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For ordinary di�erential equations the question of estimation of higher derivatives of

the Cau
hy problem solution with respe
t to initial values is 
onsidered, when the �eld of

the equation is 
ontinuous with respe
t to time and has higher derivatives with respe
t

to phase variable. The used te
hnique is 
lose to [1℄ and is developed in [2℄ and espe
ially

in [3℄. We will formulate the basi
 result (similar, but more general results are proved in

[3℄) in the near-ring of spe
ial type, and we will obtain the estimates from it.

Let us determine C

n

Lip

(X), where X is a Bana
h spa
e, n 2 Z

+

(Z

+

is the set

of non-negative integer numbers). g 2 C

n

Lip

(X), if g 2 C

n

(X) (g : X 7! X is n-

times 
ontinuously di�erentiable fun
tion) and, for ea
h i 2 f0; 1; : : : ; ng; f

(i)

: X 7!

L

i

(X;X) is a Lips
hitz mapping, where L

i

(X;Y ) denotes the Bana
h spa
e 
onsisting

of the 
ontinuous multilinear forms A : X � � � � �X

| {z }

i�times

7! Y with the norm (see [4℄):

kAk

L

i

= sup jA(x

1

; : : : ; x

i

)j when kx

1

k � 1; : : : ; kx

i

k � 1:

As usual, we assume L

0

(X; Y ) = Y: In the sequel, when A 2 L

i

(X;Y ) and x

1

; : : : ; x

i

2 X,

we will use the notation (: : : (Ax

1

)x

2

: : : x

i

) insted of its equivalent one A(x

1

; : : : ; x

i

); thus

it is 
lear that Ax

1

2 L

i�1

(X; Y ).

Let us determine the 
onvergen
e on C

n

Lip

(X). For ea
h m 2 N, it is 
orre
tly de�ned

the bounded deviation d

m

: C

n

Lip

(X)� C

n

Lip

(X) 7! R

+

:

d

m

(g

1

; g

2

) = sup

jxj�m

kg

1

(x)� g

2

(x)k;

and for ea
h i 2 f1; : : : ; n+ 1g

Æ

i

(g) = sup

x

1

6=x

2

x

1

;x

2

2X

n

kg

(i�1)

(x

1

)� g

(i�1)

(x

2

)k

L

i�1

kx

1

� x

2

k

o

; 8g 2 C

n

Lip

(X);

Æ

i

: C

n

Lip

(X) 7! R

+

will be 
alled by the restri
tion.

It is easy to verify that

Æ

i

(g) = sup

x2X

kg

(i)

(x)k

L

i

;8g 2 C

n

Lip

(X); 8i 2 f1; : : : ; ng; (1)

when n � 1.

Let fg

i

g

1

i=0

� C

n

Lip

(X): We will say that fg

i

g

1

i=1


onverges to g

0

, if:

a) lim

i!1

d

m

(g

i

; g

0

) = 0;8m 2 N;

b) supfÆ

m

(g

i

)g

1

i=1

<1;8m 2 f1; : : : ; n+ 1g:

We say that fg

i

g

1

i=1

is fundamental in C

n

Lip

(X), if:
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a) 8" > 0 and 8m 2 N 9i

0

2 N su
h that d

m

(g

i

1

; g

i

2

) < " when i

1

; i

2

� i

0

;

b) supfÆ

m

(g

i

)g

1

i=1

<1, 8m 2 f1; : : : ; n+ 1g:

The 
onvergent and fundamental dire
tednesses 
an be de�ned analogously, but we

do not need su
h de�nitions, be
ause the 
onvergent sequen
es and the 
onvergent di-

re
tednesses determine the same limit stru
ture in C

n

Lip

(X) (as in metri
 spa
e).

C

n

Lip

(X) is a 
omplete spa
e and ea
h Æ

m

is lower semi-
ontinuous, i.e., from lim

i!1

g

i

=

g

0

it follows

Æ

m

(g

0

) � supfÆ

m

(g

i

)g

1

i=1

<1;8m 2 f1; : : : ; n+ 1g:

The operations + and 0 (null fun
tion) introdu
e a stru
ture of additive group, Æ

(
omposition) and I

X

(I

X

: X 7! X is the identi
al mapping) introdu
e a stru
ture of

monoid, and

(g

1

+ g

2

) Æ g = g

1

Æ g + g

2

Æ g; 8g; g

1

; g

2

2 C

n

Lip

(X);

so C

n

Lip

(X) is a near-ring.

The restri
tions have very interesting properties:

Æ

m

(0) = 0; Æ

m

(g

1

+ g

2

) � Æ

m

(g

1

) + Æ

m

(g

2

);

Æ

1

(I

X

) = 1; Æ

i

(I

X

) = 0 if i � 1;

Æ

m

(g

1

Æ g

2

) �

X

m!

i

1

! � � � i

k

!

h

Æ

1

(g

2

)

1!

i

i

1

� � �

h

Æ

k

(g

2

)

k!

i

i

k

Æ

i

1

+���+i

k

(g

1

);

where the sum

P

is spread over all 
olle
tions (i

1

; : : : ; i

k

) su
h that i

j

2 Z

+

and 1i

1

+

� � �+ ki

k

= n:

Let us determine a spe
ial sequen
e of polynorms fP

m

g

1

m=1

as follows: P

1

� 1, and

for m � 1 and ea
h f�

1

; : : : ; �

m

g � [0;1)

P

m

(�

1

; : : : ; �

m

) = �

1

d

X

m!

i

1

! � � � i

k

!

h

P

1

1!

i

i

1

� � �

h

P

k

(�

1

; : : : ; �

k

)

k!

i

i

k

�

i

1

+���+i

k

; (2)

where the sum




P

is spread over all the solutions of equation 1i

1

+� � �+ki

k

= m (i

j

2 Z

+

)

ex
ept i

m

= 1 (i.e., k = m and i

1

= � � � = i

m�1

= 0, i

m

= 1); therefore P

m

do not take

part in the right-hand side of (2). Thus, (2) is the re
urrent formula.

Let us formulate the basi
 result in the form whi
h is suÆ
ient for our purposes.

�

Theorem 1. Let ff(t; �)g

t2[a;b℄

be a 
ontinuous family in some C

n

Lip

(X), �1 <

a < b < +1: Then there exists a two-parameter 
ontinuous family f'

t

0

;t

g

t

0

;t2[a;b℄

in

C

n

Lip

(X), su
h that for ea
h (t

0

; x

0

) 2 [a; b℄�X the equalities

d

dt

'

t

0

;t

(x

0

) = f(t; '

t

0

;t

(x

0

)); 8t 2 (a; b);

'

t

0

;t

(x

0

) = x

0

are valid in X and for ea
h m 2 f1; : : : ; n+ 1g

d

m

('

t

0

;t

) � P

m

(jt� t

0

j; 


2

; : : : ; 


m

) exp(m


1

jt� t

0

j) (3)

holds, where




i

= supfÆ

i

(f(t; �))g

t2[a;b℄

and 


i

2 [0;1); 8i 2 f1; : : : ; n+ 1g:

Let us use Theorem 1 to analyse the following Cau
hy problem:

_x = f(t; x); x(t

0

) = x

0

; x 2 X; (t; x)2� { an open area: (4)

The following result gives a suÆ
iant 
ondition imposed on the �eld (t; x) 7! f(t; x) for

ff(t; �)g

t2[a;b℄

to be 
ontinuous in some C

n

Lip

(R

r

).

�

The way of the proof permits us to �nd out the expli
it form of '

t

0

;t

.
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Lemma 1. Let r; n 2 N, there exist (a; b) � R su
h that [a; b℄ � R

r

� �,

ff(t; x)g

t2[a;b℄

is 
ontinuous for every x 2 R

r

, ff(t; �)g

t2[a;b℄

� C

n

(R

r

), and

k

i

� sup

n










�

i

f

�x

�

(t; x)










�

�

x 2 R

r

; t 2 [a; b℄; j�j = i

o

<1; (5)

where i 2 f1; : : : ; ng, � = (�

1

; : : : ; �

r

) 2 Z

r

+

; j�j =

r

P

i=1

�

i

, �x

�

= �x

�

1

1

� � ��x

�

r

r

:

Then ff(t; �)g

t2[a;b℄

is 
ontinuous in C

n�1

Lip

(R

r

) and

supfÆ

i

(f(t; �))g

t2[a;b℄

� r

i

k

i

; 8i 2 f1; : : : ; ng: (6)

S
heme of Proof. Take arbitrary i 2 f1; : : : ; ng, t 2 [a; b℄ and x 2 R

r

. The multilinear

form (f(t; �))

(i)

(x) ((f(t; �))

(i)

, as usual, denotes the derived fun
tion of order i and a
ts

as follows:

(� � � ((f(t; �))

(i)

(x)h

1

)h

2

� � �h

i

)=

r

X

j

1

;:::;j

i

=1

(h

1

)

j

1

� � � (h

i

)

j

i

�

i

f

�x

j

1

� � ��x

j

i

(t; x);

8h

j

= ((h

j

)

1

; : : : ; (h

j

)

r

)

T

2 R

r

; i 2 f1; : : : ; n): Therefore

sup

j�j= i










�

i

f

�x

�

(t; x)










� k(f(t; �))

(i)

(x)k

L

i

� r

i

sup

j�j= i










�

i

f

�x

�

(t; x)










: (7)

(7) and Taylor's formula give:

j(f(t; �))

(i�1)

(x

2

)� (f(t; �))

(i�1)

(x

1

)j

L

i�1

�

�

1

Z

0

j(f(t; �))

(i)

(x

1

+ �(x

2

� x

1

))j

L

i

kx

2

� x

1

kd� � r

i

k

i

kx

2

� x

1

k;

thus f(t; �) 2 C

n�1

Lip

(R

r

) and (6) holds.

In a

ordan
e with the 
onditions of Lemma 1, f(t; x) 7! f(t; x)g : [a; b℄�R

r

! R

r

is a


ontinuous mapping, i.e., it is uniformly 
ontinuous on ea
h 
ompa
t subset of [a; b℄�R

r

.

Therefore if ft

i

g

1

i=0

� [a; b℄ and lim

i!1

t

i

= t

0

, then

d

m

(f(t

i

; �)� f(t

0

; �))

i!1

�! 0;

8m 2N , whi
h together with (6) proves that ff(t; �)g

t2[a;b℄

is 
ontinuous in C

n�1

Lip

(R

r

). �

Proposition 1. Let r; n 2 N, there exist (a; b) � R su
h that [a; b℄ � R

r

� �,

ff(t; x)g

t2[a;b℄

is 
ontinuous for every x 2 R

r

, ff(t; �)g

t2[a;b℄

� C

n

(R

r

), and

k

i

= sup

n










�

i

f

�x

�

(t; x)










�

�

�

x 2 R

r

; t 2 [a; b℄; k�k = i

o

<1:

Then there exists a 
ontinuous two-parameter family f'

t

0

;t

g

t

0

;t2[a;b℄

in C

n�1

Lip

(R

r

), su
h

that for ea
h (t

0

; x

0

) 2 [a; b℄� R

r

the equalities

�

d

dt

'

t

0

;t

(x

0

) = f(t; '

t

0

;t

(x

0

)); 8t 2 (a; b);

'

t

0

;t

(x

0

) = x

0

are valid, and for ea
h i 2 f1; : : : ; n� 1g and every t 2 (a; b)

sup

k�k= i










�

i

'

t

0

;t

�x

�

(t; x

0

)










� P

m

(jt� t

0

j; r

2

k

2

; : : : ; r

i

k

i

) exp(irk

1

kt � t

0

k): (8)



132

Proof. By virtue of Lemma 1, ff(t; �)g

t2[a;b℄

is 
ontinuous in C

n�1

Lip

(R

r

), therefore we


an use Theorem 1. Now we need to show that from (3) it follows (8).

A

ording to (1),

Æ

i

('

t

0

;t

) = sup

x2R

r










('

t

0

;t

(�))

(i)

(x)










L

i

: (9)

By virtue of the hypotheses of the theorem we have




i

� r

i

k

i

; 8i 2 f1; : : : ; ng: (10)

Let us take into 
onsideration that (9) gives

sup

j�j= i










�

i

'

t

0

;t

�x

�

(x)










� Æ

i

('

t

0

;t

); 8x 2 R

r

; (11)

in a

ordan
e with (7).

Finally, taking into 
onsideration (9), (10) and (11), we dedu
e (8) from (3) when

i2f1; : : : ; n�1g, and t 2 (a; b).
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