Memoirs on Differential Equations and Mathematical Physics
VoLUME 23, 2001, 17-50

Avtandil Gachechiladze

A MAXIMUM PRINCIPLE AND THE
IMPLICIT SIGNORINI PROBLEM



Abstract. In the present paper is given the analogue of the maximum
principle for a scalar, linear eliptic equation, in coercive case (Lemma 1.4).
The result is applied to locate the set of coincidence in the classical prob-
lem of Signorini for some concrete cases (Corollaries 1.6-1.8) and also, for
the formulation of the maximum principle for the same problem (Theorem
1.5). An implicit Signorini problem was studied earlier by Bensoussan and
Lions. They investigated the mentioned problem, proved existence, but the
uniqueness result was still open. From the above mentioned results are
derived uniqueness of a solution under asserted conditions. If some of as-
serted conditions is missing, the existence might fail; in particular, there
are found a system of data, under which the problem has no solution at
all. Next we state more general Siniorini’s Implicit problem. In some cases,
there is proved uniqueness of solution and is given a sufficient condition
of solvability of the problem (Theorem 3.1). Further, is consider the im-
plicit Signorini problem in elasticity with the Diriclet and the Neumann
boundary conditions (Problem (4.20)—(4.21)). Existence of solution and, in
some cases, also uniqueness is proved (Theorem 4.4). In general, unique-
ness of solution, can equivalently be reduced to some assumption, similar
to “maximum principle” (Lemma 1.4), of the theory of elasticity.
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1. A MAXIMUM PRINCIPLE IN THE CLASSICAL SIGNORINI PROBLEM

Let © be a bounded domain in R", T be the boundary of Q : I' = 99,
I' € C% v be the outward normal to ; and H*(Q) and H*(I') be real
Sobolev spaces. The norm in these spaces will be denoted by || - ||s.o and
|| - |ls.v, respectively. Define the bilinear form on the space H!(Q) x H(Q)
as follows:

a(u,v) Z/awuz}gugsj +Z/a’a da:+/a0uvdx
1,1= IQ

n

aij,ai,a0 € LX(RY), Y ai&i&y > aolél?, (1.1)
i,j=1
ap(z) > a’, a® = const > 0.

Suppose that the form a(u,v) is coercive:
a(u,u) > a||u||iﬂ, s Hl(Q) (1.2)

Define the following operators:

"9 o - d
— z_: 3_:c] (“”a_:m) +;ai3_x¢ + ag,
- - (1.3)
ayA Z“””Ja

As it is known, if u € H'(Q), Au € L2(Q), then ;— €eH %(I‘) and the
va

following Green formula is true:

a(u,v) = <%,v>F + /Auvdx. (1.4)

Q

Here (-, ). is the relation of duality between H* (T") and H? (T).

Let us now flormulate some definitions.

Let F€ H *(I') and I'oCI" be any measurable subset of the boundary,
mes ['9g>0.

Definition. (i) We say that F|,, >0 if

(F.p)py 20, @eH (), >0, ¢, =0.

In the sequel we will write ' > 0 when I' = I'.
(ii) We say F'[,, =0 if

(Fip)r =0, pE Hi(F)v c»0|1“\1“0 =0.
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The classical Signorini problem is defined as follows: find u € H(Q)
such that

AU:f, fGLQ(Q)v

ou 1
>h, —| >0, heH*I);
u|F - I 81/,4 r jl I 6 ( )7 (15)
ou
<m,u—h>r =0.

This problem is known to be uniquely solvable in the space H'() (since
a(u,v) is coercive).

It is intersting to consider the problem: where the identity u = h holds?

To answer this and other questions, we give some lemmas.

Lemma 1.1. Ifu € HY(Q), then

0
(i) u =0,1<i<mn, where D = {z € Q,u(x) = 0}.
é)ati D

(ii) max(u,0) € H*(Q) and

Uy, {r €9, u(z) >0},

[max(u,0)],, = {0’ {zeQ, ulx) <0}

Remark. All equalities and inequalities of this lemma are assumed to be
fulfilled almost everywhere.

For the proof of the lemma see [3].
Lemma 1.2. If u € H'(Q), then max(u,0)|. = max(ul.,0).

Proof. First we will show that if

1 1
ub e HY(Q), u* 2@, u, then max(u”,0) RSUN max(u,0), ie.,
max(u¥, 0) L2, max(u,0) and [max(u”,0)],, L2 [max(u,0)]s,,

1 <4 < n. We begin by proving the latter claim. Take

B={2€, ub (2)—u(), uf, (z)—uq, (2), 1 <i<n}\

Zq

{20, Ti€ T,m, u(z) =0, u,, (x) £0}.

By virtue of Lemma 1.1. (i) it is obvious that mes E = mes ). Show that if
r € FE, then

[max(u*, 0)]z, (z) — [max(u, 0)]z, (z).
Indeed, assume that u(x) > 0. Since x € E, there exists k € N such that if
k > K, then uv*(z) > 0. Now, due to (ii) of Lemma 1.1, for k£ > K we have

max(u®, 0)],, (2) = uf, (2) = up, (@) = [max(u, 0)],, (x), & — .
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Similarly, for u(x) < 0 there exists k € N such that if k > K, then u*(z) <0
and therefore by (ii) of Lemma 1.1 we obtain

0 = [max(u”,0)],, () — [max(u,0)].,(r) =0, k> K, k— occ.

When u(z) = 0, one can split the sequence u*(x) into two parts: u?(x) > 0
and u™(z) < 0. Consider the case where these parts are infinite. Clearly,
[max(u™,0)], () — [max(u,0)]z,(z)]. Show that the above reasoning holds
for the second sequence, too. Since xz € E, then, by Lemma 1.1,

(max(u?, 0)z, () = uf, () = g, (x) = 0 = [max(u, )]s, (),

i.e., [max(u*,0)],, — [max(u,0)],, almost everywhere in the domain 2. On
the other hand,

| [max(u®, 0)] <lu — ||Uw7,||L2(n) < 0.

k
$i||L2(Q) .’,CiHLz(Q)

By Lebesgue’s theorem

[max(u”,0)],, =22 [max(u, 0)],,.

Similarly, we can prove that

max(u”,0) L), max(u, 0).

Hence

1
max(u¥, 0) 26, max(u, 0).

. 1
Returning to Lemma 1.2, if we take u* € C'(Q), u* 2@, u, then
1
max(u”, 0) DN max(u, 0) and, obviously,

1 (r)

max(u¥|.,0) = max(u®,0)|, max(u, 0)|..

1
k;| HZ(F)

o Tl we obtain ma(ut,,0) £

Since u max(ul.,0), i.e.,

Lo(T)
—_—

max(u”,0)|, max(ul.,0) = max(u,0)|.. O

Lemma 1.3. If Fe H *(T), pc H*(T), ¢ >0, F >0, (F,¢). =0 and
Fg={zel, p(z)>d}, de R, d>0,

then F|. = 0.
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Proof. Let ¢ € H*(T), 4|y, = 0. Then, if [} < M, M € RT, we have
d
p=x M@/} >0 and

(Fiptap0) =2 (Fu), 20
Let essup vy = oo. Set
PF = max(£1,0), ¥e H'(Q), ¥|.=v¢", T4 =min(T,k).
Then it is clear that
=2t =97, U= (¥ —-max(V —k,0)) € H(Q).
Let us show that Uy H@, U, k — oo, i.e, max(¥ — k,0) H@), 0.
Since mes B, — 0, k — oo, Where E, = {z e 0, U(x) > k}, then, by

(ii) of Lemma 1.1 and the property that the Lebesgue integral is absolutely
continuous, we obtain

| max(¥ — k,0)[2, . — / W — k[2de < /|\If|2dx 0,

max(¥ — k,0)],, 2, ., = /|\1: H. |dat—/|\If Pdz — 0,

ie., Uy H—(Q)> U, k — oo. By virtue of Lemma 1.2 we have

min(¢t, k) = T — max(yt — k,0) = Uy, ) .

Since |min(y*, k)| < k, from what has been proved above, it follows that
(F,29p"). = lim (F,min(y", k)),. =
k—o0
Similarly, we obtain (F,¢~ ). =0. O

Define a constant My of the form (1.1) as follows:

¢ @)l

My =i
L ANER

f e Ly(Q).

Lemma 1.4 (An analogue of the week maximum principle).
Let u € HY(Q), Au € Lay(Q),

1o}
(i) if Au < 0, a—u < 0, where T'g C T is any measurable subset
Valr,
mesg > 0, and essupu = M. Then u < max(M,—M, ), z € ).
I\l
iy - ou _
(ii) of Au >0, —| >0, thenu>M,, , x €.
o, |p
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Proof. Let

M' = max(M,—M,,), w=max(u— M0).
We have to show that w = 0. Due to (ii) of Lemma 1.1, we have the
following properties of the function w:

ow Ou  Jw Jw ou  Ow

dz; Ox;  Ox; O’ oz, 0w (1.6)

w-w=w?+ Muw.

w e HY(Q),

Now, if we insert the function w into the form (1.1) and take into acount
(1.6), we obtain

a(u,w) = a(w,w) + M’/aowdx. (1.7)
)

Since M’ > M, by Lemma 1.2 we have w|, = 0, whereas M' > —M ,,
and Au < 0 yield M'ag — Au > 0, which, when combined with (1.7), (1.4
and w > 0, gives

ou

> (— = — ! >

0> <6VA ,w>F /Auwdx +a(lw,w) + M /aowdx >
Q Q

> /(M'ao — Au)wdz + ofjw|} o.
Q

Thus w = 0 and claim (i) of Lemma 1.4 is proved.
(ii) Let w = max(M,, —u,0). Then, similarly to the above, we can show
that

a(u,w) = —a(w,w) +M,, /aowd:c,
Q
and from (1.4) we get

0
0< <£,w>r = f/Auwdx —a(w,w)+ M,, /aowd:c <
Q Q
< [ 00— Awyuds ~ alful o
Q
Since f(MA“,ao — Au)wdz < 0, then w = 0. This means that
Q

wr)>M,,,x€Q. O

Theorem 1.5. If u is a solution of the Signorini problem (1.5), f <0 and
essuph > —M,, then
r
essupu = essuph. (1.8)
a r
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Proof. Let us first assume that aé)_u = 0. Then by virtue of (ii) of Lemma
VA

1.4 we obtain u < —Mf7 2z € Q. Since u|. > h, we have —Mf > essupu >
r

essuph > =M, ie.,
r

essupu = essuph = —M . (1.9)
o r

9]
Now let us consider the case —— # 0. We have i%f (u—h) = 0. Clearly, if

ov,
Ju . Ou
u—h|. > d > 0, then because — > 0, by Lemma 1.3 we obtain — =0,
ov, ov,
ie., irllf(u —h)=0. Let
1
r,= {x e, u(x) — h(z) > —}, n € N.
n
. Ju
Then, provided that mesT'\T,, > 0, by Lemma 1.3 we find that Wl = 0
Valr,
holds for all n € N. If there exists n € N such that essupu < —M,, then

m\T,
due to (i) of Lemma 1.4 we have u < —M,, x € Q, and, as it has been

shown above, we obtain (1.9). Let essupu > —M, for all n € N. Then,
I\,
again using (i) of Lemma 1.4, we get

1
essupu = essupu < essuph + —, Vn € N|
a \T, r n

which implies (1.8) when n — oo. O

Corollary 1.6. If u is a solution of the problem (1.5) and f > 0, then the
following inclusion takes the place:

{z €T u(x) =h(x)} C{z el h(x)>M,}. (1.10)

Proof. Since aé)_u > 0 and Au = f > 0, by (ii) of Lemma 1.4 we have
A

u>M,, rve Q, i.e., (1.10) holds. Moreover, because M, >0, we have
{z eT,u(z) =h(z)} C{z e, h(zx) >0} O

Corollary 1.7. Let u be a solution of (1.5) and T'g be any measurable set
on the boundary I', mes'g > 0.
(i) 1f

h<M, hl,, =M, M>-M,,

then ul., = hl, -
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(ii) If there exists a function v € HY (), Av € Lo(Q) and a number d,
de R, d>0, such that

Ju
AvZfa 0§—<8—7 'U|r2h7d7 Ulrozhidlroa
then u = hl, .

Proof. (i) is trivial since Theorem 1.5 immediately implies essupu = M,
[9)
ie, M > u|FO > h|FO =M.

(ii) Let w = u —v. It is easy to show that

ow
Aw = f — Av, 8720, wl. > h -2,

A

0< <§—w,wfh+v>F = <M,u7h>F :7<ﬁ,u7h>F <0,

v, ov, ov,
ie., <a—,w —h+ v> = 0 and w is a solution of the classical Signorini
v, r
problem with the data (f — Av, h — v).

Since
f—Av<0, h—v|[.<d, (h—v), =d d>0>-M
by (i) we get w = (h —v)l,, i.e,, (u=h)| . O
3
Corollary 1.8. If h € H*(T') and the coefficients of the form (1.1) are
elements of the space C1(Q)), then, there exists fr, € L2(S)) such that, for

any function f € La(Q) with f < fn, the solution of the classical Signorini
problem with the data (f,h) satisfies the condition (v = h)|..

Proof. Since h € H3(T') and the coeficients of the form (1.1) are in the
space C1(Q), there exists a function v € H?(f2) such that

0
U|F:h7 _/U:(),

ov,

cf. [4], [5]. Denote
fh = Av.

To prove Corollary 1.8, it is sufficient to take in Corollary 1.7

To=I, d=0. O
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2. THE IMPLICIT SIGNORINI PROBLEM

Let us state the implicit Signorini problem for the operators (1.3). Find
such u € HY(Q), that

Au = f,

ou ou
>h—(— = >
W2 (5,00) 0 gyl 20 (21)

<8871:,u—h—|— <887i,<p>r>r =0,

where

FELyQ), hpeH ), ¢>0. (2.2)

This problem is considered in the monograph [1]. The existence of solutions
was proved, but the question as to the number of solutions remained open.
Using the results of §1, we will show that the problem (2.1) has a unique
solution. Let uy for A > 0 be a solution of the following classical Signorini
problem:

Au, = f, u, € H'(Q),
ou,

A

=0, (2.3)

ux|r >h*)\,

r

<‘9“*,urh+x> —0,

6Z/A r

where f and h are the data of the problem (2.1).
Define the mapping F' : RT™ — R™ as follows:

FO\) = <ng @)L Az (2.4)

Clearly, if F'(A\) = A, then the corresponding u, is a solution of the problem
ou

)
ov,

<p> we have u) = u, i.e., the problem of solvability and the number of the

(2.1). Conversely, if u is a solution of the problem (2.1), then for A = <

sohrltions of the problem (2.1) are reduced to defining the number of statical
points of the mapping (2.4). The continuity of the function F(X) for a
more general case will be proved in §3 below. To prove the uniqueness of
a solution of the problem (2.1) with the conditions (2.2), it is sufficient to
show that F'()\) is a nonincreasing function, i.e.,

o(u, —u
F()\l)—F(Ag):<4( Sl®)

) 20, 0 A<
ov, r
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1
Since ¢ > 0 is an arbitrary function of the space H * (') and
0 < A1 < Ag are arbitrary numbers, we have to show that

O(up — u,)

> A 2.
v, >0, >0, (2.5)

where ug and u, are the solutions of the problem (2.3) with data h and
h — A, respectively.

Let
ho =h—uk|r. (26)
Clearly,
1
ho € H* (), ho <\ (2.7)
Let us consider the Signorini problem
Aw =0, we HY(Q).
ow
> h — >
e 2 ho, 7 20 (2.8)
ow
S w—hg) =0,
<01/A v 0 r
If essuphg < 0, then w = 0. If essuphy > 0, then, due to Theorem 1.5, we
r r
have
essupw = essuphg,
a r
ie. (see (2.7)),
w< N, re (2.9)

Let
v =u, +w.
Let us show that v is a solution of the problem (2.3) when A = 0, i.e.,
v = ug. Indeed, we have

ov

AU:f7 Y ZO,

ov, |p (2.10)
U|F - (ux +w)|r > U’A|F + h0|r = h.

Now, by virtue of (2.6), (2.9) and (2.10), the problem (2.8) implies

0§<%,v—h>rz<gz: —l—%,uk—l—w—hx:

:<‘9“*+a—w,w7ho> :<a“* w = ho) g{g“*,ﬂuﬁ@ =0,

)
ov, Ov, ov, v,
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v
ie., <8—, v — h> = 0 and v = ug because of the uniqueness of a solution
r

of the prgblem (2.3). Therefore

oo —u) _ ow _
v o, —

A

Thus (2.5) is proved. Hence the function (2.4) is nonincreasing and contin-
uous and therefore has one statical point, which means that the problem
(2.1) under the conditions (2.2) has a unique solution.

In the monograph [1], the problem (2.1) is also considered when no re-
striction ¢ > 0 is imposed on the data, and the following fact is proved:

ov

F())
A ov, ¥

supF'(\) < +00, —— — < > , A — —o0, (2.11)
A>0 r
where F()) is the function defined in (2.4) for all A € R and v € H!(Q) is

a solution of the problem

Av = 0;
Ov
< -1 — <
v ==l 5 L=0 (2.12)
v
<877U + ].>F =0.

Remark. Since —v is a solution of the Signorini problem with the data
f =0, h =1, by virtue of Corollary 1.7 v satisfies the problem

Due to (2.11) it is clear that when we have no restriction ¢ > 0, for the
problem (2.1) to be solvable it is sufficient that

Ov
_—, <1 2.13
< ov, 80> r ( )
Show that if no restriction ¢ > 0 is imposed, then the problem (2.1) may
have no solution. One can easily see that, for all f € Ly(Q), it is possible
to choose functions h and ¢ from H* (T') such that for the data f, h, ¢ of
the implicit Signorini problem, the following conditions hold:

<0, wuol.=h, <%,<ﬁ> # 0, (2.14)
R
<§TUA,<‘0>F > 1. (2.15)
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For f < 0, by virtue of Theorem 1.5 and Lemma 1.3 we can write the
data h and ¢ in the conditions (2.14), (2.15), for example, as follows:

h = 1, p < da (iG-Ria <£%La¢> > 1
ov, r
Let us show that, if in (2.2) the conditions (2.14), (2.15) hold instead of
¢ > 0 then the problem (2.1) has no solution, i.e., that the function F'(X)
defined by (2.4) for all A € R has no stationary point. Since ¢ < 0, F'(A\) <0,
so, the mapping F': R — R~ may have a stationary point only on R™.

Let
—up

A Y

We will show that w satisfies the problem (2.12), i.e., w = v. Since
ugl, = h, the first three conditions are obvious by virtue of the problem
(2.3) and (2.5). Prove the fourth condition

0< <§7“;,w+1>r - %<8(qu«>)% —h+)\>F _

Hence, w = v and thus

A <O.

w =

— —h+X) <O0.
81/A’u* + >F_

u, =Av+ug, AZL0,
ov auo
F(A :<—, > A <— > . A<0,
(A) o P M ey 9) 0 AS
ie., F(A) < A, when A < 0. This implies that the mapping F has no
stationary point on R~ (Fig. 1) and, as we have noted, does not have one
1
on Rt either. Thus, if f € L,(Q), ¢,h € H*(T) satisfy the conditions
(2.14), (2.15), then the problem (2.1) has no solution. Note that if the

conditions (2.14) hold for the problem (2.1) to be solvable, the condition
(2.13) is necessary and sufficent.

Fig.1
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Thus, we have proved the following

Theorem 2.1. The problem (2.1), has a unique solution under the condi-
tions (2.2), and it has no solution, when instead of ¢ > 0 in the data, the
conditions (2.14), (2.15) hold.

3. STATEMENT OF THE IMPLICIT SIGNORINI PROBLEM IN MORE
GENERAL TERMS

The implicit Signorini problem can be stated for the operators (1.3) in
more general terms as follows: find such v € H(Q), that

Au=f,
e Zh<§7i’“”>rw’ ;Ti on’ (3.1)
<88711,u —h+ <§TL:,QD>F1/)>F =0,

where

FeLa(Q), hpweH (). (3.2)

Let u, be a solution of the following classical Signorini problem for all
A€ R:

Au, =f, u, € H(Q),

A

ou,
UA|F 2 h — )\1/% Vi lp > Oa (33)
ou,
<8VA,urh+mp>r =0,

where the functions f,h, 1 are the data of the problem (3.2). Define the
mapping F': R — R as

FO\) = <ng , ¢>F, XeR. (3.4)

As in the case of the problem (2.1), the question of the number of solutions
of problem (3.1) is reduced to determining the number of stationary points

of the function F()). Let us consider this question. On the space H*(T),
define the norm as follows:

lgllir= —inf [|Gl1e. (3.5)
GeH'(Q)

Glr=g
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This is equivalent to the standard definition of the norm on this space. Fur-

1
ther, we use such a defined norm on the space H? (T'). Define the constant
¢ for the bilinear form (1.1):

c=inf{d € R, a(u,v) < d||ull1.0lv|1.0, u,v € H(Q)}. (3.6)
Obviously ¢ < 400, because

e < max (gl il faol ).

Show the continuity of the function F(\). For all A, A2 € R, from the

definitions of the functions u, , u, , we get:
Ou, — Ou,, N B
<8VA - 61/A 7uA1 7UA2 +( 1= 2)1/}>F -
Ou, — Ou,,
_ _ _ _ — <0. .
(G o=t ), 50 )

Using the Green formula (1.4) and the formulas (1.2), (3.6), (3.7), we obtain

a”“xl - U’&H%,Q < a(uxl T Uy, Uy, T u>\2) =
a(ux *uh) a(uA 7ux)
=(2 el < (v — \ <1427 > —
< 0Z/A UA1 UAQ >r —( 2 1) 8VA 1/) .

= (e~ Aalu,, —u,,, ) < i~ dellu,, —uy,llialPlha, (358)

Ag?

where ¢ is the constant defined in (3.6) and ¥ € H'(Q) is an arbitrary
function with W|. = 4. Hence, by virtue of (3.5), from (3.8) we have

luy, = u, llie < o™ el = Xl ¥4 p- (3.9)

By a reasoning similar to that we have used for the mates (3.8), from (3.9)
we have

<

70w = Fo) = [T ) o)

< cllu,, —uy, lrellelly r < oA = Xell¢lly pllelly e (3.10)

Thus, F'(A\) belongs to the Lipschitz class and if
«
91yl e < 5

then F'(X\) is a contractive mapping and has a unique stationary point.
Therefore, the problem (3.1) has a unique solution.
Let us consider the situation

¢ =Y, -~ =const>0.
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When A\ < Mg, for some estimate given in (3.8), we get

F(\) - F(Xs) = <L“ — o)

ov, ’M’Z}>F 2 0.

Thus the function F' is nonincreasing and, as shown in (3.10), it is also
continuous and therefore has a unique stationary point. Thus the problem
(3.1) has a unique solution. Let us give sufficient conditions for the problem
(3.1) to be solvable. As it has been mentioned above, (2.11) is established
for the problem (2.1) in [1]. Repeating an analogous reasoning for any

1
1 € H*(T'), we can show for the problem (3.1) that

F(X) Ov
= - <W’¢>r’ A= o0 (3.11)
F(\) ow

X <%#’>Fa A — +oo, (3.12)

where v € H'(Q) and w € H' () are respectively solutions of the following
problems:

Av =0,
vl < =9, 6_1: - =0 (3.13)
<8871:’U+w>p =0;
Aw =0,
wle 2 =9, 5712 = 0 (3.14)
(3w +v), =0

Since the function F()) is continuous, (3.11) and (3.12) clearly imply that
each of the conditions

<§TZ,¢>F > 1, <§7“;,<p>r >1 (3.15)
or
<8871:,@>F <1, <57“:,<p>r <1. (3.16)

is sufficient for the problem (3.1) to be solvable

Obviously, if ¥ > 0, then w = 0, and if ¢ < 0, then v = 0. In these
cases, is each of the conditions is sufficient conditions of the solvability of
the problem (3.1) are

b <0, <§7u;,ga>r <1, (3.17)



33

ov

wzo,<EZW§F<L (3.18)

(3.17), (3.18) hold in the following situations, each of which also represent
sufficient conditions for the problem (3.1) to be solvable:

P <0, p<0.
>0, ©2>0.

Let us clarify the uniqueness problem. We will show that, when corre-
spoding F'(\) # const, for any data from (3.2) there exists a1, as € R such
that the problem (3.1) with

f=Ff h=h+tay, ¢=ap, ¢=1, (3.19)
has at least two solutions. Indeed, for any fixed a1, as € R, we denote by

u, a solution of the problem (3.3) stated in the data (3.19), and by F())
the corresponding mapping (3.4). Now it easily follows that

—

F(}\) = OéQF()\ — 0&1)7 V(Jél, a9, A€ R,

2 (

AT Us_oys

where u, and F(\) are defined by the initial data. Let us choose A1, A2 € R
such that F(A1) # F(A2). If now we take

Ao — A\
ap=—22"L = asF(\) = A, 3.20
2= Fon —FOL M =2F0) - A (3.20)

then, obviously, the stationary points of the function F(\) are asF'(A1),
agF(Az), which means that, under data (3.19), the problem (3.1) has at
least two solutions.

Thus, we have proved the following theorem.

Theorem 3.1. The problem (3.1) with the conditions (3.2) has a unique
solution if

D el rlielyr < 5,
where, o and ¢ are the constants from (1.2) and (3.6), and ||-|[1 p is defined
in (3.5).

2) ¢ =y, v = const > 0.

3) The problem (3.1) with the conditions (3.2) has a solution if one of
the pair of the following conditions

<887UA,@>F > 1, <gTU:,<p>F > 1.

(oo <1 (o) <2

A
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holds, where v and w are solutions of the problems (3.13) and (3.14), respec-
tively. Therefore the following four pairs of conditions are also sufficient for
the problem (3.1) to be solvable:

ow
m,
Y >0, <£?W§F<L

A

P <0, <0,
>0, >0

Y <0, < wk<L

4) For any data (3.2), where the corresponding function F(X) # const,
there exist oy, ag € R such that the problem (3.1) under conditions

f:fa h:h+a1w7 \S—D/:OZQSDa T/):ﬂ%

has at least two solutions.

4. AN IMPLICIT SIGNORINI PROBLEM IN THE ELASTICITY THEORY
Let Q, Tand v be as in §1. Assume, that L2(2) = (L2(2))", H*(Q) =
(H*(Q))™, H*(T") = (H*("))",s € R, where H*(Q2) and H*(I") are real
Sobolev spaces. The norms in the spaces H*(€2) and H*(T") will be denoted
by || - ls,e and || - [|s,r- The norm || - ||, ~we understand to be defined by
1,

means of (3.5). Let us define the matrix-diferential operators A(x,d) and
T(z,0,v) and the bilinear form on the space H*(2) x H!(Q) as follows:

A(z,0) = [[Ajk (2, 0) [ nxn,

B B (4.1)
Aji(r,0) = e (aiﬂk(fﬂ) 8_a:l>’
T(’JS, aa V) = ”Tjk(xv aa V)”nx’ﬂ?
d (4.2)

Tik(z,0,v) = aiix(z)v;(x) a—xl,

aijik € CHQ),  aijik = ajur = ais;
Vo €Q, V& €R (&5 = &)+ apu(x)ii&n > BEij&ij, B> 0;

B(u,v) = /aijlk (x) % % dr, Yu,v € H' (Q). (4.3)
J

Q

The operator (4.1) corresponds to the system of equilibrium equations of the
elasticity theory for a nonhomogenous body, while (4.2) is a stress operator.
It is clear that the form B has the following boundness property:

B(u,v) < C|lull1,0llvl1,0, Yu,ve Hl(Q),

C= sup {aijlk(m)a iujala k= L_n}
z€Q

(4.4)
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As it is known, if u € HY(Q), Au € L2(R), then Tu € H > (T') and the
following Green formula holds:

/Au -vdr = —B(u,v) + (Tu,v)., Yv & H(Q), (4.5)
Q
where (--).. is the duality relation between the spaces H* (T') and H *(T).
Let us define v, and vs, as the normal and tangential components for the

1
vector-function v € H?(T'), respectively, while (T'u), and (Tu)s be, re-
spectively normal and tangential components of stress. Then the following
formula is true

(Tu.v), = {(Tu).v), + (Tu)s o) v et (D). (4.6)
Let T'g,T'1, T2 # 0, be open sets on the boundary I' such that
TouThUTy, =T, 8LyNary = 0. (4.7)
Recall that, for s > 0,
H (To) ={p € H'(I), ¢l =0}

while H™ (I'g) is the space of restrictions on I'g of H  (I')-functions, endowed
with the norm

lllze gy = Inf (9]l (r)-
ro— %

bl
Define

—s ~s ~ _s a

H (To)=(H (To))', H (To)=(H (T))’,
where (- )’ means the self-adjointness of spaces. Analogously we define the
spaces H (Tp) and H (To).
We will use the notation
H.(Q) = {ve H'(Q), v, =0} (4.8)
Let us state several lemmas:

Lemma 4.1. (i) If the functions F and ¢ are nonnegative on Q@ and f €
H *(Q)NLE.(Q) and p € H? (Q), then fp € L'(Q).

loc

(ii) If u € ot (Q)NLE(Q), veH (), and uv € LY(R), then

(u,v), = /uvdx.

Q

The proof see in [3].

(), and f >0 as the functional on
the space H * (Q), in the sense of §1. Then f>0 almost everywhere on €.

—1
Lemma 4.2. Let f € H > (Q) N L
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Proof. Assume, there exists the set Q' C Q with positive measure where
f < 0. Then it is possible to find such a closed set Q" C Q' and a closed
core B, that if we take Q¢ = BN Q' d = dist(02, B), then

mesy >0, d>0.

Let Q := Q2 , where Q2 is the g,-neighbourhood of the set Q°. Let us

€L
show that we can choose such sequence e, that

mes {2, — mes Q. (4.9)

In fact, since Qg is a closed, and therefore measurable set, there exist open
sets QF, such that QQ’“ = Qp, and mes Q* — mes Q. There can be found

such ¢, that Qr C QF for each k € N. Indeed, if dist(9Q%, Q%) = 0 for
some k, then there exist such sequences {z,,} C QY and {y,,} C 9N, that

Ty — Ym — 0. Then it can be found such z, that for some sabsequences

a), and y,, of {zn} and {yn}, there hold lim z/, = lim ¥y, = . So

x € QN ONF, which is the contradiction. Hence dist(Q N ON*) > 0, which
implies Qx C QF for each k € N. thus, there exists such sequence ¢ that
(4.9) holds.

Let us choose the sequence ¢y, in terms (4.9) and yg, such that
0<er<d/2, epx>ert1, Xk €CT (), 0<xx <1, xilop, =1

; (fs Xk)o Z/kade/fdJH— / Fxrdz.
o o

2\ Qo
From (4.9) it follows that

/ fxpdr < / |f|ldx — 0.
i\ Q0 Qi \Qo

Since fl,, < 0, we can find x) > 0 such that (f, xx), < 0, which contradicts
to our assumption. [

_1
Lemma 4.3. Let F € H *(T'), To,T'1, T2 satisfy the conditions (4.7) and
there exist a functional Fy such that

F1|F1 :F|r17 Iy eﬁ_i(rl Ufg).
Then there exists a functional Fy such that
~_1 _
Foly, = Fly,, Foe™ *(TouTy),

and
(F,0)p = (F1,0)p, + (Fo,9)r,, ®€H (T), ¢, =0.
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Proof. Define the functional Fjy on the space H* (T) as follows:

(Fo,0)e = (F.0)r — (Fi,0) peH (D).

ryUTy’

It is clear that the functional F{; possesses the following properties:

<F0790>r < CO”WH%’Fv
<F0790>F =0, 90|1"0 =0,
<F0790>F = <F7 90>F7 90|r\r0 =0,
ie.,
~_1
Fl., = Foly,, Foe™ *(To).

If we consider the functional Fy on {¢ € H?* (T'); ¢ly, = 0}, the second
claim of Lemma will be fulfilled. O

Now let us state the classical Signorini problem for the operator (4.1),
with Dirichlet and Neumann boundary conditions: find a displacement u €
H(Q), such that

Au = f,

u|F2 =1, Tu|Fl =P,

(Tu)slry, =05 (Tw)yln, = 0; (4.10)
ul’lr‘o Z h7

(Tw)y, w = h)r, =05

0

f S EQ(Q), PeH (Fl U Fg), (4.11)

=

beH (Ty), heH (T

1

Since (Tu), € H *(I'), we understand the inequality (Tu)yly, > 0 in the
sense of §1, while the inequality u,,|FO > h is meant to be fulfilled almost
everywhere.

This problem expresses the following mechanical process: the volum force
f is acting on a body, on the part I'; the displacement is fixed, while on the
part I's the force P acts. The mechanical sense of the last four conditions
can be interpreted in such a way: the body is placed into a rigid frame
by its part I'g. Stresses on the part I'y are caused only by its interaction
with the frame, without friction. The problem (4.10) has a unique solution
under the conditions (4.11). Show that this problem is stable with respect
to the data v, p, h. State the same problem for the data vy, Py, hy, from
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the conditions (4.11):
Ak =f Wb e HY(Q);
Uk|r2 = Yy, Tuk|r1 = Py,
(Tuf)slpy =05 (TuF), |, =05 (4.12)
wlle, = hi,

((Tuk)u,u’j — hk>r0 =0.
-3 3 3
Show that when Py LN P g (T2, Vv,  hg A (Lo, h, then

1
ub T, u, where u* is the solution of the problem (4.11).

Let x, ¢r and ﬁ be functions with the properties:
Xecl(ﬁ)a X|1" =V,
A =0,  op € H'(Q).
{/}\;|F2 =K — 1, T{/;;h“l =0, {/;I;|r0 =0. (4.13)
Pk EHl(Q)a ¢k|r0 = h — h, ¢k|1"2 =0,

Prll1,0 < d|lhy — R, . for some constant d.
3.To

Remark. Such ¢y, exist. To prove this, first of all we construct the trace
of ¢, on I'. Extend hy — h from I'y to the whole I' by its minimal norm and
multiply on xo with

xo € C*(T), xolr, =1, Xolr, =0.
Since the multiplication on a C°°(I")-function is a bounded operator in

1

1 1
H?*(T'), due to the definition of the norm in H” (T'y), we obtain
el . < dlhw =l . -

To complete the proof, we have to recall that || - ||
(3.5).

- is understood as

N

Passing to the properties of u and u*, from the formulas (4.5) and (4.6),
due to Lemma 4.3 we get

B(ukfuf;b;,ukfuf;/);) =
= ((Tu®)y — (Tw)y, u — by — (wy — h) + hg — h)vy —
(T, ub —w,))p, + (P — Pouf —u— ), <
< ((Tu"), = (Tw)y, hie = by — (T, ub — ), +
HPy — PouF —u— ), = Bu* —u— iy, drx) —
—(Tr,u" — u— $pX)e, + (Pr — Pl —u— o — pux)p, . (4.14)
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The form (4.3) is coercive on the space H1(Q) defined in (4.8) (see[2]),
B(u,u) = allul o (4.15)

Evidently, (uf —u — ﬁ) € HL(Q). From the estimates (4.14) and (4.15) we
have:

af[u’ —u— )]} o < Bub —u— g, drx) —
(i, u" — 1= $X))p, + (Pr — Pyub —u— g — dx)y, <
< Cllérxlhellu® —u—vello+ 1Tl lu* —u—orxl, . +
20 240

HIPe =PIy le® = w =t = drxll, (4.16)
201 5.1
where C' is defined from (4.4).
Define the norm || - [[(¢1(ry)» and the constant C as follows:
n = inf Gl rianns  C1= Vi (417
lgllcrry) eul 1Gl (o1 @) 1= vlerayn- (417)
Glr=g

Since x is any function from the conditions (4.13), then, we can choose it
such

Ierxllve < lIxll 1@y Idkllie < Crdllhi =R, | -

From the estimate (4.16) we get
ol —u—vyilio < (CCdllhe = bl + 1Tkl +

1P =PIy, e —u = Gulle + 1T, (19, +
+Crdlhe = Al )Crd|Pe= Pl he—hlly, o (418)

_1
H'(Q) H * (Do)

Show that % —5 0, T@; 0. Since the form (4.3) is
coercive on the space {v € H'(Q),v],, = 0} (see[2]) and g, which is
defined in (4.13), assignes minimal value to the functional B(v,v) on the
closed convex set Vi, = {v € H*(),v],, = ¢r — ¥}, so

ar|[Yll3n ) < Bk, ) = inf B(v,v) < Ol =,
veEVy 1.Iy
—_— 1
which implies that @, 0.

Let ¢ € H*(T'), v € HY(Q) and v|. = X0, where Yo is taken from the
remark of (4.13). Then, by the Green formula (4.5),

Tk, 0)r, = (TP, X09)r = B, v) < Cllvnllallv]ie.
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Due to the definition of norm [|-[|, = and to the continuity of the operator
240

1
of multiplication on a C°°(T')- function in H * (T'), the last inequality implies

(Tk, ), < Ol

vellel,

)
3-To

so that
1TYxll_, . < CdllYe
5:To

1

. 2
and Ty, @), 0.

Based on these facts, we conclude from (4.18):
1

- 2
if P SN P,y SLIN

N

1
2
H™ (To) h,

wa hk

1
1 2
E H(Q) uk )

then o” ——>u, T Tu. (4.19)

Analogously to the problem (2.1), let us formulate the implicit Signorini
problem for the operator (4.1), with Dirichlet and Neumann boundary con-
ditions: find a displacement u € H*({) such that

Au = f,
u|r2 =1, Tu'rl =P,
(Tu)slry =05 (Tu)yly, = 0; (4.20)

ul/|r0 >h-— <(Tu)l/7 90>F0a
(Tw)y, uy = h+ ((Tw)y, P)ry ), = 0;

FeLa(Q), Pe™ 2T UTy), o e (Ty), .

h’aSDGHi(FO)a 9020

In the mechanical process expressed by this problem, contrary to the
classical problem, the frame has some elastic properties and expands uni-
formly with constant ((T'w),, ), . Show the solvability of the problem
(4.20) under the conditions (4.21) and examine the unequeness problem.

Let, for any number A > 0, u* be a solution of the following classical
Signorini problem:

Avr = f, wt e HY(Q), (4.22)
u/\|r2 =1, Tu/\|1“1 =P, ( )
(TNl = 0 (Tud)ly, =0, (4.24)
ul/}|ro > h — >‘a ( )

(4.26)

<(Tu)\)1/a U;} —h+ /\>F0 =0.
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Here f, P4, h are the data of the problem (4.20). Define the mapping
F:R* — R* for the problem (4.20):

F\) = {((TuM)y, ), A>0. (4.27)

Due to Lemma 4.3, such definition is correct. It is clear that F'(\) > 0 and
if F(\) = A, then the corresponding u* is the solution of the problem (4.20),
and vice versa, if u is a solution of (4.20), then A = ((T'u),, ¢),, satisfies
the condition F'(A\) = ), i.e., the number of solutions of the problem (4.20)
coincides with the number of stationary points of the function F'(\). Show
that the problem (4.20) has a solution under the conditions (4.21), i.e., the
function F'(A) has at last one stationary point. First of all, we show the
boundedness of the function F'(A). From (4.24) and (4.26) we get

(Tu™),, h— u;\)FO = \(Tu?),, Dy, 20, A>0.
Let the functions 8, QZ € H() satisfy the following conditions:

A= f;
Uy =0, T, = P5 (TO)uly, = 0;
Gulry =hi B, =1
Then from the formula (4.5) and the conditions (4.22), (4.23)
B(u* =, ¢ —u?) = (Tu*),,h — ), >0, A>0. (4.28)

Evidently (u* — ) € HL1(2) and, as it was mentioned, for the form B(u,v)
(4.15) holds on the space H1(Q2). Therefore, from the (4.28) we get:

ol — Bl g < B - §,u* — §) < B = §,6 - 9) <
< Ol = Pllralld— D,

ie.,
|u? — |10 < oo.
Taking
UeH (Q), V. =1, ¥ =0,
1( ) Y, Ir, (4.20)
d e H (Q), fl)|r0 =y <I>|F2 =0,

from the formula (4.5), due to Lemma 4.3, we get

[P = [(T6)y, @)y | = (B =, @x)] < Cllu* =410 Px]10 < o

Show that the mapping (4.32) is continuous. Make the following replace-
ments in the problems (4.10) and (4.12):

h:=h-— )\1) hk‘ =h— )\27 "bk = 1/)7 Pk‘ =P (430)
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Since the form (4.3), along with the property (4.4) and the symmetricity,
has the coercivity property (4.15) on the space HL(Q), therefore, it can be
considered as a scalar product on the space HL(Q) and, for this form the
Schwarz inequality is true. Thus, from (4.13),(4.14), in view of (4.29),(4.30),
we get:

B('LL)‘I _ u/\Z,u)\l — U/\z) < (/\2 — /\I)B(U/\l — U/\za \IIX) <

<A — Ag\/B(ukl —ur2 uM —ur) \/B(Uy, Uy),
[F(\) = F(h)| = [B(u™ — w2, @x)| <
< /Bl —w - ) VB(Ex, BY) <
< |\ = X[ V/B(Wx, Ux) V/B(®x, ®x) -

Since ® and ¥ are arbitrary functions, from the conditions (4.30), analo-
gously to the above reasoning, we conclude:

[F(M) = F(a)| < CCTA =l 1] (4.31)

3 (To) H(IOHH% (To)’
Here, the constants C' and Cj are defined in (4.4) and (4.17), respec-
tively. Thus, the function F(\) is continuous. Since it is also bounded and
F(0)> 0, it has at least one stationary point. Therefore, the corresponding
problem (4.20) under the conditions (4.21) has a solution.

It is easy to see that

||1||H%(F0) < ||1||H1(Q) = mes ().

Hence and from the estimate (4.31) we have

[F(A1) = ()| < CCF mes Q|Ar — X ||90||H%(F .

It is clear, that if

1
P
H(pHH%(FO) CC?mes
then the function (4.27) is a contractive mapping and it has unique sta-
tionary point. Correspondingly, the problem (4.20) has a unique solution.
From the estimates in (4.14), taking into account (4.30), we have

(A1 = A)((Tw)y, — (Tu™)y, 1), = (Tu®)y — (Tu)y, b — )y = 0.

To 0

Hence, if ¢ = ¢, £ = const > 0, and \; < Az, then
F(\) = F(Xo) = (((Tu), — (Tu??),,1),, > 0.

Therefore, the function F(A) is nonincreasing and we see that the problem
(4.20) has a unique solution in the case ¢ = const > 0 as well. Thus, we
have proved following
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Theorem 4.4. The implicit Signorini problem (4.20), under the conditions
(4.21), has a solution. This solution is unique if one of the following con-
ditions holds:

O I —
1 1 —_—
14 HZ(Ty)  CC?mesQ’

where C and Cy are constants defined by (4.4) and (4.17), respectively.
(i) @=4¢, £ =const>0.

Consider the uniqueness question in general. Show that for the unique-
ness of the solution of the problem (4.20), under the conditions (4.21) it is
necessary and sufficient that the function defined by the equality (4.27) be
nonincreasing. The sufficiency is clear, show the necessity. Suppose that for
some data f, P,¢, h, ¢ from the conditions (4.21) the nonincreaseness of
the corresponding function F'()) is violated, i.e., let there exist nonnegative
numbers Aq, A9, that

Ao >/\1, F()\Q) >F(>\1).

Then, show that there exist constants a,c, as > 0 such that the problem
(4.20) for

?:fvﬁ:vazwaE:h""ah@:aQ(p (432)

has at last two solutions. Indeed, denote by @* the solution of the cor-
responding problem (4.22)—(4.26) with the data (4.32), and, by F'(\), the
corresponding mapping (4.27) for the data. Then it is easy to check the
validity of the following equalities:
T =ur" F(\) = aF(\—ay).
Here u* and F()\) are defined by the data f, P, 1, h, . If we take
Ao — A
g =
©F() - F(w)

then it is evident that s > 0, and the stationary points of the function
F(X) are

] = OéQF()\l) — )\1,

OégF()\l), OéQF()\g),

which means that the problem (4.20), under the conditions (4.32), has at
least two solutions. Hence, in order that this problem, in general, to have
the unique solution, it is necessary and sufficient that for any functions f,
P, ¢, h, ¢, from the conditions (4.21) and for any numbers Aa > A; > 0,
the following condition holds:

(Tu), = (Tu*),, 9)p, >0, @€ H (o), ¢>0.

Since the data ¢ have not participated in obtaining «*, this condition is
equivalent to the following fact:

For any data from the conditions (4.11),
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(Tu®), — (Tw),)]y, = 0. (4.33)

Here, u* is the solution of the problem (4.22)-(4.26), while u° satisfies the
problem

Aul = f, u’ € HY(Q); (4.34)
Wy, =5 Tu’l, = P; (4.35)
(Tu®)slpy = 0;  (Tu®)ulr, > 0; (4.36)
u,Oj|FO > h; (4.37)
(Tu)y, u) = h),, =0, (4.38)

where the data are taken from the problem (4.20).
Prove the following

Theorem 4.5. In order that the problem (4.20) to have a unique solution
under the conditions (4.21), it is necessary and sufficient that the following
problem

Av =0, v € H(Q); (4.39)

vlp, =0; Tovl, =0; (4.40)

(Tv)sley =05 (T)uly, = 0; (4.41)

Vulry 2> 95 (4.42)

(Tv),v0 = g)r, = 0; (4.43)

vl. =g (4.44)
T

has the solution under the following conditions: T'g,I'1,'s satisfy the con-
ditions (4.7) and
f‘CFO, mesf‘>0, yeR, >0,

: X (4.45)
gEHloc(FO)mHQ(FO)v g|F0 <7 g|; =7.

Proof. Show that the solvability of the problem (4.39)—(4.44) is equivalent
to (4.33) when

FELNN), eH (o), PeLyly), heHL.(Ty). (4.46)

Indeed, suppose that (4.33) holds for (4.46). Choose arbitrary IN’,g and
v from the conditions (4.45) and take

FELQ), veEH (Ty), PeLyly),

(4.47)
h:g+wy|p07 A=,
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where w satisfies the following conditions

Aw = f, w e HI(Q) @] Hlloc(l“l @] fo);
w|F2 =1, Tw|F1 =P Twe ‘CQ(FO)a (448)
(Tw)8|1“0 = 07 (Tw)l/|~ > Oa (Tw)l/| ~ — O

r o\l

Due to the regularization theorem (see[3]), there obviously exists such a
function w, and therefore, h € H} (To).

Suppose that u® and u* are the solutions of the problems (4.34)(4.38)
and (4.22)-(4.26), respectively, with the data (4.47),(4.48). Show, that
u? = w. Indeed, it is clear that the conditions (4.22)—(4.25) are true for w.
Check the last condition (4.26). From (4.45),(4.47) and (4.48), we have

(T Wiy = b+ 3, = (Tw)y = ghy, = [(Tw)lo — g)ar =0.

1)

Hence, w is the solution of the problem (4.22)—(4.26) with the data (4.47)
and u* = w. Thus

h = g+uﬁ|r0. (4.49)

Show that Tu® € £3 _(To). First we prove the following general fact:
3
“If u € H* (), Au € L3(Q), then Tu € Lo(T)”.

34e
Indeed, if u € HET (Q), e > 0 and Au € L5(), then, in view of the form
(4.2) of the operator T'(x,d,v), we get Tu € HE(T). If u € H}(Q), Au €

L£5(Q), then T is defined from the formula (4.5) and Tu € H * (T'). Hence,

s—3
when s = 1, and s > 2, then, Tu € H *(I'), when u € H*(Q), Au € L2(9).
Due to the interpolation theorem (see[6]), the same is true when s € [1, 3],
which proves the above mentioned fact. Due to the regularization theorem

3
for the Signorini problem of [3], from (4.47),(4.48) we have u® € H* (),

where Q' is any open set with Q/ C @\ 0T';, which, as it is already proved,
means that Tu® € £2 _(T'\ d'1). Hence,

loc

Tu € L3 .(To), Tu’ € La(Ty). (4.50)

loc

Show that the function v = u® — u? is a solution of the problem (4.39)-

(4.44). Indeed, due to the conditions (4.22)—(4.24), (4.34)—(4.36) and the
assumption (4.33), v satisfies the conditions (4.39)—(4.41). From (4.37) and
(4.49)
UV'FO > h— u;)lro =g
To prove (4.43), we note that from the already proved conditions (4.41),
(4.42) and (4.49), we have
0 < ((T0)w, v = g)r, = ((Tu®)y = (Tu?)y,uy = ), =

0
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= _<(Tu)\)w UIO/ - h>r0 <0,

e, (Tv)y, vy — g)r, = 0.

Prove (4.44). As it was mentioned, the inequalities (Tuo)l,|1,0 >0 and
(TuA),,|F0 > 0 have the same meaning as in section 1, but, by (4.50) and
by Lemma 4.2, these inequalities, as well as (4.25) and (4.37), hold almost
everywhere on the part I'y and so, due to Lemma 4.1 and (4.50), (4.26) and
(4.38), can be rewritten as follows

/(TuA)l,(uﬁ —h+A\)dl' =0, /(Tuo)l,(ug — h)dl' = 0.

from these equalities and from (4.33), we have

(u) —h+ )| =0,

{(Tu>), >0}Nrq
0
(UV o h)l{(Tu,O),,>o}mF0 =0, (4'51)
0
(Tu )”|{<Tuk)u>o}mro

A

As we have shown, u* = w. Then, from the conditions (4.48), we get:

[ ={zely (Tu), >0}
On the other hand, from (4.51) we have
(up —h+ N =0, (4, —h)

r r

vl = (=)l = A=~

Thus, due to the assumption (4.33) under the conditions (4.46), the prob-
lem (4.39)—(4.44), has a solution under the conditions (4.45).

Show vice versa. Let the problem (4.39)—(4.44) have a solution under the
conditions (4.45) and f, P,v, h satisfy the conditions (4.46), u® and u* be
solutions of the problems (4.34)-(4.38) and (4.22)—(4.26), respectively, for
this data and for A > 0. Set

g:h—ui‘|ro7 y=\ T ={zely (Tu), >0}, (4.52)

Since the data f, P, h are taken from the conditions (4.46), by the reg-
ularization theorem, analogously to the above conducted reasoning, it is

2
loc

easy to see that Tu® € L2 (['p), i.e., I' is defined within a set of measure
zero. Suppose, mesI' = 0. This means that (Tu), = 0 and so, the con-

dition (4.33) is valid. Consider the case mesI' > 0. Let us show that the

~

data g¢,T',v, defined in (4.52), satisfy the conditions (4.45). Due to the
conditions (4.24)—(4.26) and Lemma 4.1, we get

g=h-wly, A=7 (=gl = —h+ N =0
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~

Hence, g,T', satisfy the conditions (4.45) and the problem (4.39)-(4.44)
under the conditions (4.52) has a solution v. Let us show that v + u?,
satisfies conditions of the problem (4.34)—(4.38). Indeed, in view of the
properties of the functions v and «?, it is evident that v + u” satisfies the
conditions (4.34)—(4.36). Due to (4.42) and (4.52) we have

(UV + uf))'ro Z g + ul)/\|1"0 = h.
Prove (4.38). From (4.43),(4.44) and (4.52)
(Tv)y + (Tu*)y, 00 4wy = )y = (T0)y + (Tu)y, 00 = g)r, =

- [ - gar ~o.

Lo

ie, v+u* =4’ and (Tu?), — (Tw), = (Tv), > 0.

Finally, we prove that the validity of (4.33) under the conditions (4.46)
is equivalent to the solvability of the problem (4.39)—-(4.44) with the data
(4.45). If (4.33) holds in the conditions (4.46), then it is valid for any data
fy1, P, h, from (4.11). Indeed, let ¢, P; and hy be taken from (4.46) such
that

2 2
P, H " (T') P, H™(T'2) ¥, hi h
Then (4.33) yields for f, 4y, Pg, hy and for stability of the classical Sig-
norini’s problem, which is expressed in (4.19), it is valid also for the data
fs, P h. As we have mentioned, (4.33) is equivalent to the uniqueness of
solution of (4.20) under the conditions (4.21). O

1
H? (o)
_

Let us formulate some assumption, similar to “maximum principle” (see
Lemma1.4), for the operator A(z, d):

Assumption M. If the function u satisfies the following conditions

Au=0, uweH(Q), Tue L] (To).
ulp, =0, Tul, =0, (4.53)
(Tu)5|1"0 =0, (TU)V|F0 >0, (TU’)V|F0 7£ 0,

where Tg,T1,T2 satisfy the conditions (4.7), then

essup U, = essup uy. (4.54)
o {(Tu)y >0} r

From the conditions (4.53), Twu € L% ('), mes{z € 'y; (Tu), > 0}
> (0. The mechanical meaning of this fact is the following: if the body is fixed
by its part I's and on this body only surface forces act, which are directed
along the outer normal, then the normal component of displacement reachs
its maximal value on that part on I'g, where the forces are nonzero.

Prove the following



48

Theorem 4.6. For the solvability of the problem (4.39)—(4.44) under the
conditions (4.45), it is necessary and sufficient that the “Assumption M” is

fulfilled.

Proof. Assume that the “Assumption M” is fulfilled and v is the solution of
Signorini’s classical problem (4.39)—(4.43) with data (4.45). If v = 0, then
v =0 and (4.44) yields. Let v > 0. From the regularization theorem and
from (4.43) we have

Tv e L£E.(Ty),

Uy = g|{x€f‘0; (Tw)y >0} *

It is clear that v satisfies the conditions (4.53) and from (4.42) and (4.54),
in view of the g|.. = v we obtain
r

essupv, = essup g<7v, u,l|.>7,
r Ton{(Tv)y, >0} r

and v, |, = 7. So, v is a solution of the problem (4.39)—(4.44).

r
Let the “Assumption M” be false, i.e., there exist I'g,I'1, 2, satisfying
the conditions (4.7) and a function u from the conditions (4.53) such that

essup u, > essup u, = M.
r Con{(Tw), >0}

Then there exist an open set ', and a number M’ such that

I uTy o T, >T, essupu, =M, M' > M. (4.55)

5

Suppose M < 0. Then from (4.53), applying Lemma 4.1, we have

0> /(Tu)l,ul,df‘ = (Tu,u)r = B(u,u) > 0,
o

whence u = 0, which contradicts to the conditions (4.53), i.e., M > 0.
Consider the following data

F/Oa F/IZFOUFl\fIm F/2:F2a

~! M/ M
F:{mefg; uy>T+},
M’+M) M+ M
2 ’ 2

(4.56)
g = inf (uy|%7

Due to Lemmal.1 (i), since u, |, € H}\
0

loc(F/O) and g/ = UV|F6 N maX(ul/|F6 o

M;”M,O)7 we have ¢’ € H! (I'g) and from (4.55) it is easy to see that the
data (4.56) satisfy the conditions (4.45). Consider the Signorini problem

(4.39)—(4.43) with the data (4.56). It has a unique solution. Show that this
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solution coincide with u. Indeed, it is evident, that u satisfies the conditions
(4.39)—(4.42). From (4.55) and (4.56),

g —u) . =0, (Tu)l., =0; wu,l_ >~
T/ T

OAT r

Hence, from Lemma 4.1,

(T)puy — h)., = /(Tu),,(uy — g)dl =0,
0
o
Therefore, u is the unique solution for the problem (4.39)—(4.43) with
the data (4.56), which does not satisfy the condition (4.44). This implies
that, if the “Assumption M” is not true, then, there can be constructed

such data in conditions (4.45), that the problem (4.39)—(4.44) will have no
solution. [J

Let us prove one more theorem.

Theorem 4.7. In order that the “Assumption M” to be true, it is necessary
and sufficient that for the solution u of the following classical Signorini
problem

Au =0, u € HY(Q);
U|F2 =0, Tu|1"1 =0,

4.57
(Tl = 0: (Tu) )y, >0 (457
uyle, > b, (Tu)y,uy — h)p, =0
with
he H?(Ty), essuph >0 (4.58)

To

and with T, T1, T2 satisfying the conditions (4.7), the following assertion is
true

essup u, = essup h. (4.59)
r To

Proof. Let the “Assumption M” be true. Prove (4.59). Take the sequence

hy, as follows:

1
2
H* (I'o) h,

hp € HY(Ty), essuphy >0, hy
r
where h is any function from the conditions (4.58) and u, u* are the solutions
of the problem (4.57) with data h and h*, respactively. Then, due to the
regularization theorem, (Tu¥), € L% (T'y) and u” satisfies the conditions
(4.53), so

essup u],f = essup u],f
Ton{(Tuk), >0} r
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By Lemma 4.1, we have u® = hy| . . Thus
ToNn{(Tuk)y, >0}
essup u® = essup hy. (4.60)
r To
1
p HZ(@D . &
For (4.19) we have uf —— w,, i.e., essupu; — essupu,, essup hy —
r r To

essup h. Therefore, from the equality (4.60) we get (4.59). If the maximum
o

type principle fails, then in proof of Theorem 4.6, we have constructed such

data in the conditions (4.45), that for the unique solution v of the Signorini

o _ _ M4M

problem (4.39)—(4.43) the condition essFup v, = M > esgupg = M4M
0

holds, which completes the proof. [

Finally, due to Theorem 4.6 and Theorem 4.7, we have proved the fol-
lowing

Theorem 4.8. In order for the implicit Signorini problem (4.20), under
the conditions (4.21), to have a unique solution, it is necessary and suffi-
cient, that

(i) the “Assumption M” be true.

(ii) for the solution of the classical Signorini problem (4.57), under the
conditions (4.58), the equality (4.59) be valid.
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