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1. INTRODUCTION

It is well known that comparison theorems play an important role in studying oscilla-
tory properties of solutions of ordinary differential equations. V. Kondrat’ev [1] obtained
the first comparison theorem for higher order linear differential equations in the case of
Property A. Its integral generalization was later obtained by T. Chanturia [2].

In the present paper we consider the following differential equations

w0+ " pitu(ni(®) =0, (1.1)

=1

k
o™ () + Y ailtye(oi(t) =0, (1.2)
=1

where n;m;k € N, n > 2, pisq; € Lige(Rt; Ry), 1305 € C(Ry; R+), lim 7(t) =
t——+oo

lim o;(t) = 400, 0; are nondecreasing functions (i =1,...,m; j=1,...,k).
t——4oo

Definition 1.1. We say that the equation (1.1) has Property A if any of its solutions
is oscillatory when n is even and either is oscillatory or satisfies |u(?)(t)| | 0 as ¢t T +o0
(¢=0,...,n—1) when n is odd.

Below we give comparison theorems allowing to deduce Property A of the equation
(1.1) from Property A of the equation (1.2). Some of these results are generalizations of
integral comparison theorems obtained by the author in [3] for the case of one deviation
(when m = k = 1), while some of them (specifically, those contained in Theorems 2.1 and
2.2) are new even in the latter case. In its turn. the results presented in [3] generalize to
differential equations with one deviation T. Chanturia’s integral comparison theorems for
ordinary differential equations [2], some of them being new even for ordinary differential
equations.
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2. COMPARISON THEOREMS

Theorem 2.1. Let k = m, 7(t) < t (i = 1,...,m) and for large t one of the
following two conditions be fulfilled:

1) 7i(t) > 0i(t) (i =1,...,m) and

+oo +o0
/ pil)r 2 (s) ds > / G ) ds (= 1,...,m); (21)
t t

2) 7 (t) <oi(t) i=1,...,m) and

+oo et +oo
/pi(s)TiT(s()s)dsz /a;ﬁ?(s)qi(s)ds (G=1,...,m). (2.2)
t t

Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has
Property A.

Theorem 2.2. Let k = m, 7;(t) > ¢ (i = 1,...,m), and for large t one of the
following two conditions be fulfilled:

1) 7i(t) > 0i(t) (i =1,...,m) and

(i)
—+oo —+oo
[z [eawa a=m
¢ t
if n is even,
(i) (2.1) holds,
—+oo —+o0
/ s""2p;(s)ds > / qi(s)s" 3oi(s)ds (i=1,...,m)
t ¢
and
+oo m
/ sn1 Zpi(t)dt = +o0 (2.3)
i=1
if n is odd;
2) 7(t) <oi(t) i=1,...,m) and
(i)
+oo o +oo
/ G 7i(s)pi(s) ds > / s"2gi(s)ds (i=1,...,m)
ai(s)
t ¢

if n is even,
(ii) (2.2), (2.3) hold and

+oo 4 +oo
/ j(s) T2(s)pi(s) ds > / s"30i(s)qi(s)ds (i=1,...,m)
t t

if n is odd.
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Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has
Property A.

Theorem 2.3. Let k =m, 7(t) <t (i = 1,...,m) and for any sufficiently large to
there exists t1 = t1(to) > to such that one of the following two conditions be fulfilled:

1) 7:(t) <oi(t) (t=1,...,m) and
t t
/STf_l(s)pi(s)dSZ/sa?_l(s)qi(s)ds for t>t1 (i=1,...,m);

to to

2) 7i(t) > 0i(¢) (i=1,...,m) and
t t
/sai(s)fi"72(s)pi(s) ds > /so?fl(s)qi(s) ds for t>t1 (i=1,...,m). (2.4)
to to
Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has
Property A.

Theorem 2.4. Let k =m, 7;(t) > t,t € Ry (i =1,...,m) and for any sufficiently
large to there exists t1 = t1(to) > to such that one of the following two conditions be
fulfilled:

1) 7i(t) <oi(t) (t=1,...,m) and
(i)

¢
/s"flTi(s)pi(s) ds > /s"flai(s)qi(s) ds, for t>t1 (i=1,...,m) (2.5)

to to

if n is even,
(ii) (2.3), (2.4) hold and

t t
/s"_gff(s)pi(s) ds > /s”_QU?(s)qi(s) ds, for t>t1 (i=1,...,m)
to to
if n is odd;

2) 7i(t) > 04(t) fort e Ry (i=1,...,m) and
(i)
t

t
/ i (s)pi(s) ds > / S loy(s)gi(s) ds, for t>t1 (i=1,...,m)

to to

if n is even,
(i) (2.3), (2.5) hold and

t t
/sn_gai(s)n(s)pi(s) ds > /sn_gaf(s)qi(s) ds, for t>t1 (i=1,...,m)
to to

if n is odd.
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Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has
Property A.

Below we will make use of the following notation

T(t) = min{r;(t) :i=1,...,m}, 7°@) =max{r;(t):i=1,...,m},
o«(t) =min{o;(t): 1 =1,...,k}, o"(t) =max{o;(t):i=1,...,k}.

Theorem 2.5. Let 7*(t) <t fort € Ry and for large t one of the following eight
conditions be fulfilled:

1) 7« (t) > o*(¢¥) and

+oo +oo p
/Zpi(s)Ti"_Q(s)dSZ /Zqi(s)U?_Q(s)ds; (2.6)
s i=1 =1

2) 74 (t) > o« (t) and

/Zpl(s i 2(s)ds > / o) qu(sa (s) ds; (2.7)

3) 7« (t) < o*(¢) and

+oo +oo 1
/;—i((ss sz(s )il 2(s)d /z; o 2(5 ds; (2.8)
t =

4) 7 (t) < o«(t) and

—+o0

/ Z(z) sz(s )72 (s) ds > / o (s) Zq’ $)oi " (s) ds; 29)

t

5) 7*(¢t) > o*(t) and

“+ oo + oo k

/ Zpl ds>/qu " 2(s) ds; (2.10)

t

6) 7*(t) > o« (t) and

oo m “+o0 b
/ T*l(S) Zpi(s)ﬁn_l(s) ds > / 0*1(8) Zqz'(s)azn_l(S) ds; (2.11)
t =1 A i=1

/J*l(s) Zpi(s)T{Fl )ds > /qu o™ 2(s) ds; (2.12)
i=1



8) 7*(t) < o« (t) and

+o0 too
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m k
/ o_*l(s) ZPi(S)TZ."_l (8) ds > / a*l(s) Z qi(s)o_zn—l (S) ds. (2.13)
+ i=1 f i=1

Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has

Property A.

Theorem 2.6. Let 74«(t) >t for t € R+ and for large t one of the following eight

conditions be fulfilled:

1) 7«(t) > o*(¢t) and
(i)

+oo +oo Kk

/s”_QZpi(s)dsz /s”_QZqi(s)ds
i=1 i—

t
if n is even,
(i) (2.3), (2,6) hold and

+o0 m oo k
[ onemwass [ oY awmna
) P f i=1

if n is odd;

2) 7« (t) > o« (t) and
(i)

+oo

+oo m k

Sn—2
/ sn—2 Zpi(s) ds > / () Z qi(s)oi(s)ds
t =1 i=1

t

if n is even,
(i) (2.3), (2,7) hold and

“+o00 +oo

m n_3 k
3 i(s)Ti(s)ds > i i(s)o2(s)ds
/ ;pm() >/0*(3);q()2()

t t

if n is odd;
3) T«(t) < o*(t) and
)
+oo m oo k
/ -2 ;((88)) Zpi(s) ds > / s"2 Z‘h’(s) ds
t = k -

if n is even,
(i) (2.3), (2,8) hold and

“+o00 +oo

m k
g3 7+(3) i(8)Ti(s) ds /5"73 i(s)oi(s)ds
/ =y ;pz( Yri(s) ds > ;qz( )i (s)

t t
if n is odd;

4) 7 (t) < o«(t) and
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+oo

n_o T«(s) i sn2
/s 20*(5) Zpi(s)dsz/r(S)Zqi(s)oi(s)ds
t

if n is even,

(ii) (2.3), (2,9) hold and

/s”_3 ZEZ)) ZPi(S)Ti(S)dS> / ) Zqz(SU (s)ds
i=1

if n is odd;
5) 7*(t) > o*(t) and

@)
+oo K
/ ) Zpl(s 7i(s)ds > /sn_QZqi(s)d
i=1

if n is even,
(i) (2.3), (2.10) hold and

“+o0
s™ 2
/ 7*(s)
t
if n is odd;

6) 7*(t) > o« (t) and

@)
Sn72 oosn72 k
/ o) sz(s 7i(s)ds > / ) ;qi(s)ai(s)d

t

+oo

m k
Z pi(s)Ti(s)ds > / sn3 Z qi(s)oi(s)ds
i=1 i=1

t

if n is even,
(ii) (2.3), (2.11) hold and

—+oo

/ ) sz s)T (s)ds > /
if n is odd;

7) 7(t) < o*(t) and

(i)
oo n_o m +oo k
/j*(s) Zpi(S)Ti(S)dSZ /Sn_QZQi(S)d
t =1 " i=1

Z qi(s)o2(s) ds

if n is even,
(i) (2.3), (2.12) hold and

+oo +oo
m k
Zpl )72 (s) ds > /s"fSZqi(s)o'i(s)ds
i=1

[ =

t t




121

if n is odd;
8) 7*(t) < o« (t) and
(i)

+oo

/ ) sz s)Ti(s)ds > /
if n is even,

(ii) (2.3), (2.13) hold and

Z gi(s)oi(s)ds

—+o0

/ ipZ(ST )ds > /

t

Z(h 2(3

if n is odd.
Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has
Property A.

Theorem 2.7. Let 7*(t) <t for t € Ry and for any sufficiently large to there exists
t1 = t1(to) > to such that one of the following eight conditions be fulfilled

1) 7« (t) < o*(¢¥) and
¢ m ¢ k
/s Zpi(s)f* (s)TZ.’HQ(s) ds > /sa* (s) Z qi(s)a?72(s) ds; (2.14)
=t i i=1

2) 7 (t) < 0« (t) and
¢ m ¢ k
/ST*(S)Zpi(S)Ti"%(S) ds > /quz'(s)ﬂ?il(s) ds for t >t1;  (2.15)
b i=1 b=l
3) T (t) > o*(t) and
t m
/sa*(s)Zpi(s)Ti"*%s) ds > /so (s) qu s)ds for t > t1; (2.16)
i i=1

to

4) 7« (t) > o« (t) and

t

/sa* sz(s )T 2(s) ds>/ qu o~ 1(5 ds for t>t1;  (2.17)

to

5) 7*(¢t) < o*(t) and

/ Zpl s)ds > / Zqz(s o] " (s)ds for t >t1;  (2.18)

to
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6) 7*(t) < o« (t) and

/ sz(s )T L(s)ds >/ Zq’ s)or " (s)ds for t > ty; (2.19)

7) T*(t) > o*(t) and

t
/Sig ;pi(s)n"’lds > /so (s) qu s)ds for t>ty; (2.20)

to - to

8) 7*(t) > o« (t) and

¢ m ¢ k
/5 Zigg Zpi(s)Tin_l(s) ds > /qui(s)U?_l(s) ds for t>t1. (2.21)
e i=1 o 0=l

Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has
Property A.

Theorem 2.8. Let 7« (t) >t fort € Ry and for any sufficiently large to € R4 there
exists t1 = t1(to) > to such that one of the following eight conditions be fulfilled:

1) 7« (t) < o*(t) and

(i)
t m t k
/5"717*(8)Zpi(s)ds2/5"710*(8)2‘11'(5)615 for t > t1

to = to i=1

if n is even,
(i) (2.3), (2.14) hold and

t m t k
/s"*QT*(s)Zpi(s)Ti(s) ds > /5n72‘7*(5)z%(5)0i(5) ds for t >t
i=1 i=1

to - to
if n is odd;

2) 74 (t) < o« (t) and
(i)

t

m t k
/ ()Y pils)ds > / S gils)os(s) ds for £t
=1 =1

to to
if n is even,
(ii) (2.3), (2.15) hold and

t

t
/5"727*(8)21’2'(8)72'(8)6152/ N QZ% )oi(s)ds for t >t
=1

to to
if n is odd;
3) T (t) > o*(t) and
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t

m ¢ k
/s”_la* (s) Zpi(s) ds > /s”_1 Z gi(s)o*(s)ds for t > t1
i=1 i i=1

to
if n is even,
(ii) (2.3), (2.16) hold and

t t

m k
/3"720* (s) ZPi(S)Ti(S) ds > /5"720* (s) Z qi(s)oi(s)ds for t > t1
to i=1 to i=1
if n is odd;

4) 7« (t) > o« (t) and

()
¢ m ¢ k
/s”_la*(s) Zpi(s) ds > /s"_l ZCH(S)U«L(S) ds for t >t
i=1 o i=1

to
if n is even,
(i) (2.3), (2.17) hold and

t m ¢ k
/5"720* (s) ZPi(S)Ti(S) ds > /5"72 Z qi(s)02(s)ds for t >t
i=1 to i=1

to
if n is odd;

5) 7*(¢t) < o*(t) and
@

t

m t .
/snfl Zpi(S)Ti(S) ds > /snflo'*(s)Z(Ii(S) ds for t >t
i=1

to to =1

if n is even,
(ii) (2.3), (2.18) hold and

t " . .
/Sn—2 Zpi(s)n?(s) ds > /Sn—QJ*(s) Zqi(s)ai(s) ds for t>t1
to i=1 i=1

to
if n is odd;

6) 7*(t) < o« (t) and

)
t . . .
/snfl ZPi(S)Ti(S) ds > /snﬂ Z qi(s)oi(s)ds for t >ty
i=1

to to =1

if n is even,
(ii) (2.3), (2.19) hold and

t - . .

/sn—Z Zpi(s)TiQ(s) ds > /SH—Q E qi(s)o?(s)ds for t >t
=1 i=1

to b
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if n is odd;

7) T*(t) > o*(t) and
(i)

t ™ : X
/snfl Zpi(s) :*Ez; 7i(s)ds > /sn—lg* (s) Zqi(s) ds for t >t
to i=1

to i=1

if n is even,
(ii) (2.3), (2.20) hold and

t m t k
/5"72 :* Ezi lei(s)ff (s)ds > /5"720'* (s) Zl qi(s)oi(s)ds for t >t
to = to =
if n is odd;

8) 7*(t) > o« (t) and
(i)
t
/Sn—l Zpi(s) :igz;
i=1

to to

p k
7i(s)ds > /s"_1 Z qi(s)oi(s)ds for t >t

i=1

if n is even,
(ii) (2.3), (2.21) hold and

y m t k
:EZ; ;pi@)n?(s) ds > / s”—Qi;qi(s)a?(s) ds for t>t

/ Sn—2

to to
if n is odd.
Let, moreover, the equation (1.2) have Property A. Then the equation (1.1) also has
Property A.
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