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ON A CERTAIN BOUNDARY VALUE PROBLEM FOR NONLINEAR
ORDINARY DIFFERENTIAL EQUATIONS

(Reported on November 24, 1997)

Consider the n-th order ordinary differential equation

n—1
W+ gk = f(t e D) (1)
k=1

on the interval [a, +co[, where a > 0, n > 2, each of the functions py : [a,+co[ — R for
k € {1,...,n—1}islocally absolutely continuous together with its derivatives up to order
(4)
13

any finite segment contained in [a,+co[), and the function f : [a,+co[ XR™ — R satisfies

the local Carathéodory conditions.

k — 1 inclusively (i.e., the functions p,’ (¢ = 0,...,k — 1) are absolutely continuous on

Let ng be an integer part of the number 7, and let ¢; (¢ = 0,...,n0 — 1) be arbitrary

real numbers. Consider the problem on existence of a solution u : [a,+co[ — R of the
equation (1), satisfying the conditions

+o0
u@)=¢ (i=0,...,n0 = 1), /[u(J)(t)]2dt<-|—oo (G=0,...,n0). (2)
a
In the case where py(t) =0 (k =1,...,n — 1), the problems of the type (1), (2) have

been investigated by 1. Kiguradze [1]. The theorems given below complement the results
of this work.

Let p,f (:=0,1,...,n—mng —1; k = 2¢,2¢+ 1,...,n — 1) be real numbers given by
the recurrence relation

) 1 ) _ . )
p,é‘l'l =3 M?l =1, p,f_l_l = p,f_l_ll—l—uf 2 (:=0,1,...,n—no—1; k=2:43,...,n—1),
and R4 = [0, +oof.
Theorem 1. Let the inequalities
|f(t775077317~~~773n—1)| <ot ol |zl s leng-1l), (3)
ng—1
(=1)" "o f (4 wo, @1, ... o) sgnag > — Z a; (D) |z:]| + a(t),
=0
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hold on [a,4oo[ XR™, where the functions ag : [a,+oo[— R, o; : [a,+o0[— Ry (7 =
1,...,n9 — 1) are locally summable, o : [a,+co[ — Ry is measurable and

+ o

/ 1274042 (1) dt < oo,

a

while the function ¢ : [a, +oo[ XR:_D — Ry 15 locally summable with respect to the first
argument, mon-decreasing with respect to the last ng arguments and for any po €0, +0o[
satisfies the condition

t
. 1
lim —2/ap(7,p0,p,...,p)dﬂ':0. (4)
t—a P
p—+co a

Further, suppose that there ewist constants v; > 0 (i =1,...,ng —1), 7> 0 and § > 0
such that

ng—1 |
Y .
“ZD — E lnl—nu Z kY
no
=1
and the inequalities

n—1

Z(_l)n_nﬁ-k—l—lﬂf [tn_2n0pk(t)]( 21)+tn_2nuo‘i(t) <o (i=1,...,n0 — 1),
k=2:

n—1
k

Z(_l)n—ng-l-kﬂg [tn_2n0pk(t)]( ) _ tn—2n0 Ozo(t) Z
k=1

ng—1 ng—1 ( )

n—2ng . . no — )i
SRS SICELIN
=1 =1

hold on [a,+co[. Then there ewists at least one solution of the problem (1), (2).

Corollary 1. Let the inequalities (4) and
(-1)" "L f(t,m0,. .., mn_1) sgnzo > v(t)|o|

hold on [a,+oco[ XR™, where A > 1, the function ¢ be taken as it were in Theorem 1 and
v : [a, +oo[ =10, +0c0[ s @ measurable function satisfying the condition

+ oo
2
/t"_2"0 V()] >T dt < +oo.

Further, suppose that there exists a constant r €0, 4co[ such that the inequalities

n—1
. k—2i

I Tt [ =2m0 ()] 72 < r (=140 — 1),
k=21

n—1

k
Z(_l)n—ng+kué€ [tn_2n0pk(t)]( ) > —p
k=1

hold on [a,+co[. Then the problem (1), (2) is solvable.
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Corollary 2. Let all the conditions of Corollary 1, except (4) be fulfilled. Then the
problem (1), (2) has an ng-parametric family of solutions satisfying the conditions

+ oo

/[u(J)(t)]2 dt < oo (1=0,...,m0).

a

Remark 1. In the case where n = 2ng, pn—2(t) = 1 and pi(t) = 0 (k # n — 2;
k=1,...,n—1), from Corollary 1 it follows Theorem 1.2 of the paper [2].
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