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7. SOKHADZE

ON THE SOLVABILITY OF THE WEIGHTED INITIAL VALUE
PROBLEM FOR HIGH ORDER EVOLUTION SINGULAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

(Reported on April 20, 1998)

In the present paper on the basis of the results obtained in [1, 2] optimal, in a certain
sense, sufficient conditions for solvability of the weighted initial value problem

ul™ (1) = f(u)(t), (1)
®)(t)
u

lim ——~2 =0 (k=0,...,n—1 2

tim g =0 ¢ no1) (2)

are established, where f € C*~1([a,b];R™) — Ljo.(Ja,b];R™) is a continuous Volterra

operator and h : [a,b] = [0,+00[ is an (n — 1)-times continuously differentiable function
such that

R @)y=0 (k=0,...,n—2), RV (t)>0 for a <t <b. (3)

The problem (1), (2) for the case n = 1 has been investigated in [1, 2]. Therefore
below we will assume that n > 2.
Throughout the paper the use will be made of the following notation.

R™ is the space of m-dimensional column vectors & = (x;)/" , with real components

m
z; (i=1,...,m) and the norm ||z]| = ) |z;|.

i=1

R7 = {z € R : [|a]| < p}.

If z = (z;)[2, € R™, then sgn(z) = (sgn=;)~,.

z -y is the scalar product of the vectors z and y € R™.

C™([a,b];R™) is the space of (n — 1)-times continuously differentiable vector func-

tions « : [a,b] = R™ with the norm

n—1
oo =max { 3 e a<i<o}.
k=1

C;L’*l([a,b];Rm) is the set of u € C"~1([a, b];R™) such that

lu® @) _
sup{m. a<t§b}<+oo (k=0,...,n—1).

C’,’L‘_pl([a, b];R™) is the set of u € C*~1([a, b]; R™) satisfying the inequalities
lu® ()] < phF)(t) for a <t <b (k=0,...,n—1).
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If z :]a,b] — R™ is a bounded function and a < s < t < b, then
v(x)(s,t) =sup {[[«(€)|| : s <& <t}

Lioc(]a, b];R™) is the space of vector functions z :]a,b] — R™ which are summable on
each segment from Ja, b] with the topology of convergence in the mean on each segment
from ]a, b].

Definition 1. f: C""([a,b];R™) = Lioc(]a,b];R™) is called a Volterra operator if
the equality f(z)(t) = f(y)(t) holds almost everywhere on |a,to[ for any to €]a,b] and
any vector functions x and y € C"~1([a,b]; R™) satisfying the condition z(t) = y(t) for
a <t<tp.

Definition 2. We will say that the operator f : C*~1([a,b];R™) = L;oc(]a, b]; R™)
satisfies the local Carathéodory conditions if it is continuous and there exists a nonde-
creasing with respect to the second argument function + :]a, b] x [0, +o00[ — [0, +-00[ such
that v(-, p) € Lioc(Ja, b];R) for any p € ]0, +00[, and the inequality

17 @O < (@ 12l i)

is fulfilled for any € C™~1([a,b]; R™) almost everywhere on ]a,b|.

Definition 3. If f : C*~1([a,b];R™) — Lioc(]a,b];R™) is a Volterra operator and
bo €]a,b], then:

(i) for any u € C"~1([a,bo];R™) by f(u) is understood the vector function given by
the equality f(u)(t) = f(w)(t) for a <t < bg, where

u(t) for a <t <bp,
n

u(t) = (t=bo)k =1 1y .
kil W u (bo) for bo <t <b;

(ii) a function u € C?~1([a,bp];R™) is called a solution of the equation (1) on the
segment [a, bo] if u("~1) is absolutely continuous on each segment contained in ]a, bo] and
w™(t) = f(u)(t) almost everywhere on ]a,bo[;

(iii) a solution u of the equation (1) on the segment [a,bo], satisfying the initial
conditions (2) is called a solution of the problem (1), (2) on the segment [a,bo].

Definition 4. The problem (1), (2) is said to be locally solvable (globally solvable) if
it has at least one solution on a segment [a,bo] C [a,b[ (on the segment [a,b]).

In what follows, we will assume that f : C" ! ([a,b];R™) — L;pc(la,b;R™) is a
continuous Volterra operator satisfying the local Carathéodory conditions.

Theorem 1. Let there exist a positive number p and summable functions py, : [a,b] —
[0,4+o0[ (k=0,...,n—1) and q : [a,b] — [0, 400[ such that

n—1 t ¢
. 1 , 1 B
IITEL“’(WZk_O/Q”’f(s)ds)<1’ im (g / ) s) =0 1

and for any u € C}?_pl([a,b];Rm) the inequality

w(®)

n—1
£ -sgn(w D ©) < 3 o (5 ) (@0 + a0 )
k=0

is fulfilled almost everywhere on ]a,b[. Then the problem (1), (2) is locally solvable.
Proof. For any z € C([a,b];R™) assume

t
w(z)(t) = ﬁ/ (t— )" 2a(s)ds, f(z)(t) = f(w(@))(?). (6)
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Then by (3)
t
h(t) = w(h®D)(t) = ;)'/ (t — )" 2R (5) ds. (7

(n—2

Obviously, }7: C([a,b];R™) — Lioc(]a, b]; R™) is a continuous Volterra operator satis-
fying the local Carathéodory conditions.
Assume now that y € C([a, b;R™), ||y||, < p and

u(t) = w(h™~Dy)(b). (8)
Then by virtue of (6) and (7)

t
MO0 = 5= | / (t = 572D s)ys) s <
t
< ﬁ (/ (t - s)"‘Q"“h("‘”(s)ds)u(y)(a,t) =
= h® Wyw(y)(a,t) for a<t<b (k=0,...,n—2),
and
u () = KD @y, D @) <R (u(y)(a, t) for a <t <b.
Therefore
u € c;;,—pl([a, b)), sgn(u»~D(t)) = sgn(y(t)), (9)
V(%)(a,t) <wv(y)(a,t) for a<t<b (k=0,...,n—1). (10)

On the basis of the conditions (5), (6) and (8)—(10), almost everywhere on ]a, b[ the
inequality

Fh=y)(0) - sgn(y(t) = F()(®) -sgn ("D (1) <

n—1 u(k) n—1
<Y () @0 +a0) < 3 p O + o),
k=0 k=0
is fulfilled, that is,
n—1
FRC=Dy)(t) sgn(y() < p(v(y)a,t) +q(t), where p(t) =Y pe(t).
k=0

On the other hand, as it follows from (4),

t
1
limsu (7 s ds) < 1.
o h(n—U(t)/a P

Hence all the conditions of Theorem 2.1 from [1] are fulfilled for the problem

dr(t)  ~ . z(t)
dt = /@)@, am h(r=1)(1)

=0. (11)

Therefore this problem is locally solvable.
Let = be a solution of the problem (11) on a segment [a,bo], and u(t) = w(z)(¢).
Then, owing to (6), the function u is a solution of the problem (1), (2) on [a,bp]. O
Applying Corollary 1 of [2] and repeating the arguments used in proving Theorem 1,
we convince ourselves that the following theorem is valid.
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Theorem 2. Let for any u € C}?_l([a, b]; R™) the inequality

w(k)
F)(®) - sen(ut D@ <Zpk tpo )y (3 ) (@) + at po() 1)

be fulfilled almost everywhere on la,b[, where

n—1

ul)
po()(®) = v (357 (@ (o),
j=0
7 : [a,b] = [a,b] is a continuous function, py (k=0,...,n—1) and q : [a,b] X [0+ co[ —

[0, 4+00] are summable with respect to the first argument and continuous and nonde-
creasing with respect to the second argument. Let furthermore 7(t) < t for a <t <b
and

n—1 ¢ t
. 1 . 1
imow (o= Z/ isas) <. i (g | o) =0

for some positive constant p. Then the problem (1), (2) is globally solvable.
A particular case of the equation (1) is the vector differential equation with delay

u™ (1) = fo(tu(ri0(t)), o™ D (11 n1 (1)), ooy ul(mio(£)s ooy u™ VD (1,1 (1)), (12)

where fo :]a,b] x Rim™* — R™ satisfies the local Carathéodory conditions, and
Tik © [@,b] = [a, b] are measurable functions such that 7 (t) <tfora <t <b(i =1,...,1;
k=0,...,n—1).

Theorems 1 and 2 result in the following

Corollary 1. Let 71,_1(t) = t and there exist a positive number p, summable
functions pip : [a,b] = [0,400[ (i = 1,...,l; k=0,...,n—1) and ¢ : [a,b] — [0,+00[
such that

t
. . 1 o
lim sup (h(” D E E / Dik(s ds <1, tlg?z (m/a q(s) ds) =0.

t—
e k=0 i=1

Let furthermore the inequality

fo (t, h(Tlo(t)):Dlo, caey h(nil)(Tln(t))l‘l [ BN

n—1 1
Wm0 ()10, s b D (710 1 ()21 1) - 58010 1) > pir®llzill + q()
k=0 i=1
be fulfilled on ]a,b] x Rlpm". Then problem (12), (2) is locally solvable.
Corollary 2. Let there exist a number lg € {1,...,l — 1} and a continuous function

7 : [a,b] — [a,b] such that 71,1 (t) = t,
Tik(t) <T(t) <t for a<t<b (i=lp—1,...,l; k=0,...,n—1)
and let the inequality
fo(t: h(mi0()z10,5 ., A (T10 ()T 1+

h(7i0(t))T10, .- -, h(nfl)(T no1 ()T n 1) 'SgH(Izo nfl) <
—1 1

Z ( "Zl > |IZJH)‘IZI¢‘+Q( Z Z |:r”\|)

=0 i=1 7=0i=lg+1 7=0 i=lp+1
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be fulfilled on ]a,b] x RI™™  where the functions p;j, : [a,b] x [0,4o00[— [0,400[ (i =
1,...,lo; k=0,...,n—1), q: [a,b] X [0,+00[— [0,+00[ are summable with respect to
the first argument and continuous and nondecreasing with respect to the second argument.
Let furthermore

n—1 lg t t

. 1 . 1

s (2= 2.2 / pin(oip)s) <1 Jim (7 / (o)) =0
==

for some positive constant p. Then problem (12), (2) is globally solvable.

Remark 1. Under the conditions of the above-mentioned propositions the right sides
of differential equations may have singularities of arbitrary orders. Indeed, as an example
let us consider on the interval [a, b] the scalar differential equation

n—1

M) (g) — ok (k) (g1 B (k) (gt ¥
u(t) = Z I:t(A—k),uk-Fn—A w () + tA—k)ppvie+n—Fk |t (85| 7
k=0
ko
- Z gr (tu(®), ..., D) u =D (1) 4 ettor (13)
k=1
with the initial conditions
) (1)
u
li =0 (k=0,....,n—1 14
lim == ( n—1) (14)

where b 6]071[7 agand By €ER, pp > 1, 7 > 1, c€R, Ao > A, g ]07b] XR" — [0,+OO[
are continuous functions. By Corollary 2, for the global solvability of problem (13), (14)

it is sufficient that
n—1

|ocg |
Z(A—k)m()\—n-i-l) <t

k=0

Remark 2. There exists an example which shows that condition (4) in Theorem 1 is
optimal and it cannot be replaced by the condition

n—1 t

. 1

lim sup (m Z/O i (s) ds) <1.
k=0

t—a
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