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1. INTRODUCTION

Consider the equation

m
w6+ piuln (b)) =0, (1.1)
i=1
where n > 2, nym € N, p; € Li,c(R+;R+), s € C(R4+;Ry) and tlim Ti(t) = 400
— 00
(i=1,...,m).

Oscillatory properties of higher order ordinary differential equations are studied well
enough (see e.g. [1,2]) Analogous questions for the equation (1.1) are studied in [3,4] (see
also references therein). Using comparison theorems presented in [5] and earlier results,
we can derive effective criteria for the equation (1.1) have Property A (for definition of
Property A see [5]). In the case m = 1 some of the results of the present paper are given
in [6].

Let I;j € N; ai5¢; € (0,400) (i =1,...,5). Below we will make use of the following
notation

I e
M ;=infd ==L e (l-1,0) ;. (1.21)

n—1 .
Hi:o A =l
2. EFFECTIVE CRITERIA FOR PROPERTY A

Theorem 2.1. Letm =k, 7(t) <t fort € Ry, a;;¢; € (0,400) (i =1,...,m), and
one of the following two conditions be fulfilled:
1) 7i(t) > ait 1=1,...,m),
+oo
lim inf ¢ / Ti’l*Q(s)pi(s) ds > cia?72 (i=1,...,m) (2.1)

t——+oo
t

and Mp_1,m > 1;
2) 7i(t) <ot 1=1,...,m),
—+oo

lim inf ¢ / sflfffl(s)pi(s) ds > cia;“l (i=1,...,m) (2.2)
t——+oo

t
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and Myp_1,m > 1, where My_1,m is defined by (1.2—1,m).
Then the equation (1.1) has Property A.

Theorem 2.2. Let k =m, 1;(t) >t fort € Ry, aj;¢; € (0,400) (1=1,..

of the following two conditions be fulfilled:
1) 7i(t) > ast (i=1,...,m),
(i)

—+o0

lim inf ¢ / s 2pi(s)ds > ¢ (i=1,...,m)

t——+o0
t

and M1 ,m > 1 if n is even,

(i) (2.1) holds,

—+oo

t——+oo

lim inf ¢ / s" 31 (s)pi(s) ds > cia;“l (i=1,.

t
—+oo

m
/ TN pi(t) dt = oo,
i=1

t
Mo >1 and Mn_1,m > 1 if n is odd;

2) Ti(t) < ait (7/ =1,.. 'vm)7
(i) (2.3) holds,

“+ oo

t——+oo

lim inf ¢ / s"3r(s)pi(s)ds > iy (i=1,...

t

and M; m > 1 if n is even,
(i) (2.2), (2.3) hold,

+oo

t——4oo

lim inf ¢ / s 42 (s)pi(s) ds > cia?’l (i=1,.

t

"vm)»

"7m)7

.,m) one

(2.3)

Mz > 1 and Mu—1,m > 1 if n is odd, where Mp_1,m and Mz are definmed by

(1.22,m) and (1.2p—1,m)-
Then the equation (1.1) has Property A.

Theorem 2.3. Let m =1, a € (0,1), 7i(t) <t for t € Ry and one of the following

two conditions be fulfilled:

+oo
t
1) lim inf m(t) > 0 and lim inf t / 2 (s)p1(s) ds > 0;
t—4oo ¢ t—+o0
t
—+oo
. . T1 (t) . . « —a,_n—1
2) lim inf < 400 and lim inf ¢ s (s)p1(s)ds > 0.
t—+oo t¢ t——+o0

t
Then the equation (1.1) has Property A.



Theorem 2.4. Let k =m, 7;(t) <t fort € R4, aj;ci € (0,+00) (1 =1,

one of the following two conditions be fulfilled:
1) 7i(t) > ait 1=1,...,m),

t

lim inf ¢! /SQTZL_Q(S)])I'(S) ds > cioz?_Q

t——+oo
0

and Mp_1,m > 1;
2) 7(t) <ot (1=1,...,m),

t

lim inf ¢! /STin_l(S)pi(S) ds > cia?_l (i=1,...,m)

t——4oo
0

and Myp_1,m > 1, where My_1,m is defined by (2.2n—1,m).

Then the equation (1.1) has Property A

Theorem 2.5. Let k =m, 7;(t) >t fort € Ry, ay;¢; € (0,400) (i =1,...

of the following two conditions be fulfilled:
1) 7i(t) > ast (i=1,...,m),
(i) (2.3) holds,

t

lim inf ¢! /s"flTi(s)pi(s) ds > cja;

t——4oo
0

and M1m > 1 if n is even,
(i) (2.3), (2.4) hold,

t

lim inf ¢t~1 /5”_27'1-2 (8)pi(s) ds > c;a?
t——+oo

0
Mo m > 1 and Mp—1,m > 1 if n is odd;
2) mi(t) <aut (i=1,...,m),
(i) (2.1) holds,

t

lim inf ¢! /s”_ln(s)pi(s) ds > cja;
t——+oo

0

and M1 ,m > 1 if n is even,
(i) (2.3), (2.4) hold,

t

lim inf ¢! /5"72732 (8)pi(s) ds > c;a?

t——4oo
0

(i=1,...,m)
(i=1,...,m),
(i=1,...,m)
(i=1,...,m),

127

...,m) and

(2.4)

,m) one

Moy >1 and Mp—1,m > 1, for l =2,n—1 if n is odd, where M2 m and Mp_1,m > 1

are defined by (1.22,m) ((1.2n—1,m).
Then the equation (1.1) has Property A.
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Below we will make use of the following notation
T (t) = min{r;(t) :i=1,...,m}, 7°(t) = max{r(t) :i=1,...,m}

Let a; € (0,400) (i=1,...,k), ax =min{a; :i=1,...,}, a* =max{a; :i=1,...,k}.

Theorem 2.6. Let 7*(t) <t fort € Ry, oy;¢; € (0,400) (¢ =1,...,k) and one of
the following eight conditions be fulfilled:

1) 7 (t) > a*t,

+ m

. . n—2 n—2

ltlf-‘rlélof t / E pi(s)T]""“(s)ds > E cio (2.5)
+ i=1 i=1

and My_q13 > 1;

2) T« (t) > ast,

T m k
1
. . n—2 n—1
> — Lo .
l;f_:élof t Z (s)7;" "% (s)ds o Z cia) (2.6)
=1 i=1
and Mnflyk > 1;
3) T (t) < a*t,
+oo m k
T*(‘S) n—2 * n—2
; >
ltlgjggloft / ” ZPZ(S)T (s)ds > o Zczal (2.7)
+ i=1 i=1
and Mnflyk > 1;
4) 7 (t) < at,
too m k
lim inf ¢ / s717u(s) Zpi(s)fz."72(s) ds > Zcia?72 (2.8)
t—+
< i i=1 i=1
and My_11 > 1;
5) 7*(¢) > a*t,
too m k
1
lim inf ¢ Zpi(s)r"*l(s) ds > Zcio/.kl (2.9)
t— 400 T*(8) 4 g _ v
t i=1 =1
and My_13 > 1;
6) T (t) > aut,
oo m k
1
lim inf ¢ () (s)ds > — Y cial! 2.10
t—+oo /T*(SZ I *le (2.10)
=1 i=1



7) T (t) < a*t,

+o0 m k
lim inf ¢ / st E pi(S)TZn_l(S)dSZ E cioz?_Q
t——+oo
i=1 =1

o

and My_13 > 1;
8) (1) < axt,
too m k
L 1 1 —1
ltlg_‘rl;loft / s Zpi(s)fin (s)ds > Zcia?
+ i=1 =1

and Mnflyk > 1.

129

(2.11)

(2.12)

Then the equation (1.1) has Property A, where the constant My_1 j is defined by

(1-2n—1,k)'

Theorem 2.7. Let 74(t) >t fort € Ry, aj;¢; € (0,+00) (1 =1,..

the following eight conditions be fulfilled:

1) 7«(t) > a*t and
(i) My, > 1 and

oo m k
lim inft/s"72 E pi(s)ds > E ¢
t——+o0

t =1 i=1

if n is even,
(ii) (2‘3), (2.5) hold, M2,k > 1, Mnflyk > 1 and

too m k
ltim+inft / sn3 ZP«L(S)T«L(S) ds > Zciai
— 400
? i=1 i=1
if n is odd;
2) 7« (t) > axt and
(i) My, > 1 and
o m 1 k
lim inf ¢t / sn2 Zpi(s) ds > — Zciai
t—+o00 Qe
Y i=1 i=1

if n is even,
(ii) (2.3), (2.6) hold, My > 1, My > 1 and

+oo m k
lim inft/s"_3 E pi(s)Ti(s)ds > E cia;
t——4oo

+ i=1 i=1

if n is odd;

3) 7 (t) < a*t and

., k) and one of
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(i) My, > 1 and

“+ oo
lim inf ¢ / s"T T*(S Zpl(s )ds > aux Zciai
t—+oo
t =1
if n is even,
(ii) (2‘3), (2.7) hold, M2,k > 1, Mnflyk > 1 and
+oo k

YY) ACEETES

if n is odd;

4) 7« (t) < axt and
(i) My, > 1 and

if n is even,
(ii) (2.3), (2.8) hold, M2,k > 1, Mnflyk > 1 and

+oo m k
L n—da 2
ltlf_:;lof t / s T« (8) sz(s)n(s) ds > Z cio
=1 i=1
t
if n is odd;

5) 7*(t) > a*t and
(i) My, > 1 and

m k
ltlfjgélof t / fracs" %7, (s) Zpi(s)n(s) ds > Z ¢
i=1 i

if n is even,
(ii) (2.3), (2.9) hold, M2,k > 1, Mnflyk > 1 and

+oo

m k

. . Sn—S 5

ltlg_'}élof t / ) Zpi(s)n (s)ds > Zciai
i=1 i=1

t

if n is odd;

6) 7*(t) > axt and
(i) My, > 1 and

+o0 k

m
1
lim inf ¢ E i(s)Ti(s)ds > — E ci;
t— 400 *(s ' Qs

i=1

if n is even,
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(ii) (2.3), (2.10) hold, Mz > 1, M,,_1 4 > 1 and

+oo k

m
. . Sn73 ) 1 ,
lilg-&-lgof t / T*(s) Zpi(s)Ti (s)ds > P Zciai

t

~
Il
—
o
Il
—

if n is odd;

7) () < a*t and
(i) My, > 1 and

+oo m k
lim inf ¢ / sn3 pi(s)Ti(s)ds > o™ E ci
t——4oo

+ i=1 =1

if n is even,
(11) (23), (211) hold, Mg’k > 1, Mnflyk > 1 and

too m k
lim inf ¢ / sn3 E pi(s)72(s) ds > E [o1eh
t——+oo
t i=1 i=1
if n is odd;

8) 7*(t) < axt and
(i) My—1,5 > 1 and

+oo m k
lim inft/s"73 E pi(s)Ti(s)ds > E cia;
t——4oo

t i=1 =1

if n is even,
(11) (23), (212) hold, Mg’k > 1, Mnflyk > 1 and

—+oo

m k
lim inf ¢ / snd ZP«L(S)TE(S) ds > Zcia?
t——+oo

i=1 i=1

t

if nis odd, where My i, Mo 3, and My, _1 i are defined by (1.21 ), (1.22.1) and (1.2,,_1 ).
Then the equation (1.1) has Property A, where the constants My are defined by
(1.24)-

Theorem 2.8. Let 7*(t) <t fort € R4, ay;ci € (0,400) (i =1,...,k) and one of
the following eight conditions be fulfilled:

1) 7 (t) < a*t,

t m k
o1 - _
l;f_:élof 2/5 E pi(s)Tx (s)7]" 2(s)ds > a* E cia 2 (2.13)
5 i=1 i=1

and My_13 > 1;

2) 7« (t) < ast,

t m k
N | _ -
ltlerl(r)lof n /su(s) E pi(s)T" 2(s)ds > E cio 1 (2.14)
2 i=1 i=1
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and My_13 > 1;

3) 7« (t) > a*t,

ltlg_‘rlglof —/ sz(s ) 2(s)ds > Zc ay (2.15)

and Mnflyk > 1;

4) 7. (t) > asxt,

ltlg_'}élof —/ sz(s Y2 (s)ds > — Zcza" ! (2.16)

i=1
and Mnflyk > 1;

5) 7*(¢t) < a*t,

¢ m k
ltlfjggof = /sZpi(s)Ti"*l(s) ds > a* Zcia;kQ (2.17)
i=1 =1

and My_q1 > 1;

6) 7 (t) < awt,

ltlg_:;f —/ Zpl(s )it Ys)ds > chaz (2.18)

and Mnflyk > 1;

7) () = a™t,

k
Z > a2 .
ltngﬁlgloft/ sz g )dS—ZCZ% (2.19)
=1

and My_13 > 1;

8) 7*(¢) < aut,

- > n—1 )
ltlg_‘rlglof / Zp (s ds Zcza (2.20)

and Mnflyk > 1.
Then the equation (1.1) has Property A, where the constant M, 1} is defined by
(1.2 1,k)-

Theorem 2.9. Let 7«(¢t) >t fort € Ry, a;;¢ € (0,+00) (i =1,...,k) and one of
the following eight conditions be fulfilled:

1) 7«(t) < a*t and
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(i) My, > 1 and

t

m k
. . 1 —_ *
ltIT-rlélon/sn 17'*(5) E pi(s)ds > E ci
i=1

0 i=1

if n is even,
(ii) (2.3), (2.13) hold, My, > 1, Mp_1; > 1 and

t

m k
1
lim inf — /5"727*(5) E pi(s)Ti(s)ds > a* E cia;
t—+oo T
i=1 i=1

0
if n is odd;

2) 7« (t) < axt and
(i) My, > 1 and

t
1 m k
ltierinf n /s"_l E pi(s)Ti(s)ds > E ¢
— 100
0 i=1 i=1

if n is even,
(i) (2.3), (2.14) hold, My > 1, M,y 4, > 1 and

1 t m k
ltim+inf n /5"_2 Zpi(s)n (s)Ti(s)ds > Zcia?
— 100
0 =1 =1

if n is odd;

3) 7« (t) > a*t and
(i) My, > 1 and

t
1 m k
ltimjLinf Z/s" E pi(s)ds > E ¢
— T 00
0 i=1 i=1

if n is even,
(ii) (2.3), (2.15) hold, My, > 1, Mp_1; > 1 and

t
1 m k
ltierinf n /3"71 E pi(s)Ti(s)ds > E i
— 100
o i=1 i=1

if n is odd;

4) 7 (t) > axt and
(i) My, > 1 and

t
1 “ 1 <
ltimjLinf;/s” E pi(s)ds > — E cia;
— oo
o i=1 -

if n is even,
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(ii) (2.3), (2.16) hold, M3} > 1, M,,_1j > 1 and

t k

m
1 1
ltim+inf n /s”_l E pi(s)Ti(s)ds > = E cioc?
e oo *
o i=1

i=1
if n is odd;

5) 7*(¢) < a*t and
(i) My, > 1 and

t
1 m k
ltim+inf n /s”_l E pi(s)Ti(s)ds > o™ E ci
— 400
0 i=1 i=1

if n is even,
(ii) (2.3), (2.17) hold, M3 > 1, M,,_1 4 > 1 and

t
1 m k
ltirxl_~_in1”;/5"_2 E pi(S)TE(S) ds > o E cia;
— 400
5 i=1 i=1
if n is odd;

6) 7*(¢t) < ast and
(i) My, > 1 and

t
1 m k
ltim+inf n /5"_1 E pi(s)Ti(s)ds > E cia;
— 100
0 i=1 i=1

if n is even,
(ii) (2.3), (2.18) hold, M3 > 1, M,,_1 4 > 1 and

t
1 m k
ltim+inf n /5"_2 E pi(S)TiQ(S) ds > E cia;
—+o0
0 i=1 =1

if m is odd;

7) T*(t) > a*t and
(i) My, > 1 and

k
Ti(s) _
() ds > ;cz

L
mint £ [ 300
0 i=1

if n is even,
(ii) (2.3), (2.19) hold, M3 > 1, M,,_1 4 > 1 and

t

m k
1 Sn—l
lim inf — E i(s)T2(s)ds > E ciay
t—+oo t/’r*(s)v1pl()2() _.111
1= 1=

0

if n is odd;

8) 7*(t) > axt and
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(i) My, > 1 and

t
m k
1 7i(8)
lim inf — [ s" E i(s) — ds > E cia;
tIT-klélo t/ pi )T*(s) - o
0 i=1 i=1

if n is even,
(ii) (2.3), (2.20) hold, My > 1, Mp_1; > 1 and

t
2

72(s
lim inf = [ s™! E i(s) ds > E cia?
t—+oo t/ ¢ pil )T*(s) 4 B
0 =1 i=1

if nis odd, where My i, Mo 3, and My, _1 i are defined by (1.21 ), (1.22.1) and (1.2,,_1 ).
Then the equation (1.1) has Property A, where the constant My is defined by (1.21%).
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