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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF n-th ORDER
DIFFERENTIAL EQUATIONS

(Reported on December 15, 1997)
Consider the differential equation
m
Y = Z aipi(®)ly|7o |y [ . U= 1= 11 sign y, (1)
=1
where n > 2, a; € {-1,1} (i =1,...,m), ! € {1,...,n}; 0oi,...,0,—1; are real con-

-1 -1 -1
stants such that Z ogi # 1for any ¢ € {1,...,m}, Z Opi # Z oj for i # j, and
k=0 k=0 k=0
p; : [a,w[—]0,40c0 [(:=1,...,m) are continuous functions with —co < a < w < 4oo.
We call a solution of the equation (1) defined on some interval [tg, +c0[C [a,+ o[ a
F,—solution if it satisfies the following three conditions:
a) ylM(t) #0;
b) for any k € {0,... ,n — 1}, either limy(k)(t) =0or limy(k)(t) = too;
tlTw tlTw
c) the limit
2
[y~ ()]
im———
ttw y(?) (£) y(*—2)(2)

exists and is finite or infinite.

=2

n—1

Some asymptotic properties of solutions of the equations (1) satisfying the conditions
a), b) can be obtained according to results from the monograph of I. T. Kiguradze and
T. A. Chanturia [1] and in the scientific works of A. V. Kostin [2]. Exact asymptotic
formulas for all types of P.,— solutions are established only in the case m = 1 (see [3], [4]).

In this paper, the question of asymptotics of all P, —solutions of the equation (1) with
/\91_1 # 1 is considered.

We introduce the auxiliary notation:

M={1,2,...,m}, J={(t,j)eMXM :7#;};
-1

-1
%‘21—201@1‘7 Mri:(n_7)+2(7’—1_k)gkiv
k=0

k=0
i=1,...,m, r=1,...,n;
ap=Mn—-kX\_, —(n—k—-1), k=1, ,n—1;

I e L T e
m(t)—{ U S Im<t>—/pz<f>|m<7>| dr,
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a fp, Y7o () |Fridr = 400
w fp, VMmoo () |Pridr < 4o0

Further, we investigate the case where for each fixed pair (7, j) € J the following two
conditions are fulfilled:

1) the functions

Xs
vp—— (Bpi—teg)Ys
(¢ Y3V Mrs‘l‘%
e =pe() [ZD T T (5= m)
p;(t)
are asymptotically comparable if ¢ T w;
hyig (T
2) the limit lim ris (1) = hg exists and is finite or infinite for the function
tTw @rg(t)
B (t)_ 1 p;(t)_pg(t)_l_ﬂri_ﬂrj
" vi = |pi(t) Pt me(t) |
. @ri(t) _ &0 _
where r € {1,... ,n} and ¢,y (g € M) are such that lim —~ = @, = const for any
tTw ©rg(t)

1€ M.

Theorem 1. Let the conditions 1), 2) be true for each fized pair (¢,7) € J and forr =
n. Then any positive Py —solution of the equation (1) with /\n 1 ¢ {0,1 1,+00}

? 2 1t n— 1 ?
assumes either the asymptotic representations
(@) ~ bor[me (D] TRV (1), k=1, ,m—1,
it “
T O R ] L » (L) €J;
p;(t)
or the representations
Y (@) ~ bor[me (D] TRV (1), k=1, ,n -1,

1
YPTY() ~ oglvidos Ini (1) |77 signfviln ()], €M

as t71 w, where

-1 n—1 — ki
0 —k
O Hni
cij # 0, bok=?7 d01—|/\n 11 H Haﬂ
H a; k=0 |j=k+1
1=k

Theorem 2. Let the conditions 1), 2) be true for each fized pair (i,5) € J and for
r= n. Then any positive Py, —solution of the equation (1) with /\91_1 = too assumes ei-
ther the asymptotic representations (2) or the representations (3), in which the constants
bok, do; are replaced by bO d , where

1
= lim  bo = Tt d = lim dos = H[(n 1= k)R

A0 —oo n — k)! A0 —co
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Theorem 3. Let r € {1,...,n — 1}, | < r and the conditions 1), 2) be true for
each fized pair (1,5) € J. Then any positive P,—solution of the equation (1) with
.
/\91_1 r-r-- assumes either the asymptotic representations
n—r
- [r(D]"™F (
y () ~ Ly“ Dy, k=1,...,r—1,
(r — k)t
1
_ pilt | T .
y(r 1)(t) ~ iy l( )|7Tw(t)|M” Krj , (27]) cJ,

Py (1) (4)
Y () = @rg (T (0) [BS +0(1)],

(k—=r)!

Wy(r)(t), k=r+1,...,n,

y# (@) ~ (1R
or the representations

y () ~ %y(r_l)(t)7 k=1,...,7r—1,

1
YTU() ~ agvilideidei (1) 7 sign Ly, i € M,

U(t) ~ aidpipi(t) o (1) [Fri [y ()P,

(k—=r)!

Wy(r)(t), k=r+1,...,n,

R ORVECE
as t71 w, where
-1
[0 =k =1)=ow
k=o

¢y £ 0, dri = Y

In addition, we have obtained necessary and sufficient conditions for the existence of

all types of P,—solutions of the equation (1) defined by Theorems 1 — 3.
n—r—1
We formulate Theorems 4 and 5 for the case where \0_| = ———
n—r
Theorem 4. Let the hypotheses of Theorem 3 be true. Then for the existence of posi-
. . . n—r—1 . . .
tive Py —solutions of the type (5) with /\91_1 = ———, it is necessary and sufficient
n—r
that

il (O[re()]™"1 >0 for t € (a,w),

ps(O)lrw (@ HramHri [Ls ()] e

. ( .
lim — =0 for any s#1,
e nl (MO
T
)G (t
li mo(t) G (1) =r+1-mn,
tlTw G”‘ (t)
where
t
1—v;
Gri(t) = / pi(T)m(r) T T Ly ()| dr
Qri

and Qr; are defined by analogy with Ay;.
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Theorem 5. Let the hypotheses of Theorem 3 be true. Then for the ewistence of

—r—1
positive P, — solutions of the equation (1) of the type (4) with \0_, = L, 1t 1s
n—1
necessary that
w
/aprg(t) dt = 0, hg =const, c¢j[nw (25)]T_1 >0, (6)
a
m
— ey sign[—mu (D] + 3 aedre®D, ley [T = 0, (7)
s=1
ww (€)1 (¢)
limwézr—l—l—n7 (8)

tlTw IM‘J (t)

where

1
Bopi—H g T
1— ri“Hrj . Yi—7;
mm=/wwwmﬂ*“%W[mﬂ i
Arig
and Ay are defined by analogy with Ap;.
Suppose that along with (6) — (8), the conditions

m

h2¢07 Zakdrk@gkﬂciﬂ_w[gok+"~+Uz_1k—1]750
k=1
are fulfilled. Then the equation (1) has positive P, -solutions of the type (4).
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