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LAPPO-DANILEVSKI

�

I SYSTEMS AND THEIR PLACE AMONG

LINEAR SYSTEMS

(Reported on June, 29 1998)

Consider the linear system

Dx = A(t)x; x 2 R

n

t � 0; D = d=dt; (1

A

)

where A(t) is an n � n matrix of real-valued 
ontinuous and bounded fun
tions of the

real variable t on the non-negative half-line. We say that

i) A(t) is a right Lappo-Danilevski�� matrix (A 2 LD

r

(s)) if there exists s; s � 0; su
h

that for all t � s

A(t)

Z

t

s

A(u)du =

Z

t

s

A(u)duA(t); (2)

ii) A(t) is a left Lappo-Danilevski�� matrix (A 2 LD

l

(s)) if there exists s; s > 0; su
h

that (2) is ful�lled for all 0 � t � s;

iii) A(t) is a bilateral Lappo-Danilevski�� matrix (A 2 LD

b

(s)) if there exists s; s � 0;

su
h that (2) is ful�lled for all t � 0:

The 
orresponding systems (1

A

) are 
alled right, left or bilateral Lappo-Danilevski��

systems (
f. [1, p. 117℄). In this paper we present some results on the distribution of the

Lappo-Danilevski�� systems among linear systems.

Let �(A;B) = sup

t�0

kA(t) � B(t)k; where k:k be an arbitrary matrix norm, and let

LD

r

=

S

s�0

LD

r

(s); LD

l

=

S

s>0

LD

l

(s); LD

b

=

S

s�0

LD

b

(s): Let, for simpli
ity, n = 2:

Theorem 1. Among linear di�erential systems there is a linear system (1

A

) su
h

that for some " > 0 the system (1

A+Q

) is neither a bilateral nor a right Lappo-Danilevski��

system for any matrix Q su
h that �(A;A+Q) � ":

Theorem 2. Among linear di�erential systems there is a linear system (1

A

) su
h

that for any s > 0 there exists " > 0 su
h that the matrix A+Q 62 LD

l

(s) for any matrix

Q su
h that �(A;A+Q) � ":

To prove these theorems it is suÆ
ient to 
onsider the matrix A(t) = (a

ij

(t)), i; j =

1; 2; where a

11

(t) = sin ln (t + 1); a

12

(t) = 1; a

21

(t) = exp (�t); a

22

(t) = 
os ln (t+ 1):

(Let the symbol [:; :℄ be used to indi
ate the Lie bra
kets, and let [:; :℄

ij

be (i; j)-element

of the matrix [�℄.) We have

[A(t) +Q(t);

Z

t

s

(A(u) +Q(u))du℄ = [A(t);

Z

t

s

A(u)du℄ + [A(t);

Z

t

s

Q(u)du℄ +

+[Q(t);

Z

t

s

A(u)du℄ + [Q(t);

Z

t

s

Q(u)du℄:
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It is easy to verify that if �(A;A+Q) � ", then for all t � 0; s � 0; and for all suÆ
iently

small " we have:

j[A(t);

Z

t

s

Q(u)du℄

11

j � 4"jt� sj; j[A(t);

Z

t

s

Q(u)du℄

12

j � 4"jt� sj;

j[Q(t);

Z

t

s

A(u)du℄

11

j � 4"jt� sj; j[Q(t);

Z

t

s

A(u)du℄

12

j � 4"jt� sj;

j[Q(t);

Z

t

s

Q(u)du℄

11

j � 4"jt� sj; j[Q(t);

Z

t

s

Q(u)du℄

12

j � 4"jt� sj:

Therefore, 8t � 0; s � 0 we have

F

12

(t; s) = j[A(t) +Q(t);

Z

t

s

(A(u) +Q(u))du℄

12

j � j[A(t);

Z

t

s

A(u)du℄

12

j � 12"jt� sj:

Set t

k

= exp (�=2 + 2k�) � 1; k 2 N: It follows that F

12

(t

k

; s) � jt

k

� s � (s +

1) 
os ln (s+ 1)j � 12"jt

k

� sj: It is easy to see that for suÆ
iently large k we have

F

12

(t

k

; s) > 0, so F

12

(t; s) 6� 0: Thus A+Q 62 LD

r

and A+Q 62 LD

b

:

Similarly one 
an show that

F

11

(t; s) = j[A(t) +Q(t);

Z

t

s

(A(u) +Q(u))du℄

11

j �

� j exp (�s)� exp (�t) � (t � s) exp (�t)j � 12"jt� sj:

Sin
e F

11

(0; s) � j exp (�s) � 1 + sj � 12"s and j exp (�s) � 1 + sj > 0 for all s > 0, we

see that F

11

(t; s) 6� 0; i.e., A+Q 62 LD

l

(s):

Theorem 3. For any Lappo-Danilevski�� system (1

A

)and for any " there exists a

system (1

B

) su
h that �(A;B) � " but (1

B

) is not a Lappo-Danilevski�� system.

Indeed, if a

12

and a

21

are 
onstant, then we 
an set b

12

(t) = a

12

(t) + �a

12

(t) + '(t);

b

21

(t) = a

21

(t) + � + '(t); where ' is a 
ontinuous fun
tion, 0 � � � "; 0 � � �

"; and b

11

(t) = a

11

(t); b

22

(t) = a

22

(t): If we 
hoose � and � su
h that a

12

� a

21

+

�a

12

� � 6= 0 (the existen
e of su
h � and � is obvious), then one 
an show that B 62

fLD

b

S

LD

r

S

LD

l

g. If a

21

6� 
onst or a

12

6� 
onst, then we set b

12

(t) = � + a

12

(t);

where 0 � � � "; and b

ij

(t) = a

ij

(t) for all i; j = 1; 2; (i; j) 6= (1; 2); or b

21

(t) = �+a

21

(t);

where 0 � � � "; and b

ij

(t) = a

ij

(t) for all i; j = 1; 2; (i; j) 6= (2; 1); respe
tively. For

both these 
ases one 
an show that B 62 fLD

b

S

LD

r

S

LD

l

g.

Theorem 4. Let A

i

2 LD

�

(s

i

); i 2 N; � 2 fb; rg; and �(A;A

i

) ! 0 as i ! +1:

If there exists M su
h that s

i

� M < +1 for all i 2 N; then A is a bilateral or right

Lappo-Danilevski�� matrix.

Indeed, sin
e the sequen
e (s

i

) is bounded, there exists a subsequen
e (s

i

k

) su
h

that s

i

k

! s � 0 as i

k

! +1: Without loss of generality, s

i

! s as i ! +1: So

for the 
orresponding values of t we have [A

i

(t);

R

t

s

A

i

(u)du℄ = [A

i

(t);

R

t

s

i

A

i

(u)du℄ +

[A

i

(t);

R

s

i

s

A

i

(u)du℄ = [A

i

(t);

R

s

i

s

A

i

(u)du℄: Sin
e A

i

is uniformly bounded on [0;+1[,

we have [A

i

(t);

R

s

i

s

A

i

(u)du℄ ! 0 as i ! +1. On the other hand, the sequen
e A

i

is uniformly 
onvergent on the non-negative half-line Therefore [A

i

(t);

R

t

s

A

i

(u)du℄ !

[A(t);

R

t

s

A(u)du℄ as i ! +1. So for the 
orresponding values of t we have [A(t);

R

t

s

A(u)du℄ � 0; i.e., A is a bilateral or right Lappo-Danilevski�� matrix.

Similarly one 
an prove

Theorem 5. Let A

i

2 LD

l

(s

i

); i 2 N; and �(A;A

i

) ! 0 as i ! +1: If there exist

m; M su
h that 0 < m � s

i

�M < +1 for all i 2 N; then A is a left Lappo-Danilevski��

matrix.
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Theorem 6. There exists a sequen
e A

i

; A

i

2 LD

r

(s

i

); i 2 N; �(A;A

s

i

) ! 0 and

s

i

! +1 as i! +1; su
h that A 62 LD

r

:

To prove this statement, it is suÆ
ient to 
onsider a sequen
e A

k

(t) = a

ijk

(t); i; j =

1; 2; su
h that a

11k

(t) = a

22k

(t) = g(t)with g 
ontinuous and bounded, and a

21k

(t) =

exp (�t); a

12k

= f

k

(t); where

f

k

=

�

(1� exp (�t)) exp (�t); 0 � t � k;

(1� exp (�k)) exp (�t); t > k:

Theorem 7. There exists a sequen
e A

i

; A

i

2 LD

l

(s

i

); i 2 N; �(A;A

s

i

) ! 0 and

s

i

! +0 as i! +1; su
h that A 62 LD

l

:

To prove this statement, it is suÆ
ient to 
onsider a sequen
e A

k

(t) = a

ijk

(t); i; j =

1; 2; su
h that a

11k

(t) = a

22k

(t) = g(t) with g 
ontinuous and bounded, a

21k

(t) =

exp (�t); a

12k

= f

k

(t); where

f

k

=

�

exp (�k

�1

� t)); 0 � t � k

�1

;

exp (�2t); t > k

�1

:

Theorem 8. Let A

i

2 LD

b

(s

i

); i 2 N: If �(A;A

s

i

) ! 0 as i ! +1; then A is a

bilateral Lappo-Danilevski�� matrix.

Theorem 9. Let A

i

2 LD

l

(s

i

); i 2 N: If there exists m su
h that 0 < m � s

i

for all

i 2 N; then A is a left Lappo-Danilevski�� matrix.

The proofs of Theorem 8 and Theorem 9 are based on the following lemmas.

Lemma 1. Let 
ontinuous s
alar fun
tions f and g satisfy f(t)

R

t

s

g(u)du = g(t) �

R

t

s

f(u)du for some s � 0 and for all t, t 2℄b; 
[� [0; +1[: If

R

t

s

g(u)du 6= 0 for all t, t 2

℄b; 
[, then there exists a number � su
h that

R

t

s

f(u)du = �

R

t

s

g(u)du and f(t) = �g(t)

8 t 2 [b; 
℄:

Let Z(g; s) = ft � 0 j

R

t

s

g(u)du = 0g; N(g; s) = ft 2 Z(g; s) j g(t) 6= 0g: Denote by

R(g; s) the subset of Z(g; s)nN(g; s) with the following property: 8t

0

2 R(g; s) 8Æ > 0

9t

Æ

; t

0

< t

Æ

� t

0

+ Æ; t

Æ

62 Z(g; s): Denote by L(g; s) the subset of Z(g; s)nN(g; s) with

the following property: 8t

0

2 L(g; s) 8Æ; 0 < Æ � t

0

; 9t

Æ

; t

0

� Æ � t

Æ

< t

0

; t

Æ

62 Z(g; s):

Lemma 2. Let 
ontinuous s
alar fun
tions f and g satisfy f(t)

R

t

s

g(u)du = g(t) �

R

t

s

f(u)du; for some s � 0 and for all t � 0. Then N(g; s)

S

R(g; s)

S

L(g; s) � Z(f ; s):

Lemma 3. Let a sequen
e of 
ontinuous s
alar fun
tions (g

i

) uniformly over [0;+1[


onverge to a fun
tion g: Then for any � 2℄0;+1[; g(�) 6= 0; there exist positive " and

� su
h that for all i � � the inequalities g

i

(t) 6= 0; g(t) 6= 0 hold for all t 2 [�� "; �+ "℄:

Lemma 4. Let sequen
es of 
ontinuous s
alar fun
tions (g

i

) (f

i

) uniformly over

[0;+1[ 
onverge to fun
tions g and f respe
tively. If for any i 2 N there is s

i

su
h that

for all t � 0 we have f

i

(t)

R

t

s

i

g

i

(u)du = g

i

(t)

R

t

s

i

f

i

(u)du; then there exists s � 0 su
h

that the equality f(t)

R

t

s

g(u)du = g(t)

R

t

s

f(u)du holds for all t � 0:
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