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ON NEW NECESSARY CONDITION OF OPTIMALITY OF THE

INITIAL MOMENT IN CONTROL PROBLEMS WITH DELAY

(Reported on November 9, 1998)

Ne
essary 
onditions of optimality are obtained for optimal 
ontrol problems with

non �xed initial moment. The 
ondition at the optimal initial moment, unlike the early

known 
ondition [1℄, 
ontains a new term.

Let O � R

n

, G � R

r

be open sets, J = [a; b℄ be a �nite interval and let the fun
tion

f : J �O
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n
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1) for a �xed t 2 J the fun
tion f(t; x
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ontinuously di�erentiable with respe
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the fun
tions f , f

x
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with respe
t to t; for arbitrary 
ompa
tsK � O, V � G there exists a fun
tionm
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L
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+
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h that
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The following asumptions will be made: � : R

1

! R

1

and � : R

1

! R

1

are absolutely


ontinuous fun
tions satisfying �(t) � t, _�(t) > 0, �(t) < t,

_

�(t) > 0 for t 2 R

1

; �

is the set of pie
ewise 
ontinuous fun
tions ' : [�(a); b℄ ! N with a �nite number of

dis
ontinuity points with N � O 
onvex bounded set, k'k = supfj'j : t 2 J

1

g; 
 is

the set of measurable fun
tions, u : [�(a); b℄ ! U is su
h that 
lfu(t) : t 2 [�(a); b℄g is

a 
ompa
t lying in G, U � G is an arbitrary set; q

i

: J

2

� O

2

! R

n

, i = 0; : : : ; l, are


ontinuously di�erentiable fun
tions; 
(t) is the fun
tion inverse to �(t).

To every element � = (t

0

; t

1

; x

0

; '; u) 2 A = J�O���
, t

0

< t

1

there 
orresponds

the di�erential equation

_x(t) = f(t; x(t); x(�(t)); u(t); u(�(t))); t 2 [t

0

; t

1

℄; (1)

with the initial 
ondition

x(t) = '(t); t 2 [�(t

0

); t

0

); x(t

0

) = x

0

: (2)

De�nition 1. The fun
tion x(t) = x(t; �) 2 O; t 2 [�(t

0

); t

1

℄; t

0

2 [a; t

1

), is said to

be a solution 
orresponding to the element � 2 A if on [�(t

0

); t

0

℄ it satis�es the 
ondition

(2), while on the interval [t

0

; t

1

℄ is absolutely 
ontinuous and almost everywhere satis�es

the equation (1).

De�nition 2. The element � 2 A is said to be admissible if the 
orresponding

solution x(t) satis�es q

i

(t

0

; t

1

; x

0

; x(t

1

)) = 0, i = 1; : : : ; l2.

The set of admissible elements will denoted by A

0

.

De�nition 3. The element � = (

~

t

0

;

~

t

1

; ~x

0

; ~'; ~u) 2 A

0

is said to be lo
ally optimal if

there exist a number Æ > 0 and a 
ompa
t set K � O su
h that for an arbitrary element
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� 2 A
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~
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The problem of optimal 
ontrol 
onsists in �nding a lo
ally optimal element.
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�
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Then there exist a non-zero ve
tor � = (�

0

; : : : ; �

l

); �

0

� 0 and a solution  (t); t 2

[

~

t

0

; 
(

~

t

1

)℄ of the adjoint equation

_

 (t) = � (t)

~

f

x

1

[t℄�  (
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~

f

x

2
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(t)℄ _
(t); t 2 [

~

t

0

;

~

t

1

℄;  (t) = 0; t 2 (

~

t

1

; 
(

~

t

1

)℄; (4)

su
h that the following 
onditions are ful�lled:

R

~

t

0
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~

t

0
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 (
(t))

~

f
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[
(t)℄ _
(t) ~'(t)dt �

R

~
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0
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 (
(t))

~

f
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[
(t)℄ _
(t)'(t)dt; 8' 2 �; (5)
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t
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f [t℄dt �

R

~
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Here Q = (q

0

; : : : ; q

l

), the tilde over Qmeans that there 
orresponding gradient is 
al-


ulated at the point (

~

t

0

;

~

t
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; ~x

0

; ~x(
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~

f

x

i

[t℄=

~

f

x
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(t; ~x(t); ~x(�(t))),

~

f [t℄=

~

f(t; ~x(t); ~x(�(t))).
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�

~

Q
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;
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Q
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�

= 1 + l; then in the theorem 1  (t) 6� 0.
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Then there exist a non-zero ve
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; : : : ; �

l
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~
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(

~

t

1

)℄ of the equation (4) su
h that the 
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�

~
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Theorem 3. Let ~� 2 A

0

;

~

t

i

2 (a; b); i = 0; 1; 


0

2 (

~

t

0

;

~

t

1

) be a lo
ally optimal

element and the assumptions of Theorems 1, 2 are ful�lled. Let, besides,

f
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: (11)

Then there exist a non-zero ve
tor � = (�

0

; : : : ; �

l

); �

0

� 0 and a solution  (t); t 2

[
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(

~

t

1

)℄ of the equation (4) su
h that the 
onditions (5){(7) hold. Moreover,
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)f

1

; �

~

Q

t

1

= � (

~

t

1

)f

2

: (12)
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Q
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0

;
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;

~

Q

x

0

;

~

Q
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1

�

= 1 + l; then in Theorem 3  (t) 6� 0.

Remark 1. Assume that the fun
tion ( _
(t); ~'(t); ~'(�(t))) is 
ontinuous at point

~

t

0

and the fun
tion

~

f(t; x

1

; x

2

) is 
ontinuous at the points (
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0

; ~x
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; ~'(�(
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~
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~

t

1

))), then, it is 
lear that in Theorem 3

f
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~
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=
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Theorem 4. Let ~� 2 A

0

,

~

t

i

2 (a; b), i = 0; 1, 


0

=

~

t

0

be a lo
ally optimal element

and the 
onditions of theorems 1, 2 and (11) are ful�lled. Moreover f

�

0

+ f

�

1

_


�

=

f

+

0

+ f

+

1

_


+

=

^

f

1

: Then there exist a non-zero ve
tor � = (�

0

; : : : ; �

l

), �

0

� 0 and a

solution  (t), t 2 [

~

t

0

; 
(

~

t

1

)℄ of the equation (4) su
h that the 
onditions (5), (7), (12)

hold. Let, besides,

�

~

Q

t

0

=  (

~

t

0

)

^

f

1

:

Theorem 5. Let ~� 2 A

0

,

~

t

i

2 (a; b), i = 0; 1, 


0

=

~

t

0

be a lo
ally optimal element,

the 
ondition (11) hold, the fun
tion ( _
(t); ~'(t)) be 
ontinuous at the point

~

t

0

and

f

�

3

= f

+

3

= f

3

; (13)

where
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~
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�
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~

t
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; ~x

0
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0
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~
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+
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+

~
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Let, besides, there exist a neighborhood V (!

5

) of the point !

5

= (

~

t

0

; ~x

0

; ~'(

~

t

0

) su
h

that the fun
tion

~

f(!), ! 2 V (!

5

) is bounded. Then there exist a non-zero ve
tor

� = (�

0

; : : : ; �

l

), �

0

� 0 and a solution  (t), t 2 [

~

t

0

; 
(

~

t

1

)℄ of the equation (4) su
h that

the 
onditions (6), (7), (12) hold. Moreover,

�

~

Q

t

0

=  (

~

t

0

)f

3

: (14)

Theorem 6. Let ~� 2 A

0

,

~

t

i

2 (a; b), i = 0; 1, be a lo
ally optimal element. The


onditions (11), (13) hold. Let, besides, in some neighborhood of

~

t

0

the fun
tion �(t) =

t. Then there exist a non-zero ve
tor � = (�

0

; : : : ; �

l

), �

0

� 0 and a solution

~

 (t),

t 2 [

~

t

0

; 
(

~

t

1

)℄ of the equation (4) su
h that the 
onditions (6), (7), (12), (14) hold.
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