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T. TADUMADZE

ON NEW NECESSARY CONDITION OF OPTIMALITY OF THE
INITIAL MOMENT IN CONTROL PROBLEMS WITH DELAY

(Reported on November 9, 1998)

Necessary conditions of optimality are obtained for optimal control problems with
non fixed initial moment. The condition at the optimal initial moment, unlike the early
known condition [1], contains a new term.

Let O C R™, G C R" be open sets, J = [a,b] be a finite interval and let the function
f:Jx O0?x G? - R" satisfies the following conditions:

1) for a fixed ¢t € J the function f(¢, z1,z2,u1,u2) is continuous with respect to
(z1,22,u1,u2) € O% x G? and continuously differentiable with respect to (z1,z2) € O?;

2) for a fixed (x1,T2,u1,u2) € O x G? the functions f, fz;, i = 1,2 are measurable
with respect to ¢; for arbitrary compacts K C O,V C G there exists a function mg v () €
Ly(J, Ra'), Rg' = [0,00), such that

2
|f(t, 1, 2, w1, u2)| +Z |f2: (] < mg,v (t), V(t,21,22,u1,u2) € J X K x V7.
i—1

The following asumptions will be made: 7 : R! — R! and 0 : R — R! are absolutely
continuous functions satisfying 7(t) < t, 7(t) > 0, 6(t) < t, 6(t) > 0 for t € RL; A
is the set of piecewise continuous functions ¢ : [7(a),b] — N with a finite number of
discontinuity points with N C O convex bounded set, ||¢|| = sup{|¢| : t € J1}; Q is
the set of measurable functions, u : [#(a),b] — U is such that cl{u(t) : t € [#(a),b]} is
a compact lying in G, U C G is an arbitrary set; ¢* : J?> x 02 — R", i = 0,...,[, are
continuously differentiable functions; y(¢) is the function inverse to 7(t).

To every element o = (to,t1,20,p,u) € A=J X0 XAXQ, tg < t; there corresponds
the differential equation

&(t) = ft x(t), 2(7(1)), u(t),u(0(t))), t€ [to,t1], (1)

with the initial condition

z(t) = ¢(t), t€[r(to)to), z(to) = zo. (2)

Definition 1. The function z(t) = z(¢,0) € O, t € [7(to),t1], to € [a,t1), is said to
be a solution corresponding to the element o € A if on [7(¢o), to] it satisfies the condition
(2), while on the interval [tg,t1] is absolutely continuous and almost everywhere satisfies
the equation (1).

Definition 2. The element ¢ € A is said to be admissible if the corresponding
solution x(t) satisfies ¢*(to,t1, 20, 2(t1)) = 0,4 =1,...,12.

The set of admissible elements will denoted by Agp.

Definition 3. The element ¢ = (fo, %1, %0, P, %) € Ao is said to be locally optimal if
there exist a number 6 > 0 and a compact set K C O such that for an arbitrary element
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o € Ay satisfying [fo — to| + |E1 — t1] + |20 — zo| + ||1@ — @|| + ||f — fllx < § the inequality
qo(toatlyi‘,(hi(tl)) < qo(toatlaI07I(t1)) holds.
Here

Hf_fHK :fJH(t;f7K)dt7

2
H(t; f,K) = sup {|f(t,1,22) — f(t,21,22)| + 3 |Foi () = fo; ()] : (w1,32) € K25
i=1
j:(t7 T1, 1‘2) = f(ta th??a(t)) ﬂ(g(t))), f(t7 CCl,CL'2) :f(t7 z1,T2, u(t)7 u(e(t)))7 j(t) :Cb(t, 6—)
The problem of optimal control consists in finding a locally optimal element.
Theorem 1. Let & € Ao, o € (a,b), {1 € (a,b], vo = (o) € [to,t1) be a locally
optimal element and there ezist the finite limits

lim f(w)=f,, weR; xO% R = (—00,i0], wy = (fo, &0, 3(7(f;))),
w—»wo_ 0 0
lim [flwi) = flw2)] = f7, wi € Ry x 0% i=1,2, w? = (v0,%(%0), %o),
(w1,w2)=(wd,w5) }
wy = (70,2(70),8(t5 ), lim §(t) =47,
t—»to_
lim_f(w) = fy, w€ Ry x 0% wy = (i1, (1), &(r(i]))). (3)

w—wg

Then there exist a non-zero vector m = (mo,...,7), 7o < 0 and a solution Y(t), t €
[to,v(f1)] of the adjoint equation

B(t) = =) far [t] = (YD) fos VBOIA(E), € [0, T1],  $(8) =0, t€ (f,v(E)],  (4)
such that the following conditions are fulfilled:

T OO e W > [ () e MOV Op (), Yo €A, (5)

ﬁilw(t)f[t]dt > fgilw(t)f(t,z(t),o*c(r(t)),u(t),u(a(t)))dt, Yu € O (6)
Qo = —¥(f0), 7Quy = ¥(i1), (7)
Qi > (ko) fy + v ()T vy, TQu > —v(E)f5 - (8)

Here Q = (¢°,. .. ,~ql)~, the ti1d~e over  means that there corresponding gradient is cal-
culated at the point (to,t1,Zo,Z(t1)); fz; [t] = fz; (t, £(t), Z(7(2))), f[t]= f(t, &(t), Z(T(t))).

If rank (Qao,Qay ) =1 +1, then in the theorem 1 ¢(t) Z 0.

Theorem 2. Let & € Ag, to € [a,b), i1 € (a,b), Yo € [fo,%1) be a locally optimal
element and there exist the finite limits

lim f(w) =f3, w € R x 0%, wy” = (fo, %0, @(7(I3))),

LL)‘HL)O
lim [f(w1) = flwa)] =i, wie RE x 02, i=1,2, wf = (70,&(0), B(I3)),
(w1w2)= (W w)
lim () =+,
t~>t~5r
lim f(w)=fF, we R;fl x 0%, wi = (b, &), #(7(]))). 9

LIJ—NIJS

Then there exist a non-zero vector m = (mo,...,m), 70 < 0 and a solution Y(t), t €
[to,v(f1)] of the equation (4) such that the conditions (5)—~(7) are fulfilled. Moreover,

Qiy < V(t0)fe +v(0)fiT vy, 7Qu < —v(h)fi (10)
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Theorem 3. Let & € Ag, i; € (a,b), i = 0,1, 0 € (fo,%1) be a locally optimal
element and the assumptions of Theorems 1, 2 are fulfilled. Let, besides,

I A o A e T o (11)

Then there exist a non-zero vector m = (mo,...,m), 7o < 0 and a solution Y(t), t €
[to,v(f1)] of the equation (4) such that the conditions (5)—(7) hold. Moreover,

TQto = Y(f0)fo +¥(v0)f1, 7Qt = —¥(i1)fo. (12)

If rank (QtO,Qtl,ng,le) =141, then in Theorem 3 1(t) Z 0.

Remark 1. Assume that the function (¥(t), $(t), ¢(7(t))) is continuous at point io
and the function f(t,x1,22) is continuous at the points (fo, %0, #(7(£0))), (70, %(70), %o),
(70, %(70), P(to)), (t1,#(f1), &(7(i1))), then, it is clear that in Theorem 3

fo = fko,%0,9(r(H0))), f1 =[f(70,2(0),%0) = f(70,&(70), B(t0))]3 (o),

fo = f(t,&(8),&(r(i1)))-

Theorem 4. Let 6 € Ag, t; € (a,b), i = 0,1, v0 = o be a locally optimal element
and the conditions of theorems 1, 2 and (11) are fulfilled. Moreover f, + fi 7~ =
fg' + ff"'y'*' = fl. Then there exist a non-zero vector m = (mo,...,7), 7o < 0 and a
solution (t), t € [fo,v({1)] of the equation (4) such that the conditions (5), (7), (12)
hold. Let, besides, ~ .

Q1o = Y(to) f1.

Theorem 5. Let & € Ao, t; € (a,b), i = 0,1, vo = o be a locally optimal element,

the condition (11) hold, the function (5(t), $(t)) be continuous at the point ty and

fs =ff=fa (13)
where

lim f(w) = f;, we R; x 0% wy= (o, %0,%0), lim f(w)= fHiwe R;."' x 02,
w—rwyq 0 w—rwq 0

Let, besides, there exist a neighborhood V(ws) of the point ws = (fo, %o, p(fo) such

that the function f(w), w € V(ws) is bounded. Then there exist a non-zero vector

7 = (mo,...,m), 70 < 0 and a solution ¥(t), t € [to,y(t1)] of the equation (4) such that

the conditions (6), (7), (12) hold. Moreover,

7Qto = ¥(ko) f3- (14)

Theorem 6. Let & € Ao, t; € (a,b), i = 0,1, be a locally optimal element. The
conditions (11), (13) hold. Let, besides, in some neighborhood of to the function T(t) =
t. Then there ezist a non-zero vector @ = (mo,...,m), m0 < 0 and a solution ¥(t),
t € [to,y(f1)] of the equation (4) such that the conditions (6), (7), (12), (14) hold.
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