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1. INTRODUCTION

In the present paper we consider the following differential equations

m
u™(E) = pit)u(n(®), (1.1)
i=1
-
o™ () =) gi(t)o(oi(t), (12)
i=1
where n, m, r € N, n > 3, p;, g; € LIOC(R+;R+)7 Tiy 05 € C(R+;R+)7 + 115’_1'1 Tl(t) =
— o0

lim o;(t) =4oco(i=1,...,m;j=1,...,7).
t—+o0

Definition 1.1. We say that the equation (1.1) has Property B if any of its proper
solutions either is oscillatory or satisfies

lu®(t)] + 400 for t1+oo (i=0,...,n—1), (1.3)
when n is odd, and either is oscillatory or satisfies either (1.3) or
[u® ()] 40 for t1 400 (i=0,...,n—1),
when n is even.

Below we give comparison theorems allowing to deduce Property B of the equation
(1.1) from Property B of the equation (1.2). The results obtained here generalize those
of [1]. The result obtained in [1] is a generalization of a theorem of T. Chanturia (see
[2], Theorem 1.5) even in the case of ordinary differential equations (7;(t) = o;(t) = ¢,
i=1,...,m,j=1,...,r). For analogous results concerning Property A see [3].

2. GENERAL COMPARISON THEOREMS

Let ¢ € C([to, +00), (0, +00)). Below we use the following notation

_ [p@®, i e(t) <7(D),

Prise () = {0 if @(t) > 7i(t), t € [to, +00), (i=1,...,m), @1
_Ja®), i o) <o),

Goive () = {0 if o(t) > o5(t), t € [to,+00), (i =1,...,7 @2)

2000 Mathematics Subject Classification. 34K15.
Key words and phrases. Adanced differential equation, Property B, comparison
theorem.



140

Theorem 2.1. Let

(t) <t if teRy (i=1,...,m), (2.3)
+oo .
/ Zpi(t)ri”—l (t)dt = 400, (2.4)
=1
and there exist natural numbers k € N, m;, r; € N (j = 1,...,k) and nondecreasing

Junctions p; € C(R4;(0,+00)) (j =0,...,k — 1) such that

1<mi<mg<---<mg=m, 1<ri<re<- - <rg=r, (2.5)
lim @;(t)=4c0 (j=0,...,k—1), (2.6)
t— oo

the below inequality (2.7,—2) holds when n is even,

T mit1
S 1) (reses(9) + T (i) — prey () ) ds >
oot 3 s o)
o (s)
Z/Sn_l_l Z 0.5_1(5)(2'(5)—(]0-1-#:]-(5)-1' :;(Z)(Ia'i,gpj(s))ds (2.7!)
" i=r;+1

Zf t >t (j:07"'7k_1)7

and (2.71) and (2.7,_2) hold when n is odd, where to is sufficiently large, mo =19 =0,
the functions pr,,q; and gs;,,; are defined by (2.1) and (2.2), respectively. Let, moreover,
the equation (1.2) have Property B. Then the equation (1.1) also has Property B.

Theorem 2.2. Let
() >t if te Ry (i=1,...,m), (2.8)

and there exist natural numbers k, mj, r; € N (j = 1,...,k) and nondecreasing func-
tions ¢; € C(R4+;(0,400)) (j = 0,...,k — 1) satisfying (2.5) and (2.6) such that the
below inequality (2.72) and (2.9) hold,

o0

/ 1) " pi(t)dt = +oo (2.9)
i=1

when n is even and (2.4) and (2.71) hold when n is odd, where the functions pr,,,; and
go;,p; are defined by (2.1) and (2.2), respectively. Let, moreover, the equation (1.2) have
Property B. Then the equation (1.1) also has Property B.

Theorem 2.3. Let the conditions (2.3) and (2.4) be fulfilled, and for sufficiently large
to there erist t1 = t1(to) > to, natural numbers k, m;, r; € N (j = 1,...,k) and
nondecreasing functions ¢; € C(Ry;(0,+00)) (j = 0,...,k — 1) satisfying (2.5) and
(2.6) such that the below inequality (2.10,_2) holds when n is even,

mj41

i
/ Y ) (0406) = P ) + L, (0) >
to

Til8
i=m]~+1 2( )
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¢ Tit1
> / 3 0406) (1m0 )+ EE i) — s (D )5 (2100
to

a;l8
i=r;+1 2()
thZtl (j:07"'7k_1)7

and (2.101) and (2.10,_2) hold when n is odd, where the functions pr, , and gs;,,; are
defined by (2.1) and (2.2) respectively. Let, moreover, the equation (1.2) have Property
B. Then the equation (1.1) also has Property B.

Theorem 2.4. Let (2.8) be fulfilled, and for sufficiently large to there exist t; =
t1(to) > to, natural numbers k, m;, r; € N (j =1,...,k) and nondecreasing functions
;i (t) (j =0,...,k — 1) satisfying (2.5) and (2.6) respectively, such that the inequalities
(2.9) and (2.102) hold when n is even and (2.4) and (2.101) hold when n is odd. Let,
moreover, the equation (1.2) have Property B. Then the equation (1.1) also has Proper-
ty B.

3. EFFECTIVE COMPARISON THEOREMS
Everywhere below we assume that o;(¢) ({ = 1,...,r) are nondecreasing functions.

Theorem 3.1. Let m = r, the conditions (2.3) and (2.4) be fulfilled, the below in-
equality (3.1,_2) hold, when n is even

+oo
[ A0 () 4 0400 = o) >
t N
> / s"_l_lcrﬁ_l(s)qi(s)ds if t>t (i=1,...,m) (3.1;)

t

and the inequalities (3.11) and (3.1,—2) hold when n is odd, where to is sufficiently large
and the functions pr; o, are defined by (2.1).

Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Corollary 3.1. Let the conditions (2.3), (2.4) be fulfilled, m = r, o;(t) < 1 (¢) (i =
1,...,m) the below inequality (3.2,_2) hold, when n is even
+oo +oo
/ s"_l_lril_l(s)pi(s)ds > / s"_l_lcrﬁ_l(s)qi(s)ds if t>t(i=1,...,m), (3.2)
t t

and the inequalities (3.21) and (3.2,_2) hold when n is odd, where to is sufficiently
large. Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also
has Property B.

Corollary 3.2. Let the conditions (2.3), (2.4) be fulfilled, m = r, o;(t) > 7 (¢) (i =
1,...,m) the below inequality (3.3,_2) hold, when n is even
+o0 . . +o0
n—{—1
/ %pi(s)ds > / "1l s)gi(s)ds if t>t0 (i=1,...,m), (33))
oi(s

i i



142

and the inequalities (3.31) and (3.3,—2) hold when n is odd, where to is sufficiently
large. Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also
has Property B.

Theorem 3.2. Let m = r, the inequality (2.8) be fulfilled, the conditions (2.9) and
(3.12) hold when n is even and the conditions (2.4) and (3.1) hold when n is odd. Let,
moreover, the equation (1.2) have Property B. Then the equation (1.1) also has Proper-
ty B.

Corollary 3.3. Let m = r, the inequality (2.8) be fulfilled, o;(t) <7 (¢) (i =1,...,m),
the conditions (2.9) and (3.22) hold when n is even and the conditions (2.4) and (3.22)
hold when n is odd. Let, moreover, the equation (1.2) have Property B. Then the
equation (1.1) also has Property B.

Corollary 3.4. Let m = r, the inequality (3.8) be fulfilled, o;(t) > 7 (¢) (i =1,...,m),
the conditions (2.9) and (3.32) hold when n is odd and the conditions (2.4) and (3.31)
hold when n is odd. Let, moreover, the equation (1.2) have Property B. Then the
equation (1.1) also has Property B.

Theorem 3.3. Let m = r, the conditions (2.3) and (2.4) be fulfilled and for any
sufficiently large to there exist t1 = £1(to) > to such that the below inequality (3.4n—2)
holds, when n is even

t

/ L (5) (0i(9) — prieu () + :f((j)) pris(s))ds 2

to
t

> /sn_laﬁ(s)qi(s)ds for t>¢1, (i=1,...,m), (3.4;)
to
and the inequalities (3.41) and (3.4,_2) hold when n is odd. Let, moreover, the equation

(1.2) have Property B. Then the equation (1.1) also has Property B.

Corollary 3.5. Let m = r, the conditions (2.3), (2.4) be fulfilled, o;(t) < 73 (¢) (i =
1,...,m), and for any sufficiently large to there exist t1 = t1(to) > to such that the
below inequality (3.5,_2) holds, when n is even

t
/sn_lril_l(s)cri(s)pi(s)ds > /sn_laﬁ(s)qi(s)ds, if t>t(i=1,...,m), (3.57)
to to
and the inequalities (3.51) and (3.5,_2) hold when n is odd. Let, moreover, the equation

(1.2) have Property B. Then the equation (1.1) also has Property B.

Corollary 3.6. Let m = r, the conditions (2.3), (2.4) be fulfilled, o;(t) > 7:(¢) (i =
1,...,m), and for any sufficiently large to there exist t1 = t1(to) > to such that the
below inequality (3.6,_2) holds, when n is even

t t
/sn_lrf(s)pi(s)ds > /sn_laﬁ(s)qi(s)ds if t>t1 (i=1,...,m), (3.6)
to to

and the inequalities (3.61) and (3.6,_2) hold when n is odd. Let, moreover, the equation
(1.2) have Property B. Then the equation (1.1) also has Property B.
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Theorem 3.4. Let m = r, the inequality (2.8) be fulfilled, and for any sufficiently
large to there exist t1 = t1(f0) > to such that the conditions (2.9) and (3.42) hold when
n is even and the conditions (2.4) and (3.41) hold when n is odd. Let, moreover, the
equation (1.2) have Property B. Then the equation (1.1) also has Property B.

Corollary 3.7. Let m = r, the inequality (2.8) be fulfilled, o;(t) <7 (¢) (i =1,...,m),
the conditions (2.9) and (3.52) hold when n is even and the conditions (2.4) and (3.51)
hold when n is odd. Let, moreover, the equation (1.2) have Property B. Then the
equation (1.1) also has Property B.

Corollary 3.8. Let m = r, the inequality (2.8) be fulfilled, o;(t) > 7 (¢) (i =1,...,m),
the conditions (2.9) and (3.62) hold when n is even and the conditions (2.9) and (3.61)
hold when n is odd. Let, moreover, the equation (1.2) have Property B. Then the
equation (1.1) also has Property B.

Below we use the following notation

7+ (t) = min{r;(¢) : i =1,...,m}, 7" (@) = max{r(t) : i =1,...,m},
o« () = min{o;(¢) : i =1,...,7},7%(t) = max{o;(¢) :i=1,...,7}.
Theorem 3.5. Let 7*(t) < t for t € R, the condition (2.4) be fulfilled, the below
inequality (3.7,—2) hold, when n is even
o0 m
7i(s
/ Y ) (Prien )+ Z i) — pry e (50 ) s >
a*(s)
! i=1
o0 r
> / 7Y oi(s) ails)ds i 2 1o, (3.7)

t

and the inequalities (3.71) and (3.7,_2) holds when n is odd, where to is sufficiently
large and the functions p, o+ are defined by (2.1). Let, moreover, the equation (1.2)
have Property B. Then the equation (1.1) also has Property B.

Corollary 3.9. Let 7*(t) < t for t € Ry and the condition (2.4) be fulfilled along
with one of the following four conditions (to is sufficiently large):
1) 1 (t) > 0*(t) for t € Ry, the below inequality (3.8,_2) holds, when n is even

+o0 m +o0 r
/ =1 "l s)pi(s)ds > / 1N "ol s)ai(s)ds if t>t0,  (38)
t i=1 + i=1

and the inequalities (3.81) and (3.8,_2) hold when n is odd;
2) 1«(t) < 0*(¢) for t € R4, the below inequality (3.9n—2) holds, when n is even

+oo

m
T« (8
/"ll *SZZ s)pi(s ds>/ "lIZcrll s)ds if t >to, (3.9;)

t

and the inequalities (3.91) and (3.9,—2) hold when n is odd;
3) 7*(t) > o*(¢) for t € R4, the below inequality (3.10,_2) holds, when n is even

+oo

nll m
/ Zf $)pi(s ds>/ “’120’1 $)ai(s)ds, if t>to, (3.10)

t
and the inequalities (3.101) and (3.10,_2) hold when n is odd;




144

4) 7*(t) < o*(¢) for t € R)4, the below inequality (3.11,—2) holds, when n is even
+oo
s~ -1 - -~ 1
/ a*(s) Z s)pi(s)ds > / n— Za- s)gi(s)ds, if t > to, (3.11;)
t

and the inequalities (3.111) and (3.11) hold when n is odd.
Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Theorem 3.6. Let 7*(t) < t for t € R, the condition (2.4) be fulfilled, the below
inequality (3.12,_2) hold, when n is even

+oo m
/ n—1 12 Zl 1( )(pn,a—*(s)—l— ;-*((‘1)) (p(Z)( ) p.,.“a.*(s)))ds >
+ i=1
+oosn—l—1 r . )
2/ o+ (5) ;ai(S)qi(S)ds i§ 2t (3.12)
" =

and the inequalities (3.121) and (3.12,_2) holds when n is odd, where to is sufficiently
large and the functions pr, -, are defined by (2.1). Let, moreover, the equation (1.2)
have Property B. Then the equation (1.1) also has Property B.

Corollary 3.10. Let 7*(t) > t for t € Ry and the condition (2.4) be fulfilled along
with one of the following four conditions (to is sufficiently large):
1) 7« (t) > 0« (t) for t € Ry, the below inequality (3.13,_2) holds, when n is even

+oo m +oo g
s R

/ Z Zl s)pi(s ds>/ B Zaﬁ(s)qi(s)ds if t>to, (3.13;)

" i=1 i=1

and the inequalities (3.131) and (3.13,_2) hold when n is odd;
2) 7*(t) < 0 (t) for t € Ry, the below inequality (3.14,_2) holds, when n is even

+o0 +oo

sn—i-1, m gn—i-1 T .
/ Z ds>/ ) Zai(s)qi(s)ds if t>to, (3.14;)
t i=1 t =

and the inequalities (3.141) and (3.14,_2) hold when n is odd;
3) 7*(t) > o (t) for t € R, the below inequality (3.15,_2) holds, when n is even

+o0o

sn— -1 ™ sn— -1 "
/ Z s)pi(s ds>/ ZO’ s)gi(s)ds if t>to, (3.15)

t

and the inequalities (3.151) and (3.15,_2) hold when n is odd;
4) 7*(t) < 0 (t) for t € R, the below inequality (3.16,_2) holds, when n is even

+o0o

sn— -1 ™ . sn— -1 "
/ Zz $)pils ds>/ Za ai(s)ds if t>to, (3.16))

t

and the inequalities (3.161) and (3.16,_2) hold when n is odd.
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Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Theorem 3.7. Let 7(t) > t for n, the conditions (2.9) and (3.72) be fulfilled when
n is even and the conditions (2.4) and (3.71) holds when n is odd. Let, moreover, the
equation (1.2) have Property B. Then the equation (1.1) also has Property B.

Corollary 3.11. Let 7.(t) > ¢ for t € Ry and one of the following four conditions
be fulfilled:

1) 1 (t) < 0*(t), the conditions (2.9) and (3.92) hold when n is even and the condi-
tions (2.4) and (3.91) hold when n is odd;

2) 7« (t) > o*(t), the conditions (2.9) and (3.82) hold when n is even and the condi-
tions (2.4) and (3.81) hold when n is odd;

3) 7(¢) < o*(¢), the conditions (2.9) and (3.113) hold when n is even and the con-
ditions (2.4) and (3.111) hold when n is odd;

4) 7(t) > o*(¢), the conditions (2.9) and (3.102) hold when n is even and the con-
ditions (2.4) and (3.101) hold when n is odd.

Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Theorem 3.8. Let 7.(t) > t, the conditions (2.9) and (3.123) be fulfilled when n
is even and the conditions (2.4) and (3.121) hold when n is odd. Let, moreover, the
equation (1.2) have Property B. Then the equation (1.1) also has Property B.

Corollary 3.12. Let 7.(t) > ¢ for t € Ry and one of the following four conditions
be fulfilled:

1) 7« (8) < o«(t), the conditions (2.9) and (3.142) hold when n is even and the condi-
tions (2.4) and (3.14;) hold when n is odd;

2) T (t) > 0«(t), the conditions (2.9) and (3.132) hold when n is even and the condi-
tions (2.4) and (3.131) hold when n is odd;

3) 7(t) > 0« (t), the conditions (2.9) and (3.152) hold when n is even and the condi-
tions (2.4) and (3.151) hold when n is odd;

4) 7(t) < 0«(t), the conditions (2.9) and (3.162) hold when n is even and the condi-
tions (2.4) and (3.161) hold when n is odd.

Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Theorem 3.9. Let 7*(t) < ¢, the condition (2.4) be fulfilled and for any sufficiently
large to there exist t1 = t1(to) > to such that the below inequality (3.17,—_2) holds, when
n is even

/ Y6 (0106) = P () + T oo 6)) s 2
to i=1
¢ r
Z/sn_la*(S)Zcrﬁ_l(s)qi(s)ds if t>1t1, (3.17y)
to i=1

and the inequalities (3.171) and (3.17,—2) hold when n is odd. Let, moreover, the equa-
tion (1.2) have Property B. Then the equation (1.1) also has Property B.
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Corollary 3.13. Let 7*(t) < t, the condition (2.4) be fulfilled and for any sufficiently
large to there exist t1 = t1(to) > to such that one of the following four conditions is
fulfilled:

1) 1 (t) < 0*(t) for t € Ry, the below inequality (3.18,_2) holds, when n is even

t t
/ () Y )pils)ds > / "o (e) Y ol (Dails)ds if 211, (3.18)
to i=1 to i=1

and the inequalities (3.181) and (3.18,_2) hold when n is odd;
2) T«(t) > o*(¢) for t € R4, the below inequality (3.19,_2) holds, when n is even

t t
/sn_2a*(s) Zrz-l_l(s)pi(s)ds > /sn_la*(s) Zaﬁ_l(s)qi(s)ds if t2>t1, (3.19;)
to i=1 to i=1

and the inequalities (3.191) and (3.19,_2) hold when n is odd;
3) 7*(t) < o*(¢) for t € R4, the below inequality (3.20,_2) holds, when n is even

i i
m

/ S LACIOLT / s"lo(s) Y o (ailsds i b2, (3:20)
i=1 i=1

to to

and the inequalities (3.201) and (3.20,_2) hold when n is odd;
4) 7*(t) > 0*(¢) for t € R4, the below inequality (3.21,_2) holds, when n is even

i i

[ > oo 2 / o 3o s i ¢, G210

to to

and the inequalities (3.211) and (3.21,_2) hold when n is odd.

Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Theorem 3.10. Let 7*(t) < ¢, for t € Ry the condition (2.4) be fulfilled and for any

sufficiently large to there exist t = ¢1(to) > to such that the below inequality (3.22,_2)
holds, when n is even

i m
[ S Ao (000 =)+ Z ) 2
to

i=1

t
-
> /sn_lZaﬁ(s)qi(s)ds if t>t, (3.22))
b i=1

and the inequalities (3.221) and (3.22,_2) hold when n is odd. Let, moreover, the equa-
tion (1.2) have Property B. Then the equation (1.1) also has Property B.

Corollary 3.14. Let 7(t) < t, for t € R4 the condition (2.4) be fulfilled and for
any sufficiently large to there exist t1 = ¢1(to) > to such that one of the following four
conditions is fulfilled:
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1) 7« (t) < 0«(t) for t € Ry, the below inequality (3.23,_2) holds, when n is even

t
/ Z ds>/ n— lZa S)gi(s)ds if t>t, (3.23)

to to

and the inequalities (3.231) and (3.23,_2) hold when n is odd;
2) 7(t) > 0« (t) for t € R4, the below inequality (3.24,_2) holds, when n is even

t
m
/ Z ds>/ n— lZa $)gi(s)ds if t>t1, (3.247)

to to

and the inequalities (3.241) and (3.24,_2) hold when n is odd;
3) 7*(t) < ox(t) for t € Ry, the below inequality (3.25,_2) holds

/“ ’Z ds>/ n— lZa $)ai(s)ds if t>t, (3.25,)

to to

when n is even and the inequalities (3.251) and (3.25,_2) hold when n is odd;
4) 7*(t) > 0 (t) for t € Ry, the below inequality (3.26,_2) holds, when n is even

t t
/sn_l:IEZ er(s)pi(s)ds > /sn_lZaﬁ(s)qi(s)ds if t>4%1, (3.26))
i=1 to i=1

to

and the inequalities (3.261) and (3.26,_2) hold when n is odd.
Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Theorem 3.11. Let 7.(t) > t and for any sufficiently large to there ezist t1 =
t1(to) > to such that the conditions (2.9) and (3.172) are fulfilled when n is even and
the conditions (2.4) and (3.171) hold when n is odd. Let, moreover, the equation (1.2)

have Property B. Then the equation (1.1) also has Property B.

Corollary 3.15. Let 7.(t) > ¢ and for any sufficiently large to there exist t1 =
t1(to) > to such that one of the following four conditions is fulfilled:

1) 7« (8) < 0*(¢), the conditions (2.9) and (3.182) hold when n is even and the condi-
tions (2.4) and (3.181) hold when n is odd;

2) 1 (t) > o*(t), the conditions (2.9) and (3.192) hold when n is even and the condi-
tions (2.4) and (3.191) hold when n is odd;

3) 7(¢) < o*(¢), the conditions (2.9) and (3.202) hold when n is even and the con-
ditions (2.4) and (3.201) hold when n is odd;

4) 7*(t) > o*(t), the conditions (2.9) and (3.212) hold when n is even and the in-
equalities (2.4) and (3.211) hold when n is odd.

Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.

Theorem 3.12. Let 7.(t) > t and for any sufficiently large to there ezist t1 =
t1(to) > to such that the conditions (2.9) and (3.223) are fulfilled when n is even and
the conditions (2.4) and (3.221) hold when n is odd. Let, moreover, the equation (1.2)
have Property B. Then the equation (1.1) also has Property B.
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Corollary 3.16. Let 7.(t) > ¢ and for any sufficiently large to there exist t1 =
t1(to) > to such that one of the following four conditions is fulfilled:

1) 7« (8) < o«(t), the conditions (2.9) and (3.232) hold when n is even and the condi-
tions (2.4) and (3.231) hold when n is odd;

2) 7 (t) > o(t), the conditions (2.9) and (3.242) hold when n is even and the in-
equalities (2.4) and (3.241) hold when n is odd;

3) 7*(t) < o«(t), the conditions (2.9) and (3.252) hold when n is even and the in-
equalities (2.4) and (3.251) hold when n is odd;

4) () > 0«(t), the conditions (2.9) and (3.262) hold when n is even and the condi-
tions (2.4) and (3.261) hold when n is odd.

Let, moreover, the equation (1.2) have Property B. Then the equation (1.1) also has
Property B.
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