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F. G. MAKSUDOV

SOME PROBLEMS OF THE SPECTRAL THEORY OF OPERATOR
PENCILS

ABSTRACT. For polynomial operator pencils, various properties of the
spectrum, generalized eigenvalues and generalized eigen and adjoint
vectors are investigated.
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Consider the operator pencil
PA)=A"E+ X" A 4+ X,y + A, — A" (1)

in a space H and assume that the following conditions are satisfied:

(a) the spectrum o (A) of the operator A is continuous and coincides with
[, B1;

(b) the operator function (0.f.) MC 1A4,_;(\"E — A")~1C~! = R;(\),
j=0,1,...,n—1in H has an analytic continuation through the continuous
spectrum of the pencil A"E — A™ which, obviously, consists of n segments
[wro, wi 3], wy = /1, k =T,n. Then the following theorem is valid.

Theorem 1. Let linear operators Ai, As,..., A, be such that A;(A™ +
iE)™! € 0uo(H), j = 1,n. Then the spectrum of the pencil (1) consists at
most of a countable number of points with possible limit points in wia and
w3 and of the segments [wra, wiB], k = 1,n.

Denote Qf = {\ € Clargw), < arg\ < argwyi1}, k = 1,n, where
|wy41]| = |wn]; arg wy 41 = argw; + 27 and assume that (o.f.) R;()) acting
in Hj, has a bounded analytic continuation R;-" (A) from the domain Qz into
a wider Q so that Qf C O and (wepa, wiB) C i, k=1, m;

(c) at any A € Q there is Rj(/\) € 0 (H);

(d) o.f. CY(A"E — A")~1C~! = R{ (A) is holomorphic in the domain
O, k =1,n and belongs to oo (H).
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Theorem 2. Let D(A,)NH,, be everywhere dense in H and let the vectors
fos- -y fn=1 belong to D(A,) NmH;. Further, let the conditions (a) — —(d)
be satisfied, and limy_,o || R;(A)|| = 0. Then the following expanssion holds:

~ 1 .
Clfj==— [ NC'P 2
r
wherel is a contour overlapping all the spectrum of the pencil P(\), and the
convergence of the integral is understood in the sense of the metrics of H.
Consider now a polynomial operator pencil of the form
LN =Ag+ M1+ + XA, + By + AB1 4+ -+ \"'B,_1, (3)

where Ay is a linear closed operator with D(Ag) = H, and 4, Bj_1 € L(H),
j = 1,n. Components of the spectrum of the pencil A(X) = Ag + A\A; + -+
A" A, are assumed to consist of the following sets:

(AN = Pisdas o And U g w6,

ap(AN) = {A1, A2y oy A} _Ql WD D,
ae(A(N) = a(AN)\op(A(N),

where p() € lwioj,w;Pl, (7 =1,2,...,s,j=1,2,...,k). Then the follow-
ing theorem holds.

Theorem 3. Let wja; € Q;L, w;fB; € Qj or wjo € Q;L, B =00 (j =

1,k). Then the pencil L()\) has a finite number of generalized eigenvalues
from (wjoj, w;iB;) U (wjs1j41,w,,,Bj+1) (7 = 1, k) (Spectral singularities).

Consider the polynomial operator pencil of the form
LN = A9+ My + -+ XA, + By + AB; + -+ \""'B,,_1,

where Ag is a linear closed operator with the everywhere dense domain
D(Ayp) in a Hilbert space H, and

Aj e L(H), Bj_y€L(H), j=12,...,n.

Assume that the components of the spectrum of the pencil A(X) = Ay +
AA; + -+ A" A, consist of the following sets:

P(AN) = Pt da oAb U g0,

p(AN) = {1, A2y, A} .Ql WD D,y
ae(A(N) = o (A(N)\op (A(N),
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where ) € [wiaj,w;Pj], (j = 1,2,...,8;,5 = 1,2,...,k), [wjo;, w;B3]
are segments in the complex plane C such that 0 < a; < 8; < 400 (j =
1,2,...,k), argwy < argws < -+ < argwg.-

The use is made of the following notation:

QO ={deClargw; < arg\ < argw;11}, (j=1,2,...,K),

|wg1| = |wi], argwgsr = argw; + 2.

Let the resolvent R(A(M)) of the pencil A(\) be finite meromorphic in

k
the domain C'\ Y [wja, w;B;] and let the following condition be satisfied:
]:

(a) for every j = {1,2,...,k} there exists at least one point /\(()j) € Q;
which is a common point of regularity of the pencils A(A) and L(\) such
that

RAMNY)) B, €ow(H) (j=1,2,...,K;8=0,1,....,n—1 ).

Then the following theorem holds.

k
Theorem 4. In the set C\ 'U1 [wjag, w;B;] there exists only the point spec-
j=

trum of the pencil consisting at most of a countable number of isolated

eigenvalues with finite algebraic multiplicity and with possible limit points
k k

in .Ul[wjaj,wjﬁj] and at co. The set .Ul[wjaj,wjﬁj] belongs to the spec-
j= j=

trum of the pencil L(X) and the sets [wja;, w;B;]\(S;UG;) (j =1,2,...,k)
belong to the continuous spectrum of the pencil L()), where

S; = {\ € [wjay, w;Bi]ker L(\) # {0}},

Gj ={X € [wja;,w;B]\Sjl ker L*(A) # {0}} (G =1,2,....k).

The resolvent R(L(X)) of the pencil L(A) is finite meromorphic o.f. in
k
the domain C\ U [wjaj, wiB;].
]:
__(b) the operators B; admit extensions B to all the space H such that
Bj € L(H,,H+) (.7 :0,1,...,1’L— 1);

(c) the o.f. P\ = C 'R(A(X\))C~! admits a finite meromorphic continu-
ation of R}, = C 'R (AN)C~! from the domain Q; into the domain Q7
such t_hat Q; C Qj, (wja,w;B;) C Q;L and (wjp1j41,wj108j41) € Q;L
G=T.h). |

Denote by D; the set of all poles of o.f. PY from the domain aF.
Assume Ty = CB,C (s =0,1,...,n — 1) and let the following condition be
satisfied:

(d) PYT, € 000 (H) forall A € QS\D; (j=1,2,...,k;5=0,1,...,n—1).

Further we assume that the conditions (a)—(d) are satisfied.
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Theorem 5. The o.f. T) = 6711%(L(/\))C"1 admits a finite meromor-
phic continuation T;\j) =C 'RV (L(N)C™t from the domain Q; into the
domain Q;L (j=1,2,...,k).

If
(e) limy o0 A TPO V)| =0 (7 = 1, k),
then the following theorem holds.

Theorem 6. Let wja; € Q;‘, w;fB; € Qj‘ or wjo € Q;‘, B =00 (j =
1,2,...,k). Then the pencil L(\) has a finite number of eigenvalues and
also a finite number of g.e.v. from (wjcaj,w;B;) U (Wjt1ajt1, wjt1Bi+1)
(j =1,2,...,k) (spectral singularities).

Let the conditions of Theorem 5 and the conditions (a)—(e) be satisfied.
Then the pencil L(\) has a finite number of ganeralized eigenvalues and
spectral singularities. Denote by A1, Az, ..., As the eigenvalues of the pencil
(

k
which do not lie in the set .Ul[wjaj,wjﬁj] and by uj'l:) (j»=1,2,...,8,,v=
]:

1,2,...,k) the generalized ligenvalues of the pencil from (w,av,w,8,) and
(Wy11041, Wny + 18,41). Here the enumeration of the numbers is such
that i) = ul TV b, < Syt < Sy (v = 1,2,..,k), pit T = pfl,
Sk+1 = Sl.

Denote by T'y the contour formed by a subsegment of the segment
[Wy41Q41,wy410,41] and by semicircles of sufficiently small radii with

centers at the points p§”)...,u§,€> in the domain Q, and at the points
,ug:ﬂ), ..., bspy in the domain Q,4; (v = 1,2,...), where we assume that
Qk+1 =0.

The following notation is used:

j—1
¢1(A)E _(AO + B0)7 (b](/\) = _(A0+B0+ ZAS(AS_‘_BS))a ]:27 37 AN
s=1
n—1
P)= 15 (B 65(0) = 3 X (Ay + B+ XA, j= 12, ,n.
ey

Under these assumptions and notation, we have the following

Theorem 7. Let f; € D(Ao) N Hy, Aif; € Hy (i = 0,1,...,n) j =
0,1,...,n —1). Then there exists an n-fold expansion of generalized eigen-
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and adjoint vectors of the pencil L()\):

n

k
—1 1 1 v v
C = 5 3 [N TN Y PV fmordh

V=1F7 m=1

k n
+Z§Rs {)\jTAC’ Z Pm()\)fml] +
k=1 m=1

A=A

k to n
+3°3 ®s [AJ‘TAWC 3 Pm(/\)fml} :
v=1 i=1 m=1 }\:u(”)
7 =0,1,...,n—1, where T§k+1) = T;\l). The integrals in the right-hand
sides converge in the metrics of H.

Further, the spectral analysis of a rational operator pencil of nonself-
adjoint operators with the continuous—point spectrum is carried out.

In a Hilbert space H we consider the rational operator pencil
B2 Bm

1
BN O W) T S w4

L(’y)EA—/\I-FBO-F

where A is a self-adjoint operator in H having only the continuous spectrum
coinciding with the segment

[a,0], —o<a<+4+c00 B;€L(H), (i=0,1,...,m).

Let the following conditions be satisfied:
(a) there exists at least one point, A\ € CF = {\ € C|Tm # 0}, \} £ C
is any fixed number from C such that

R/\[:)l:(A)Bj €ox(H), 7=0,1,...,m.
Then following theorem is valid.

Theorem 8. In the set C\([a, BJU{C}) there is only the discrete spectrum
of the pencil consisting at most of a countable number of isolated eigenvalues
with finite algebraic multiplicities and with possible limit points in [, 5] U
{C} and at oo. The set [a, 3] U {C} belongs to the spectrum and the set
[a, B] U {C} belongs to the continuous spectrum of the pencil L(\), where

M; = {X € o, B] ker L)) # {0}},
My = { € [o, B\ [ ker L*(A) # {0} }.

The resolvent R(L()\)) of the pencil L()\) is a finite meromorphic o.f. in
the domain C\([a, 5] U {C}).
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Let also the following conditions be satisfied:
__(b) the operators B; admit extensions B; to the all space H such that
B, e L(H_,Hy) (i=0,1,...,m);

(c) the o.f. Py =C ' R(A)C~" admits an analytic continuation PE
ﬁflRf(A)C'_l from the domain C* into the domain Q% such that («, 8) C

+.

(d) PEK; € 00(H), X € QF, where it is assumed that K; — CB;C
(i=0,1,...,m).

Under the conditions (a)—(d) the following theorem is valid.

Theorem 9. The o.f. Ty = U_IR(L()\))C'*1 admits a finite meromorphic
continuation TE = 6_1Ri(L(/\))C_1 from the domain C*\{c} into the
domain QF\{c}.

Let also the following conditions be satisfied:
(€) lim x| o0 [|[Prz]| = 0
reat
(f) K; =CB;C (i =1,2,...,m) are finite-dimensional operators in H.
Then we have the following

Theorem 10. Let one of the conditions a, 3 € QF or a € OF, = 400 be
satisfied. Then the pencil L(X) has a finite number of generalized eigenvalues
from (a, B) (spectral singularities).

Under the conditions (a)—(d) the following theorem holds.

Theorem 11. If \g € QF (Ao # ¢) is a generalized eigen—and adjoint vec-
tors of the pencil L(\), then there exists a canonic system go(()j) , gogj), ceey go@l
(j = 1,2,...,n) of generalized eigenvalue of the pencil L(\) coresponding
to the generalized eigenvalue Ao and a canonic 1/1(()j), Ej),...,w,(,jjl G =
1,2,...,n) system of eigen-and adjoint vectors of o.f. I + (Rf(A)P(V))*

coresponding to the eigenvalue Ao such that we have the expansion

n Tj ko ri—i
1
ST S INPUED 3 JRLES
j=lk=1 i=1 s=0
A e GE ) g o)
X d/\k_if,C YIC P O e, feH. (4)
0

If \p is a generalized eigenvalue of the o.f. L()\), then under the condition
(f) the expansion (4) holds.

For the family of differential operators generated by the differential ex-
pression

ll}\(y) :iy(2n71)+P2(7 A)y(2n73)+P3 (ill', /\)y(2n74) = '+(P2n71 (il',‘, /\)+)\2n71)y,
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where Py(z,\) = N1 Py () + N2 Ppo(z) + - + Prr(2), k = 2,2n — 1
and Py, (x), j < k are complex-valued functions summable on [0, 00), in the
space L(0,00) the boundary conditions of the form

2n—2

Us(y) = aj(NyP(0,)) =0, v=1,2,...,n—1, if X€S, 4
j=0

Us(y)=0, v=1,2,....,n if N€S,,

Us(y)=0, v=1,2,....,n if X€S,,

Us(y)=0, v=1,2,....n—=1 if Xe Sy

are given Here o,k (\) are meromorphic functions of a complex variable in
the sectors S, and S/’ and such that for |A| = co

ak(A) = ap AP B[1+ O(1/A))],

where P(2n —2) > P(2n — 3) > --- > P(0), P(k) are natural numbers or
zero.
The sectors S/, (SI') are defined by the inequalities
(m—1/2)r (m+1/2)r
_ _ =1,2,...,4n — 2
1 AN Ty o mE LR dnmd
for odd (even) n. Here S}, = S! ;US, , and S, = Sy U Sy
It is easy to show that under the condition

|Pij(@)] < Cej <k, C =const, >0, ®)

the equation I)(y) = 0 has 2n — 1 linearly independent solutions y;(z, \)
(¢ = 1,...,2n — 1) which, together with their derivatives, are functions
continuous in (z,\) and holomorphic in A for each fixed = € [0, 00). Then,
if A€ S) ;yorAe S, then the equation

mb>

defines the eigenvalues of the family L(X). If A € S”, or A € S ,;, then the
eigenvalues of the family L(A) are defined by the equation

We call all zeros of the functions A;(A) and A3(A) we call singular numbers
of the family of operators L(\); moreover, it is shown that 4, (\) and Ay (A)
are not identically equal to zero.

Thus we have the following
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Theorem 12. Let (5) hold. Then the set of singular numbers of the family
of operators L(\) is finite, and the continuous spectrum consists of the rays
L, and LY.

To obtain the expansion formula, for any sufficiently large by modulus
A an estimation of the resolvent kernel was found in each bounded square
0<z,(<a,a>0.

Theorem 13. Let (5) hold and let singular numbers of the operator L(\)

be simple. Then for arbitrary test functions f;, j = 0,n — 2, differentiable
2n — j — 2 times for j > 3, there exists a 2n — 1-fold expansion for even
(odd) n of the form

=Y Man) 5= 3 [ VG
=t ==L (L)
Ti(z,\) = o' (x, \o) (F)(Ao) — yi(z, ) Fi(N), o =e™/(n=1)
Here
1, k=FK,

[Dg] = ¢(N) = D BeNo(r), {Be(N)h=n, = {0 k#k,

k=p+1

k is the number of eigenvalues, the spectral singularities F;(\) are known
functions and the integrals converge uniformly and absolutely for all x €
[0, 00).
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