an arbitrary con-
stant, all the characteristics of the filtration stream can be found, namely:
filtration velocity, pressure head, pressure, liquid discharge for filtration and
unknown parts of the boundary I(z) of s(z) [1-7; 24-31]. Below we shall
consider the reduced complex potential w(z), the complex potential divided
by the coefficient of filtration. Next we assume that the boundary I(z)
of s(z) is a simple, piecewise analytic contour consisting of a finite num-
ber of unknown depression curves, segments of straight lines, half-lines and
straight lines. The domains s(z), w(z) and w(z) = w’(z) may be bounded
or unbounded. In particular, if the boundary I(z) has no depression curves,
then the domain s(z) turns into a linear polygon.



116 A. Tsitskishvili

In the domain s(z) we have to find an analytic function w(z) = ¢(z,y) +
itp(x, y) which must satisfy the boundary conditions [1-7]

akl@(xay) Jrakzl/f(ﬂ?,y) +akSQE*'“akély = fka k= 1327 (x,y) € Z(Z), (22)

where ayj, fi, j = 1,4, are given piecewise constant real functions.

Before we proceed to solution of the basic problem of filtration, we can
determine the boundary [(w) of the domains s(w) and also a part of the
boundary l(w) of s(w) [1-7].

Using the functions w(z) and w'(z) = dw(z)/dz, the domain s(z) with
the boundary I(z) is mapped conformally respectively onto the domain s(w)
and s(w) with the boundaries l(w) and {(w), where the domain s(w) is a
circular polygon with the boundary I(w) consisting of a finite number of
circular arcs, segments of straight lines, half-lines and straight lines.

If we take arbitrarily any part of the boundary I(z) of s(z) and differenti-
ate (2.2) along that part of the boundary I(z) with respect to the parameter
s, where s is the arc length of the curve, we get

(a11u — a12v + a13) cos(z, s) + (a11v + a1au + aq) cos(y, s) =0,  (2.3)
(ag1u — agav + ags) cos(z, 8) + (a21v + ageu + agq) cos(y, s) =0,

where dz/ds = cos(z, s) and dy/ds = cos(y, s).
For the system (2.3) and (2.4) have a nontrivial solution with respect to

dx/ds and dy/ds, it is necessary and sufficient that the determinant of the
system at the given part of the boundary be equal to zero,

An(u2 + v2) 4+ Appu + Ajzv + Ay = 0. (2.5)
The coefficients ayj, k = 1,2, j = 1,4, are given by (2.2), and therefore
coefficients Ay, A1o, A13, and Ay4 are fixed.
The equation (2.5) can be written in the complex form
w = [Bw + i2A14][-2iA1w + B] 1, (2.6)
where w = u — v, W= u+iv, B = A3 +iA12, B = A5 —iA9,
A1 = a11a22 — az1a12, A1z = a11a24 — 21014 + a13a22 — az3a12,
A1z = a14a22 — a24a12 + a13a21 — ag3a11, Ars = ai3ag4 — agzais.  (2.7)
The coordinates (u«,v«) of the center and the radius R, of the circum-

ference (2.5) for the chosen by us part of the boundary I(w) are defined as
follows:

uy = —A12/[2411], ve = —A13/[2411],
(2.8)

1
R, = 5\/[1412/1411]2 +[Ais/An]? = 441a/An.

We can require the condition BB — 441, A4 # 0, but not the condition
BB — 4411 A14 = 1 because the parameters ar;, k=1,2,j =1,4, are fixed
by the condition (2.2).

For solving the problems of filtration, one usually introduces the plane
¢ = t+ 47 and maps conformally the half-plane Im({) > 0 onto the domains
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s(z), s(w) and s(w). We denote the conformally mapping functions respec-
tively by 2(¢), w(¢) and w(¢) = '(¢)/#'(), where dw()/d¢ = w'(C) and
dz(¢)/d¢ = 2'(¢). By, k = 1,n, denote angular points of the boundary I(z),
l(w) and I(w) of the domains s(z), s(w) and s(w) which will be met at least
on one of the above-mentioned boundaries I(z), {(w) and [(w), as a result
of a circuit in the positive direction. By t = ey, k = 1,n, we denote the
points of the t-axis of the plane ¢ which are mapped, respectively, into the
points By, k = 1,n, where —o0o < e; < ey < --- < e, < +00. The point
t = ep4+1 = o0 is mapped into the nonangular point which lies on some part
of the boundary B, Bj.

The boundary values of the functions z(¢), w(¢) and w(¢), as { — ¢,
¢ € Im(¢) > 0 will be denoted by z(t) = z(t) + iy(t), w(t) = @(t) + ip(t),
w(t) = u(t) —iv(t), while the complex conjugates to the functions z(t), w(t)
and w(t) will be denoted by z(t), w(t), and w(t).

Introduce the vectors ®({) = [w((),2(¢)], ®(¢) = [w(?t), 2(¢)], ®'(¢) =
[W(€), 2" ()], @(¢) = [w'(€), 2'(Q)], f(t) = [f1(F), f2(t)]. Then the boundary

conditions (2.2) can be written as follows

(arg + iak1)w(t) + (aps + iars)z(t) = (ape — iap )w(t)+

(ags —ian3)z(t) + 2if(t), —oo <t < 4oo, k=1,2. (2.9)
The condition (2.9) by means of the vector ®(z) can be rewritten as
d(t) = g(t)®(t) + 226G f(t), —oo <t < 400, (2.10)

where g(t) = G~(t)G(t) is a piecewise constant nonsingular second order
matrix with the discontinuity points ¢t = ey, k = 1,n. G71(t) is the inverse
to G(t) matrix and G(t) is the complex-conjugate to G(t) matrix.

Below, instead of a;(t), k = 1,2, j = 1,4 we will write ax;, k = 1,2,
j=T1.4.

Matrices G(t) and G~1(t) are defined by the formulas

aiz2 +iai1, Q14 +1a13
G(t) = . ’ . 2.11
(®) (a22 +taz1, Q24+ Za23) ( )

and

1 azy +iags,  —(a14+ ia13)) (2.12)

Gt) = ——— . .
(*) det G(t) ((a22 + iasg1), a2 + iai
The matrix g(t) in the interval (aj,a;11) is defined as

_ 1 (AH,iAg

=G 'G = ———— JE ), a <t 1 2.1
g]() G] G] deth(t) ZA;{, A1]1> aj <t <ajyi ( 3)
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but for j =n — 1 we have
*(n—1 — . —
ATV = (AT A,
ALY = (—2)A(7Y, AV =240,

(2.14)
*(n—1)
AL = 94012 + A23011 — G14G22 — Q13021+
+i(azzaiz — azaa11 + ag1a14 — aizaze).
The function Zﬁnil) is the complex-conjugate to Aﬁn_l).
Differentiation of (2.10) yields
O'(t) = g(t)® (t), —oo <t < +oo. (2.15)

It can be easily verified that the equality g(t) = [g(t)] "' = GG holds,
where [g(¢)] 7! is the matrix, inverse to g(t), and g(t) is the matrix, complex-
conjugate to g(t).

For the point ¢t = e; we compose the characteristic equation

det(g; ' (ei +0)gj(e; — 0) — AE) = 0, (2.16)

where g;_&l (ej +0)g;(e; —0) is a matrix, E is the unit matrix, X is the pa-
rameter, and g;(e; +0), gj—1(e; —0) are the limiting values of matrices g;(t),
gj—1(y) at the point ¢ = e; from the right and from the left, respectively;
g;l(ej + 0) is the inverse to g;(e; + 0) matrix.

If we denote by A, the characteristic numbers of the matrix g, —1) (%),
then the equalities

(n

Mn + Ao =470 + A7 V) /2 det G,
Atn - Aan=det G,,—1/ det Gp,_1,
AinlAznl =1, [detg(®)] =1, Xin-Aan = 1/[A1n - Aznl,
1/ An 4+ 1/ don = Mn + Ao, At + dan = Mndon(Ain + A2n)
hold [1-31].

Let us introduce the characteristic numbers oy, = QLM In Mg, K =1,2.
Then a1y, + a2, = ag;, where ag; = ﬁ argdet(G,/G;),

()\ln/>\2n) = Unp, (217)

A1y — Qo = Py In

where 7y, is the interior angle of the contour I(w) of s(w) at the point A,,.
The roots A\gp, k =1, 2, for the point ¢ = e, are calculated by the formula
[1-7]

Aen = [AT7D L AT+

:I:z'\/4 det G, det G,, — (A3n 4+ A,1)2)/[2det Gy, k =1,2. (2.18)
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For the points t =e;, 7 =1,2,...,n — 1, we have

_ 1 1=
9j+11(aj +0)gj(e; —0) = Gj+1Gj+1Gj lij
9541 (a; +0)gj(e; —0) =

—T*(+1) (it ) ad
NS N T R ] o I PR
det G, det G, 7Z-A;§]+1)7 A’{§J+1) A, T

11
M+ doy = (A VAT + AT A3+
F A AY 4 ATV /et G det G, (2:20)
A1jA2; = det Gy det G /[det G 11 det Gl (2.21)
Using (2.19), (2.20) and (2.21), we can calculate
A1/ Az, ouj, @oj, aij+ Qg = qg;, a1y — azj = v, (2.22)
g = ;[ao(ﬂ_l) — ], detG; = Roexp(iag;j).

The characteristic numbers ag;, k = 1,2, j = 1, (n + 1), must satisfy the
Fuchs condition [1-31]

n+1

[1 = (a1 + azj)] =2,
2 (229
Ai(n+1) = 3, Qo(n41) = 2, too = apt1 = 00.

The equality a1 +as; = 1, j = 1,n, under the condition (2.5) may fail to
be fulfilled, and hence we are unable to apply the equation (1.4) for solving
the equation (2.15). As it will be seen below, to solve (2.15) completely it
suffices to use the linearly independent solutions (1.11).

Of all singular angular points of the boundaries I(z) and I(w), we select
such angular points to which on the boundary I(w) of s(w) there correspond
regular nonangular points. Such angular points on the boundaries I(z) and
[(w) are usually called removable singular points [1-7]. For the sake of sim-
plicity we assume that the number of removable singular points is equal to
two. Denote these points by ¢ = e;, and ¢ = ej;. The angles corresponding
to such points on the contours I(z) and [(w) are equal to 7/2. To remove
those singular points from the boundary conditions (2.15), we introduce the
new unknown vector ®;(¢) by the formula

/ (€ —er—1)(C — ertj-1)
o =0
B 1(O\/ (€ —ex)(C —erts)
(C—ex1)(C—erti-1)
(€ —er)(¢ — exty)
When passing from the vector ®(¢) to ®1(¢), the matrix g(¢) in the
interval (ex—1,ex), (€x+j—1,€r+;) is multiplied by (—1).

(2.24)

>0, (> epty-
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We enumerate the remaining singular points along the t-axis as t = ay,
k =1, m. To these points there correspond the points Ay, k =1, m, on the
contour [(w). In what follows, the notation for the matrices g(t) = G~'G
will remain unchanged, but all the changes which occurred while introducing
®1(¢) will be taken into account.

If one or several elements in the matrix g(¢) are equal to zero, and more-
over, det g(t) # 0, then the problem (2.10) is solved completely by means of
the Cauchy type integral [1-31]. Besides the above-mentioned one we come
across the cases where all the elements in the matrix g(t) are different from
zero and then the problem (2.10) is solved by elementary means [16, 26].

The boundary condition with respect to ®1(¢) can be written as

Oy (t) = g(t)P1(t), —oo <t < +oo. (2.25)

To solve the problem (2.25), we first find all the roots Agj, k = 1,2,
j=1,m+1, from (2.16) and then, taking into account (2.23), we find ay;,
k=1,2,7=1,m+1 [1,7]. Having found the above-mentioned quantities,
we substitute ay;, k = 1,2, j = 1,m into (1.11).

All the equations and formulas (1.11)—(1.16) remain valid and will be
used later on for solving of (2.10), (2.15) and (2.25).

3. THE FucHs CLASS EQUATION IN THE FORM OF A SYSTEM

The equation (1.11) in the neighborhood of every singular point ¢ = ay,
k =1,m + 1, and in the neighborhood of any regular point, where p(¢) and
q(¢) are analytic, has two linearly independent local solutions which are
constructed by means of infinite series whose coefficients are defined in the
well-known manner. These series converge respectively in the circles with
centers at the points for which these series have been constructed, and the
convergence radii of the series are bounded by the distance from the centers
of the given circles to the nearest to the centers singular points.

We denote the local linearly independent solutions of the equation (1.11)
for singular points ( = ax, k =1,2,...,m+1, by v;(¢), j = 1,(m+1),
and for t = a} = (a; +a;4+1)/2, j = 1,2,...,m — 1, by o3;(¢), k = 1,2,
i=12...,m—1.

Suppose

u1(¢) = pu;(C) + qu2;(C),  u2(C) = ru;(C) + suz;(), (3.1)

where p, ¢, 7, s are the integration constants of (1.15).
The equation (1.11) can be written in the form of the system

(O = 1 (OPE), (3.2)
(w0, () (0, —q(0)
Xl“)‘(w@, ug<<>)’7’<o—<l, p<<>)’ (3:3)

where u1(¢), uz2(¢) are linearly independent solutions of (1.11).
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A solution of the boundary value problem (2.25) will be sought by means
of the matrix x1(¢). It is known that if the matrix x1(¢) is a solution of
(3.2), then the matrix T'x1(¢) is also the solution of (3.2), where

T:( ’ Z) det T # 0. (3.4)

T?

If we construct the local linearly independent solutions u;({) and oy;(¢)
of (1.11), for the points ¢ = a;, j = 1,m+1, ( = aj = (a; + a;4+1)/2,
j = 1,m —1, respectively, then the local fundamental matrices for (3.2)
will have the form

. — ulj(<)7 ullg(C) i —TmT1

6] (C) - <u2j(€-)7 UIQJ(C)) y J= 17 + ]-a (35)
) _ Ulj(oa UIlj(C) T ——

0= (e o) =TT (30

Suppose that the inequality |a,,| > |ai| holds. Then at the point a}, =
—|am| we construct the local series 0.k (¢), k = 1,2, and the corresponding
local matrix o4;(¢). The convergence radii of these series are bounded by
the distance from the point ¢ = a,, to the singular point ¢t = a1, and if
|a1| > |am|, then we construct at the point a} = |a1| the local series o.4((),
k = 1,2, and the matrix ¢*({). The convergence radius of these series will
be bounded by the distance from the point a] to the point ¢ = a,.

It becomes evident that there exists a finite number of circles with centers
C:aj,jzl,m—&—LC:a;fz(a]—i—aﬁl)/Q j=1,m-1,¢ =a} (or
¢ = a}) which cover completely the z-axis, —oco < t < —|—oo. Note that
the circle with the center ( = oo is assumed to be the exterior of the circle
I¢| < 7o, where 1 is equal to the largest (in absolute value) of the numbers
a1 and a,, .

The equation (1.11) in the neighborhood of ¢ = a; can be written as

(€ = a;)*0"(¢) + (¢ = a;)p;(¢)v" (¢) + 4;(Qv(¢) =0, (3.7)

where
¢) =poj + Y _pnj(C —a;)",
. (3.8)
Py = (1" Y7 [1— ok — as(a; —a)",
k=1,k#j
poj =1 — ay; — agy,
3.9
Qj(C) = o0 + C + Z an j a ( )
Gnj = Z [argaor(n — 1) + ¢ (a; — ax)](a; —ag)™™, (3.10)
k=1,k#j

n=23,...
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qoj = Q1jQz5, qij =c¢;, j=1,m. (3.11)

The local solutions of (3.7) for the point ¢ = a;, j = 1, m, will be sought
in the form

wi(Q) = (€= a)™i(¢), T(Q) =1+ D i (¢ —ay)™. (3.12)

For definition of the coefficients v,;, n = 1,00, j = 1,m, we have the
following recursion formulas:

foj(Oéj) = OL]'(OLJ' — ].) +p0j0tj -+ Q()j = 0, (313)
T fola +1) + fi(y;) =0, (3.14)
Yoj fo(ajv2) + 1 fi(a; + 1) + fa(a;) =0, (3.15)

Yngfolaj +n) +yn-1)jfi(a; +n —1)+
+Yn—2)jfoley +n=2) + -+ 715 fn_1)(a; + 1) + fu(a;) =0, (3.16)
where
fulay) = ajpnj + Gnj- (3.17)
The defining equation (3.13) for every point t = aj, j = 1,m, has two
roots, a1; and as;. If the difference a; — g5 is not an integer, then using

the formulas (3.14)—(3.16), we can construct for every point ¢ = a; two
linearly independent solutions

ukj(C) = (C_a’j)akjakj(C)a ﬂkj = 1+277]§j(<‘_a’j)n7 k= 1,2. (318)
n=1

But if the difference a1; — g, is an integer, then uy;(¢), j = 1,m,
can be constructed by the formulas (3.14)—(3.16), while if u9;({) involves a
logarithmic term, u2;(¢) can be constructed with the help of the Frobenius
method [15, 27-31].

Let us pass now to the construction of us;(¢) when the difference a;; —
az; = 2 and ug;(¢) does not involve a logarithmic term. For such a point
t = aj, on the contour I(w) there is a cut (circular or linear) with the
angle 27. P. Ya. Polubarinova-Kochina has proved [2] that ug;({) does not
contain a logarithmic term. She also obtained the equation connecting the
parameters a;, ¢; [1-7, 25-31]. To construct ug;(¢), we will act as follows
[25-31].

For the point ¢ = ay, the equality (3.15) fails to be fulfilled because

foj(aj + 2) =0 (319)
as aj — (gj.

In order for the equality (3.15) to take place as a; — aoj, it is necessary
and sufficient that the condition

Y1 filey +1) + fala) =0, a; — ag; (3.20)
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be fulfilled.
After certain transformations, the equation (3.20) takes the form
G2j + @i + q1ip1j = 0. (3.21)

Note that for the cut end ¢ =a; with the angle 27 the equality dw(¢)/d¢ =
0 holds for ¢t = a;, where w(() is the general solution of (1.1) or (1.18).

To construct ug;(¢) for the cut end, it suffices to calculate ’)/%j(agj)
uniquely; the remaining coefficients ’Y,Zj(agj), n=1,3,4,5,..., can be cal-
culated by the formula (3.16). Under the conditions (3.19) and (3.20) the
equation (3.15) is fulfilled.

To define fygj (aa;) and, consequently, ug;(¢) uniquely, we suppose that
a; # ag;. Then (1.5) implies that

Yoi(0) = —[mjag) fri(ag + 1) + fai(a;)l/ fo; (e + 2). (3.22)

The numerator and denominator on the right-hand side of (3.22) van-

ish as a; — ag;, and hence there is an indeterminacy. Developing this
indeterminacy by the L’Hospital rule, we obtain

735 = —0,5[p1j(p1j + 241;) + p2y). (3.23)

Thus 73;, and hence ug;(¢), are defined uniquely.

Let us proceed now to the determination of the local solutions in the
neighborhood of the point { = a;,+1 = 00.

Represent p(¢) and ¢(¢) in the neighborhood of { = oo as follows

p(C) = <71 anoo<7na Q(C) = <72 Z GnooC ", (3'24)
n=0 n=0

where

Pnoo = Z[l — (Oélk- + agk)]az, Poso = 6, (3'25)
k=1

Gnoo = ) _laakazn(n + 1) + ciaxlaf, (3.26)
k=1
m

Qoo = _lonkazk + claxl, (3.27)
k=1
m

G100 = )_[2011020ax + cjai]. (3.28)
k=1

The local solutions in the neighborhood of the point t = oo will be sought
in the form

Uoo($) = % + ) noo( (3.29)

n=1

For definition of 7,00, 7 = 1, 00, we have the formulas

fOoo(aoo) = aoo(aoo + 1) — P0coOoo + Goce = 0, (330)
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Yoo fooo (oo + 1) = P1oo + G1oo = 0, (3.31)
Y200 fooo (oo +2) + Yoo floo Qoo + 1) = Pacctios + q200 = 0, (3.32)
Yoo fooo (oo + 1) + ’Y(nfl)oofloo(aoo +n—1)+

+ Yn—2)o0 f200 (oo + 1 = 2) + - + Voo fn—1)(Coo + 1)—

— ProoQoo T Gnoo = 0, (3.33)
where

Jroo = Qroo — (Qoo + K)Proo- (3.34)
Owing to the fact that ¢ = co is the image of the nonangular point, the

equation (3.30) must have the roots a1 = 3 and @z, = 2, and hence the
free term gpoo must satisfy the condition

m
Gooe = D _[01k0ak + arcy] = 6. (3.35)

k=1
Since a1 — (aso = 1, the equality (3.31) fails to be fulfilled, therefore
the formulas (3.31)-(3.33) allow one to determine only 7., n = 1,00,

and hence the solution u1,,(¢). For the equality (3.31) to take place for
Qoo = (20, it 18 necessary and sufficient that the condition
qloo — Ploo®200 = 0 (336)

be fulfilled.
To define 77, we act as follows: from (3.31) for an, # Qoo we define
Y100 and obtain

Yoo = [ploo - q100]/f000 (0400 + ]-) (337)

Since the numerator and the denominator in (3.37) vanish as aeo — @200,
we can develop the indeterminacy in the well-known manner and get

Voo = Ploo- (3.38)
After that we define 72, n = 2, 00, by the formulas (3.32)—(3.33). Thus

we have obtained the solution 2.0 (¢)-
Finally, we have

Ukoo (() = (7= + Y " Yo (T*="", k=1,2, (3.39)

n=1
The equations (1.21) coincide respectively with the equations (1.13),
(3.35) and (3.36).
4. LOCAL REPRESENTATIONS OF THE MATRICES x;((), j =1,m+1

Of each set of branches of the functions explay; In(t — a;)] appearing in
the local solutions u;(¢), we choose one as follows:

explag; In(t —a;)] >0, t>aj,

[explag; In(t — aj)]]i = exp[tiag;] explog; In(a; — )], t < ay,
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[exp[—agoo In(—1)]]F >0, —o00<t<ay;
[exp[— oo I 1]]T = exp[Eim(—thoo )] €XP[— koo INt], @y < T < 0.

Along with (3.5) and (3.6), we introduce the matrices

o (0 ey
6](t) = <’U,§](t), u,;;(t)) R j—1 <t < J (41)

where
ug; (t) = (a; — )™ uy;(t),
’u’;cj (t) = —(a; — t)akj_la;:j(t)v u;cj(t) = dup;(t)/des
U () = anj + Y i (g +n)(t — ag)".
n=1

Between the matrices ©;(t) and ©7(t) there is the connection
OF () =0705(t), aj_1<t<aj, (4.3)
O (t) = 02()0% (1), am < t < +o0,

where the matrices 9?.[ are defined by the formula

+  [exp(Limaq,), 0
0 ( 0, exp(timag;) (4.5)

for ay; — agj # n, while for n =0, 1,2 they are defined by the equality

ﬂ: +7 ) . :l: tirta i )
9j =e 0‘21( i, 1), n=0,2; 9]- =e 2 ( i, 1) , n=1. (4.6)

For the cut end w = Aj;, the matrices Hji are defined in the following

manner. If the eigenvalues are of the type an; = 3/2, ag; = —1/2, then
Hji = Fil, where E is the unit matrix, but if oy; = 2, ag; = 0, then
0 =E.

The elements of the matrix ©7(t) involving logarithmic terms are defined
by the formulas

uz;(t) = (aj — 1) [(t — a;)" U, (8) In(a; — t) + a5;(1)], (4.7)
uzi(t) = —(aj — t)*» " H{[(a; — )" e ™ uy; In(a; — t) + @y, )]+
+i3;(t)}, n=0,1,2. (4.8)

5. THE FUNDAMENTAL MATRIX

Let us construct the matrix x(¢). The domains of convergence of the
matrices ©;(t) and o;(t) have always a part in common in which one can
write the equalities

@;(t)ZTj*O'j(t), O'j(t)ZTOj@j_l(t), Tj_l :T;Toj, aj—1 <t<aj, (51)
OT(t) =T mo—m(t), o_m(t) =T-Ox(t), —o0<t<ay (5.2)
0% (1) = TuOm(t), am <t < +00.
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Here T}, Toj, T-m, Tj—1, T—oc, Tec are constant real matrices defined by
the equalities (5.1)—(5.3). In these equalities we can fix ¢ arbitrarily in the
domain where the two local matrices, appearing in the above-mentioned
equalities, converge.

Define the matrix x1(¢) along the t-axis of the plane ¢ as

Xi(t) =TOE(t), Of(t)=0,(t), am <t < +oo, (5.4)
XE(t) =TOEON (), am1 <t < am; (5.5)
Xi () =TOET 105, 1(t), Tm-1=T3Tom, Gm-1<t<am; (5.6)
XE(t) = TOET,, 165 0% (1), am_o <t<am_1; (5.7)
XE(t) =TOET,, 1 ... T10TOI(t), —oco <t < ay, (5.8)
XE(t) =TOET, ... 05T o Ou(t), —oco<t<ay, (5.9)
XE(t) = TToO (1), am <t < 400, (5.10)

where the matrix 7" is defined by the formula (3.4).

The upper signs (£) in the matrices (5.4)-(5.10) denote the limiting
values of the matrix x({) respectively from the upper (when ¢ € Im(¢) > 0,
¢ — t) and in the lower (when ¢ € Im(¢) < 0, ¢ — t) half-planes. The
limiting values of x*(¢) and of x ™ (t) are connected follows: x~ (t) = x+(t),
where x*(t) is the complex conjugate of the matrix x*(¢).

6. SOLUTION OF THE BOUNDARY VALUE PROBLEM (2.25)

A straightforward checking shows that the matrices (5.4)—(5.10) satisfy
the equation (3.2). Therefore, by appropriate choice of the parameters a;,
¢j, j=1,m, p, q, r, s, the same matrices must satisfy the condition (2.25).
Indeed, we start our proof from the interval (a,,4+00). We have

TO;,(t) = gm(t)TOL(t), gm(t) = E,
oLt =0,@t), T=T, an<t<+oo.

For the interval (am,—1,as) in the neighborhood of A = a,, we obtain
the equality

(6.1)

TOO (t) = gm-_1T0,,0% (), am_1 <t < am. (6.2)
The expressions (6.1) and (6.2) result in the matrix equations
(O4)? =T G G T, (6.3)

from which one can see that the matrices (6;;)? and G, | G,,—1 are similar.
The matrix equation (6.2) can be rewritten in the form

ing * —1 .oAx —1
T )‘l(m)7 0 _ A1§m )ﬂ ZAlgm ) T (6 4)
0 X | . 4x(m=-1) —#(m—1) ) .

) 2(m) Ay , Ap
Ak = Mo/ det Gy, k=1,2, (6.5)
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which in its turn results in the system consisting of two equations

r/p= {\/det Gy det G 1 —(Re Aﬁm_l))QfIm Aﬁm_l)} /Agm_l), (6.6)
and
s/q= {Im Aﬁmfl)—\/det Gpm-1det Gro1—(Re Af§m71))2}/14;§m71). (6.7)

Analogously to the matrix equation (6.3), we find the matrix equations
successively for the points ( = a;, j =m —1,m —2,...,2,1. We have
1O T 160} | = gmo2(t)T6, T_10,,

m—1

TO} To10 \Ton—20t 5 = gm—3T0, Tyn16, _T—26, o, (6.9)

TO T 10 (T o0 .. . TH0 =
=T0,Tp-10,, Tm—20, ...Ti07. (6.10)

Similarly to the system of equations (6.6) and (6.7), from the matrix
equations (6.8)—(6.10) we get two equations for every singular point.
The matrix equation (6.3) can be written as

p- exp(iman,) =

= Aﬁm_l)p - exp(—irarm) + z‘AIém_l)r - exp(—imaim), (6.11)
r-exp(imaym) =
= iA;gmfl)p -exp(—imaym) + Zﬁm_l)r - exp(—imaim), (6.12)

q- exp(imagm) =
= Af§m71)q - exp(—imagy, ) +iA125 Vs exp(—imag,,), (6.13)
s- exp(imagm) =

_1)

= z‘A;Yn_l)q -exp(—imagm) + Zﬁm s - exp(—imogm,). (6.14)

Dividing the corresponding parts of the equations (6.11) and (6.12),
(6.13) and (6.14), one can see that the ratios p/r, ¢/s in the interval
(@m—1,am) satisfy the boundary condition (2.25),

.oAx —1 * —1 * —1 .ok —1
p_ AN U AV g AN Vafsidi 0
S AV TR

The coordinates of the points w = A,,, w = A}, also satisfy the same

condition and, consequently,

p/T:Ama Q/S:A;nv (616)

where A/ is the second point of intersection of the two neighboring circum-
ferences.

Remind that by A, A}, k =1,2,...,m, we have denoted the complex
coordinates of the angular points of the circular polygon s(w) at which two
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neighboring circumferences may intersect; note that the point A) lies more
often outside of the contour /(w).

On the plane w, if the origin coincides with the point w = A,,, then
Ap, =0 and A, = co. Consequently, p =0 and s = 0. It should be noted
that for the interval (ay,—1, @), if ¥4, # 0, one can always suppose that

A*(mfl), 0
Go1 = < H —eme) | - (6.17)

Consider the matrix equation (6.8),
T*(m—l)e:yry,fl = gm72T*(m—1)9;7,71; T*(m—l) = T0$Tm71 (618)
From (6.18) we get the system of equations
Pi(m—1)/Ts(m=-1) = Am—1,  Qe(m-1)/Sx(m-1) = A _1, (6.19)
where py(m—1), Gx(m-1), Tx(m—1) and s,(,_1) are the elements of the matrix
Ts(m—1)- Taking into account (6.18), the equalities (6.19) can be rewritten
as follows:
DxPm—1 + @xTm—-1 A
— Am—1,
T«Pm—1+ S«Tm—1 T«Pm—1 + SxSm—1

P«Qdm—1 +q*3m—1 :A/

m—1>

(6.20)

where p., ., 7« and s. are the elements of the matrix T = T} .
The equalities (6.20) with regard for (6.19) can in their turn be rewritten

as
/
TsPm—1Am+8:Tm—145,

T *Amfla
Ts«Pm—1TS«Tm—1
6.21
T*melAm‘i’S*SmflA{m ’ ( )
:Am—l'
Ts«Qm—1 +5*5m—1
After simplification, the equations (6.21) take the form
7ﬂ*pmfl(AAm - Amfl) + S*Tmfl(A{m - Amfl) = 07 (622)
T*qul(Am — A{m—l) + S*Smfl(A{m — A;n—l) =0. (623)

The condition of compatibility of (6.22) and (6.23) with respect to r, and

s, has the form
Pm—18m—1 _ Al — Ay A — AL (6.24)

Tm—19m—1 Am — Ap—1 A, — A{m—l '
From the matrix equation (6.9) we obtain the system of equations

P+(m—1)Pm—2 + s (m—1)Tm—2

= Am—27
Tx(m—1)Pm—2 + 5*(m—1)7’m72 (6 25)
Ps(m—1)dm—2 + q:(m_1)8m72 , '

- Am72a

Tx(m—1)dm—2 T Sx(m—1)Sm—2

where py(m—1); Gx(m—1)s Tx(m—1), Sx(m—1) are the elements of the matrix

Tyim-1) = T, T16 (6.26)

m—1-*
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After certain transformations the above system takes the form
Ti(m—1)Pm—2(Am—1 — Am—2) + Sx(m-1)Tm—2(A47,_1 — Am—2) =0, (6.27)
Ta(m—1)Gm—2(Am—1 — A _2) + Suim-1)Sm—2(A,_1 — A _5) = 0. (6.28)

The equations (6.27) and (6.28) imply

98— Al — Ao A1 — A _
Pm—25m—2 _ fm— 2 ! 1 71 2’ (6.29)
Tm—2qm—2 Am—1—Am_2 Am—l - Am—2

The remaining matrix equations can be investigated analogously [25-31].

The equations (6.24) and (6.29) are nothing but the invariant cross-ratios
of four points of the same circumference at which the given circumference
intersects with the two neighboring ones.

From (6.3)—(6.10) we can get all the needed equations with respect to ay,
¢k, k =1, m, and to the integrations constants p, ¢, r and s.

For every point ¢ = a; we have obtained a system of two equations which
are homogeneous with respect to the elements of the matrices T, k = 1, m;
their conditions of compatibility for, e.g., the points ¢ = a,, and a,,_1 have
the form (6.24) and (6.29). The above-mentioned systems of equations have
been obtained under the assumption that o; — anj #n, n=0,1,2.

Consider briefly the case where a1; — ag; = n, n =0,1,2. According to
the representations (5.4)-(5.10), the unknown matrices x*(¢) and x~(t) in
the interval (a;_1,a;) must satisfy the boundary condition

TO3 T 10, T2, 5. Ti0F =
= gj_lTO;Tmlt?;@_le_QHTT@_Q Tﬂ;, (630)

where

Qjei’TO‘Zj(l’. 0>, 0" =8, n=20,2;

+mi, 1 J 77
irans [ —1, 0 - =+
+ IO ’ !
0, =e J(m, 1), n=1, 0; =0;.

It can immediately be verified that (6.30) leads to a usual system of
two equations with respect to p;, gj, rj, s;, but the condition of their
compatibility does not provide now the relations analogous to (6.24) and
(6.29).

As is mentioned above, matrix equations similar to (6.1)-(6.10) can be
obtained for all the points ( = aj, with the exclusion of the points { = a;
to which there correspond the cut ends of the boundary I(w) of the circular
polygon w = A; for which v; = 2. For such points we have either the
condition (3.20) or (3.21). This allows one to obtain one equation for each
point, the second equation being obtained after determination of I(z), I(w)
and [(w).

From the matrix representations we first define uj () and uj () and
then compose the ration w* (t) = u] (t)/ug (t). According to (5.4)-(5.10),
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the function w™ () for the interval (a;,a;+1) can be represented as

wh (1) = [Afui (1) + Brug; (1)]/[Couty + Diug (1), (6.31)

where A7, B}, C%, D} are defined by (5.4)—(5.10).
Calculating the limit as { — a; by means of (6.31), we obtain the equa-
tion

A; = B;/D:. (6.32)

The corresponding equations for other points ¢t = ax, k = 1,m + 1, can
be obtained analogously.

Finally, for every point ¢ = a; we obtain two real, homogeneous with
respect to pj, g, r; and s; equations, for example, (6.6) and (6.7). From
the condition of compatibility of homogeneous equations for v; # 0,1,2,
we obtain invariant cross-ratios for four points of one circumference, for
example, (6.24) and (6.29). In the case where v; = 0,1, 2, the conditions
of compatibility of two equations provide certain, equations which, however
are not anharmonic.

From each system of two equations we can take one equation and, in
addition, one more equation of compatibility, i.e. we take two equations for
each point ¢ = a;. The number of equations is equal to 2m and the number
of unknown parameters ag, c; k = 1,m, p, q, r, s with ps—rq # 0 is 2m —3.
Consequently, the number of equations will be greater by three than the
number of unknown parameters. It should be noted here that from the
very beginning we have supposed that the linear fractional transformation
over the domain s(w) was performed with a view to have the equation
G, = E (E is the unit matrix) on one part of the boundary !(w). Thus the
parameters p, ¢, r, and s turned out to be real and their number equals to
three, since ps — rq # 0. The above-described method of constructing the
functions w((), w(¢) and z(¢) and the system of equations with respect to
aj, ¢;, j = 1,m, is assumed to be much more convenient than some other
methods. One can give up transformation of the domain s(w). In this case
the parameters p, ¢, r and s will be complex and the number of the unknown
parameters will equal to 2m. The appearance of three additional equations
can be explained just as in the case of linear polygons.

Having constructed the system of equations for determining ay, c, p, ¢,
r and s, k = 1, m, we have first to establish the intervals of variation of the
parameters ¢}, k = 1,m, then to solve the system with respect to ag, c},
k =T1,m and finally, to define p, ¢, r and s.

Remind that pj, g;, r; and s;, j = 1,m, depend implicitly, through the
coefficients of the generalized hypergeometric series, on the parameters ay,
i, k =1, m. The intervals of variation of the parameters can be established
according to [27].

As is known, the series uy;(¢), j = 1,m+1, k = 1,2, converge, re-
spectively, in the neighborhood of the points ( = a;, j = 1,m+1, t =
am+1 = oo and the series oy;(¢) in the neighborhood of the points a;j =
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(a; + aj+1)/2. The convergence radii of these series are bounded by the
distance from the given point ¢ = a; (or from the point a}) to the nearest
points ¢ = a;_1,aj4+1. L

The series ug;(¢), k = 1,2, j = 1, m, are whole functions of the parame-
ters ¢}, j = 1,m, but with respect to ¢ these series converge slowly, which

makes numerical calculations difficult. As n increases, the coefficients fynj
sometimes rapidly increase, although their multipliers (¢ —a;)™ on the con-
trary rapidly decrease. Electronic computers fail to multiply 'yﬁj by (t—a;)"
despite the fact that the series converge. To eliminate this drawback, we
have suggested to write the same series in the form of rapidly and uniformly
convergent functional series [28-31].

Let us consider the structure of the recurrence formulas (3.15)—(3.16),
(3.31)—(3.33). The sum of the first lower indices in the expressions y(;_p); -
fnj(aj+k—n) is always equal to k, i.e. to the exponent of (t—a;)¥. Instead
of the series (3.18) let us consider the function series of the type

ugj(t) = (t—a;) ™yt —az), ug;(t E:VW —a;), 55 =1, (6.33)

where ’yﬁj is defined, according to (3.15)—(3.16), in terms of vi;,7v2;,-- -,
Y(n—1);> and the latter in their turn are defined in terms of f;(c;), where

fij(t = aj,a5) = api; (t — a;) + q;(t — a;) (6.34)
b t—a; \"
gt —a;) = (1" 3 [1—an - a%]( J ) , (6.35)
1 a; — ak
k=1,j#k
n=12...,
n—2 l— a; \"™
Gnj(t—a;)=(-1) (arnazk(n = D+ci(a;—an)) (L), (6.36)
k=1, k] 3Ok
n=23...,
t_ .
‘7‘” k4 (6.37)
a; — ag
m
Dnoo(t) = Z 1 — aipaor)(ar/t)", (6.38)
k=1
o0
Gnoo(t) = O [arkaok(n + 1) + chax] (ar /)", (6.39)
k=1
n=0,1,2,...,
lax /] < 1. (6.40)

The formulas (6.34)—(6.40) show that the fundamental series (6.33) and
the series

oo () = ¢k [1 n Zm’imm} (6.41)

n=1
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converge in the domain |¢ — a;| more rapidly than the series (3.18).
The matrices YT (¢) defined by the formulas (5.1)(5.10) satisfy the boun-
dary condition (2.25).

7. DEFINITION OF THE FUNCTIONS w({) AND z(()
Along the real t-axis, the function w™(¢) is defined by the equality

wt () = uf (t)/ud (t), —oo <t < 400, (7.1)

where u] (t) and uj (t), being the linear independent solutions of (1.11), are

defined by the formulas (5.1)—(5.10).

Knowing w(¢) along the entire real t-axis of the plane, we can find w(()
for Im(¢) > 0 for all ¢ = ex, k = 1,n + 1, with the help of the well-known
formula given in [16].

Note that using the matrix x(¢) defined by the formulas (5.4)—(5.10),
we can construct a canonical matrix for the corresponding homogeneous
problem (2.10) with regard for all singular points t = e, k = 1,n + 1, after
which it becomes possible to solve the nonhomogeneous boundary value
problem (2.10) by means of the Cauchy type integral. This has been done
by us in [27]. In the present paper we find the solution of (2.10) in a more
simple way than that described in [27] and [29]. We rely here on the linear
independent solutions (1.11) and on the general solution of (1.18).

Let us multiply the functions uj (¢) and uj () by

(€ er-1)(C — ertj-1)
XO(Q‘¢ C= e —errg)

The matrix x1(¢) defined by the formulas (5.4)—(5.10) satisfies the boundary
condition (2.25), as far as we take for granted that the equalities (6.1)—-(6.32)
are fulfilled. This means that the columns of the matrix x1(¢) defined by
the formulas (5.4)—(5.10) satisfy the boundary condition (2.25). To obtain
the solution ®1(¢), we have to take the elements of the first column of the
matrix y1(¢) which are defined by the formulas (6.1)-(6.32) and then to
compose the vector ®1(¢) = [u1(C), u2(¢)], Im(¢) > 0.

We have taken the elements of the first column of the matrix x1(¢) be-
cause the relation w(¢) = wu1(¢)/u2(¢) gives the general solution of the
Schwarz equation with the right-hand side (1.18), while the ratio v/ (¢)/u5(¢)
does not satisfy the equation (1.18).

The vector ' (¢) = ®1(¢)xo(C), where xo(¢) = 1/ gﬁ;;;g:gg;l), will

be a solution of the problem (2.15). Consequently, the elements of the

vector (), w'(¢) = uf (()xo(¢) and 2'(¢) = u3 ({)x0((), satisfy both the
boundary conditions (2.15) and the conditions at the singular points ¢ = ey,

k=1,n+1.
Now we can write the following equalities:

dw(t) = uf (t)xd (t)dt, —oo <t < 400, (7.2)
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dz(t) = ug (t)xg (t)dt, —oo <t < +oo0. (7.3)
Integrating the equalities (7.2) and (7.3) in the intervals (—oo,t), (e;,1),
j=1,2,...,n, we obtain
t

W) = /uf(t)xar(t)dt—i—w(—oo), Co<t<e,  (T4)
() = /u;(t)xg(t)dt+z+(—oo), Co<t<en,  (T5)

wt(t) = /uf(t)xar(t)dt+w;f(ej), j=1ln+1, e <t<ej, (7.6)

z+(t):/u;(t)xg(t)dt+zj(ej), =TT, e <t<epn, (1.7)

where wt(—00), zT(—00), wh(e;), 2t (e;) are the limiting values of the
corresponding functions w*(¢), z(¢) from the right at the points —oo, €;,
j=1n+1

Obviously, the functions w* (¢), 2 (¢) defined by the formulas (7.4)—(7.7)
satisfy the boundary conditions (2.10).

In the formulas (7.4)—(7.7) we can separate the real and imaginary parts
and get expressions for the functions ¢(t), ¥(t), x(¢) and y(t).

Passing in the formulas (7.4) and (7.5) to the limit as ¢ — e; from the
left, we arrive at

€1

e = [l O Ot + (-0, (7.8)
“Her) = 7u;<t>x3<t>dt+z+<oo>, (7.9)
W (ejs1) = 71UT(t)x8r(t)dt+w+(€j), j=Ta¥l  (T.10)
2+ (ejs1) = 71u;<t>x3<t>dt+z+<ej>7 j=Tasl (1)

where wt(ejy1), 27 (ej+1), are the limiting values of the functions w™(¢),
2t (t) from the left at the point ¢ = e;41.

In the formulas (7.4)—(7.11) it is assumed that the integrands at the
points ¢ = —o0, t = ej, j = 1,n are integrable. In case the integrands
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are nonintegrable at some point ¢ = e; of ey, ez, €3,...,e,41, We take the
integrals from the other end of the interval, where they are integrable. But
if the above-mentioned functions are nonintegrable at both ends of the in-
terval, then we take any interior point of the interval and from that point
(as the lower limit) the integral is taken.

For determination of the parameters a; and c;, j = 1, m, we have ob-
tained a system of higher transcendent equations, e.g., the equations (6.6)—
(6.32); as for the parameters ¢t = e;, j = 1,n, which do not coincide with
the parameters ¢ = a; and the function x(¢) depends on, and also as for
the parameter () which is connected with the liquid discharge, for their
determination we have obtained the system of equations (7.8)—(7.11).

Having found all the unknown parameters on which the functions w(¢),
2(¢), and w(¢) depend, by the formulas (7.6)—(7.7) we can find the equations
for the unknown parts of the boundaries of the domains s(z), s(w) and s(w),
as well as for other geometric and mechanical parameters of the liquid flow
[30, 31].

8. ANOTHER METHOD OF SOLVING THE SYSTEM (6.3)—(6.10) WITH
RESPECT TO pj/”l’j, Sj/q]'.

Of the system (6.3)—(6.10), we consider the matrix equations for two
neighboring points ¢t = a; and ¢t = a;_;. We have

Aj‘_+1 = 954541, Aj‘_+1Tj93|r = 95145, 1505, (8.1)
where
AZ ) =T05 T 10y ... Tjiab5,,. (8.2)

Excluding A;‘H from the system (8.1), we obtain the equation with re-
spect to Tj:
J J
Tj(‘g;r)Q =B'T;, B = (g%h g?) = (A'_+1)719j_19j—1‘4j_+1- (8.3)
21> 22
When solving (8.3), consider the following cases: (1) the difference a1; —
az; is not an integer; (2) the difference a; — apj is an integer.
1. The solution of (8.3) with respect to the elements of the matrix T
has the form

pi/ri = Bly[hj — BLT pi/ri = (Bd) MMy — Bl (8.4)
s;/0; = (Bly) "' [Moj — BY]7Y,  sj/q5 = Bjy[hay — By (8.5)

We take one equation from each of (8.4) and (8.5) because the second
equations coincide with the first ones owing to the fact that

det B = Aijhaj, B, + Bly = A\1j + Mgy (8.6)

Consequently, the solution of (8.3) for one point is given in the form of
two scalar equations with respect to the parameters aj, ¢j, j = 1, m. Recall
(5.1) and (5.2) in which it is seen that the parameters p;, ¢;, r;, s; depend
implicitly on a;, ¢;, j = 1, m.
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The solution of the matrix equation

gm—l gm—l
0% = gmsTH. gm_lz(gﬁf gm) 8.7)

have the form
p/r =g "am — gl s/a =By Pam — g, (8.8)

where p/r and s/q are the integration constants of the Schwarz differential
equation (1.15).

We can immediately verify that the solutions (8.4) and (8.5) are real,
hence the equation

pis;i/(ria;) = oy — By )My — B 7Y (8.9)

is real as well. This equation is connected with the invariant cross-ratio of
four intersection points of one circumference with two neighboring circum-
ferences (see, e.g., (6.29) or (6.24)).

2(a). The difference A1; — Aa; = n, n = 0,2. In this case the equation
(8.3) takes the form

1, 0 »
)\QjTj (27T’i, 1) = B‘]Tj. (810)

The solution (8.10) has the form
Aaj(pj+2miqy) =Bl \pj+Blarj, ojlrj+2mis;)=Bip;+Biors, (8.11)
55/ = Aoy — B111(Bly) ™", sj/q; = By;[haj — Bl . (8.12)

We take one equation from each of (8.11) and (8.12) because the second
equations coincide with the first ones. Indeed, this is obvious for (8.12),
while for (8.11) it is necessary to indicate the way of proving. First we
define ¢;/s; from (8.12) and substitute the obtained value into the first of
the equations (8.11), then we divide by s; the left and right sides of both
equations (8.11) and obtain

s_]-()‘Qj —Bi;) - S—J_B{Q = —2mi\i; Biy[A1; — Biil, (8.13)
J J
Di, T .
(B + (N — Bly) L = 2mida. (8.14)
J J

These equations coincide because the coefficients (including the free terms)
are proportional.
2(b). If a1j — ag; = 1, then the equation (8.3) takes the form

1, 0 :
Ao; T (_27”. 1) = BIT;. (8.15)

In this case (8.12) remains invariable, and proportionality of the coef-
ficients (including free terms) is not violated if in the systems (8.13) and
(8.14) we replace 27 by —2mi.

)
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Defining the elements p;, g;, r; and s; from (5.1) as depending on a;, ¢;,
j =1, m, and substituting them in (8.4), (8.5), (8.9), (8.11) and (8.12), we
obtain equations with respect to a;, ¢;, j = 1,m.

REFERENCES

1. P. YA. POLUBARINOVA-KOCHINA, Application of the theory of linear differential equa-
tions to some problems of underground water motion. (Russian) Izv. Acad. Nauk
SSSR, Ser. Mat. No. 5-6(1939), 579-608.

2. P. YA. POLUBARINOVA-KOCHINA, The theory of underground water motion. 2nd ed.
(Russian) Moscow, Nauka, 1977.

3. P. YA. POLUBARINOVA-KOCHINA, On additional parameters after examples of circular
quadrangles. (Russian) Prikl. Mat. Mekh. 55(1991), No. 2, 222-227; translation in
J. Appl. Math. Mech. 55(1991), No. 2, 176-180 (1992).

4. P. YA. POLUBARINOVA-KOCHINA, Circular polygons in filtration theory. (Russian)
Problems of mathematics and mechanics, 166—177, “Nauka” Sibirsk. Otdel., Novosi-
birsk, 1983.

5. P. YA. POLUBARINOVA-KOCHINA, Analytic theory of linear differential equations in
the theory of filtration. Mathematics and problems of water handling facilities. Col-
lection of scientific papers, 19-36. Naukova Dumka, Kiev, 1986,

6. P. YA. POLUBARINOVA-KOCHINA, V. G. PRIJAZHINSKAYA, AND V. N. EMIKH, Mathe-
matical methods in irrigation. (Russian) Moscow, Nauka, 1969.

7. YA. BEAR, D. ZASLAVSKII, AND S. IRMEY, Physical and mathematical foundations of
water filtration. (Translated from English) Mir, Moscow, 1971.

8. G. KOrRN AND T. KORN, Mathematical handbook for scientists and engineers.
McGraw-Hill Company, New York-Toronto-London, 1961.

9. N. I. MUSKHELISHVILI, Singular integral equations. 3rd ed. (Russian) Nauka, Moscow,
1968.

10. N. P. VEKUA, Systems of singular integral equations and certain boundary value
problems. 2nd ed. (Russian) Nauka, Moscow, 1970.

11. E. L. INCE, Ordinary differential equations. (Translation from English) Gos.
Nauchn.-Tekhn. Izd. Ukrainy, Kharkov, 1939.

12. A. HUurRwITZ AND R. COURANT, Theory of functions. (Translation from German)
Nauka, Moscow, 1968.

13. G. N. GoLuzIN, Geometrical theory of functions of a complex variable. 2nd ed. (Rus-
sian) Nauka, Moscow, 1966.

14. V. V. GOLUBEV, Lectures in analytical theory of differential equations. 2nd ed. (Rus-
sian) Gostekhizdat, Moscow-Leningrad, 1950.

15. E. A. CODINGTON AND N. LEVINSON, Theory of ordinary differential equations.
MecGraw-Hill Book Company, Inc., New York-Toronto-London, 1955.

16. V. KOPPENFELS AND F. STALLMANN, Practice of conformal mappings. German trans-
lation. Springer-Verlag, Berlin-Gottingen-Heidelberg, 1963.

17. E. KAMKE, Referenbook in ordinary differential equations. 2nd ed. (Translation from
German) Gosizdat, Moscow, 1961.

18. E. T. WHITTAKER AND D. N. WATSON, A course of modern analysis. Cambridge
University Press, Cambridge, 1962.

19. G. SANSONE, Ordinary differential equations, I. (Translation from English) Izd. In-
ostr. Lit., Moscow, 1953.

20. G. BATEMAN AND A. ERDELYI, Higher transcendental functions. McGrow-Hill Book
Company, New York-Toronto-London, 1955.

21. I. A. ALEXANDROV, Parametric continuations in the theory of schlicht functions.
(Russian) Nauka, Moscow, 1976.



CONNECTION BETWEEN SOLUTIONS 137

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

M. A. LAVRENT’EV AND B. V. SHABAT, Methods of the theory of functions of a
complex variable. (Russian) Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow, 1958.

V. V. STEPANOV, Course of differential equations. 5th edition. (Russian) Gosudarstv.
Izdat. Tekhniko-Teoretich. Lit., Moscow-Leningrad, 1950.

A. P. TsirskisHVILI, Conformal mapping of a half-plane on circular polygons. (Rus-
sian) Trudy Tbiliss. Univ. 185(1977), 65-89.

A. P. TSITSKISHVILI, On the conformal mapping of a half-plane onto circular polygons
with a cut. (Russian) Differentsial’nye Uravneniya 12(1976), No. 1, 2044-2051.

A. P. TsiTskisHVILI, A method of explicit solution of a class of plane problems of the
filtration theory. (Russian) Soobshch. Acad. Nauk Gruzii 142(1991), No. 2, 285-288.
A. P. TsiTskisHVILI, Application of the theory of linear differential equations to the
solution of certain plane problems of filtration theory. (Russian) Trudy Tbiliss. Univ.
Mat. Mekh. Astronom., No. 19-20 (1986), 295-329.

A. TsITSKISHVILI, Solution of the Schwarz differential equations. Mem. Differential
Equations Math. Phys. 11(1997), 129-156.

A. TSITSKISHVILI, Solution of some plane filtration problems with partially unknown
boundaries. Mem. Differential Equations Math. Phys. 15(1998), 109-138.

A. TsITSKISHVILI, Solution of a problem of the theory of filtration through a plane
earth dam (coffer-dam) when water depth in a downstream can be neglected. Proc
A. Razmadze Math. Inst. 126(2001), 75-96.

A. TsITSKISHVILI, On the motion of underground waters towards a slope of an earth
structure. Proc A. Razmadze Math. Inst. 128(2002), 121-146.

(Received 29.07.2002)

Author’s address:

A. Razmadze Mathematical Institute
Georgian Academy of Sciences

1, M. Aleksidze St., Thilisi 380093
Georgia



