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M. ASHORDIA

ON THE QUESTION OF SOLVABILITY OF THE PERIODIC
BOUNDARY VALUE PROBLEM FOR A SYSTEM OF GENERALIZED
ORDINARY DIFFERENTIAL EQUATIONS

(Reported on February 10-17, 1997)

In the present note sufficient conditions are given for the solvability of the w-periodic
boundary value problem

da(t) = dA(t) - (¢, 2(t)), (1)
2(0) = z(w), (2)

where w is a positive number, A(t) = (aix () ,—;, Gir(t) = agllc) (t) — agz)(t), agz) R —
R (0 = 1,2) are functions nondecreasing on [0,w], aEZ)(t +w) = aEZ)(t) + aEZ)(w) for
teR; f=(fr)f_, : RxR"— R"is an w-periodic with respect to the first variable
vector-function such that its restriction on [0,w] X R™ belongs to the Carathéodory classes
corresponding to the matrix-functions A1) and A A(@)(¢) = (agz)(t))zkzl (o0 =1,2).
The following notation and definitions will be used: R =] — 00, +00[, R+ = [0, 400,
[a,b] (a,b € R) is a closed segment, R™*™ is the space of all real n x m-matrices X =
n
(ik)jy%y with the norm [|X|| = max 37|zl [X] = (leil)72,; if X € R?X™,
) =l,...m 7 ’
then det(X) is the determinant of X, I, is the identity n x n-matrix; R* = R"**! is the
space of all real column n-vectors z = (z;)?_;.
BV([a,b], R"*™) is the set of all matrix-functions X = (zj1); 4, © [a,b] = R"*™
such that every its component z;; has a bounded total variation on [a, b].
st + BV([a,b], R) — BV([a,b], R) (k = 0,1,2) are the operators defined by s1(z)(a) =

s2(z)(a) =0,

s1(z)(t) = Z diz(r) and sa(z)(t) = Z dyz(r) for t€la,b],

a<t<t a<ltT<t
so(z)(t) = z(t) — s1(x)(t) — s2(x)(1).

BV[*™ is the set of all matrix-functions X : R — R™*™ such that X (t+w) = X (t)+
X(w) for t € R, and its restriction on [0,w] belongs to BV([0,w], R**™); X (t—) and
X (t+) are the left and the right limits of X at the point ¢t € R; d1 X (t) = X(t) — X (t—),
da X (t) = X (t+) — X ().

If g : R — R is nondecreasing on the interval I C R, z : R — R and s < t (s,t € I),
then

t
/I(T) dg(r) = /I(T) dg(7) + x(t)d1g(t) + z(s)d2g(s),
s 1s,t[
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where f z(7) dg(7) is the Lebesgue—Stieltjes integral over the open interval |s,¢[ with
Is,t[

t
respect to the measure p14 corresponding to the function g (if s = ¢, then f z(7)dg(T) =
8
0); L([a,b], R;g) is the set of all pg-measurable functions z : [0,w] — R such that
b
[ |=(t)|dg(t) < +oo.
a

A matrix-function is said to be nondecreasing if every of its components is such.
IfG= (gik)é‘zzl : R — R'X" is a matrix-function nondeacreasing on the interval

ICRand X = (l‘k])Z;L : R — R™ ™ then
t n t
I,m
/dG(T) - X(1) = (Z/:rkj('r) dgik('r)) for s<t (s,tel);
k=1 hi=1
S S

L([a,b], R**™; G) is the set of all matrix-functions X = (2x;),/2, ¢ [a,0] = R**™
such that z1; € L([a,b],R;g;x) (1 =1,...,L; k=1,...,n;j=1,...,m);

K([a,b]x D1, D2;G) (D1 C R™, Dy C R™*™) is the Carathéodory class corresponding
to G, i.e., the set of all mappings F = (fkj)Z’]”Ll : [a,b] x D1 — D32 such that for each
i€ {l,...,l},j €{1,...,m} and k € {1,...,n}: a) the function fi;(:,z) : [a,b] = R
is fig;;,-measurable for every € Di; b) the function fi;(t,-) : D1 — R is continuous
for pig;, -almost every t € [a,b], and sup{|fx;(-,z)| : ¢ € Do} € L([a,b], R; g;3,) for every
compact Do C Dj.

If G0 : R — RIX" (¢ = 1,2) are matrix-functions nondecreasing on the interval
ICR,G=GM —G®) and X : R — R"™™  then

t t t

/dG(T) - X(1) = /dG’(l)(T) - X (1) —/dG’(2)(T) SX(r) for s<t (s,t €.

8 8 8
An w-periodic vector-function z : R — R™ is said to be a solution of the problem
(1),(2) if its restriction on [s,¢] belongs to BV([s,t], R™) and
t

z(t) = z(s) + / dA(T) - f(r,z(T)) for s<t (s,t€R).

Let B = (bj)?,_, € BVE™X"™ and let natural numbers m, r1,...,rm and ny,...,nm
(0 =np <nyp < -+ < nm = n), nondecreasing functions g;; : [0,w] = R (I =1,...,7;;
Jj =1,...,m), functions oy; € L([0,w],R;g;;) (I =1,...,755 5 = 1,...,m) and matrix-
functions Py; = (pijir)}p—y (0= 1,...,m55 5 = 1,...,m), pijir € L([0,w], R g15) (i, k =
nj_1 + 1,...,n;) be such that b;p(t) =0 (i = nj_1 +1,...,n5; k =n; +1,...,n;
j=1,...,m—1),

nj n;
2
oj E prjie(t)Tize > o (t) E z;
i,k:nj,1+1 i=nj,1+1

for pg,;-almost everywhere ¢ € [0,w], (z;)j=; € R" (I=1,...,m5; j=1,...,m),

rj t
a; (bjii(t) — bjii(s) — Z /pljii(T) dglj(T)) Z 0
=1
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for 0<s<t<w (i=nj_1+1L,...,n5 j=1,...,m)

and

]zk Z/pl]zk dglj(T) for te [07“}]

( #kv i,k = j71+17"'7nj; j:l,...,m),

where ; € {-1,1} (j =1,...,m) and

bjir (t) = bix(t ——( Z Z d1bgi(T) - diboy (1) —

0<r<to=n;_1+1
. Z Z daboi (1) - dabo, (T )) (hk=n; 1+1,...,n;; j=1,...,m).
0<r<to= nj—1+1

Then we will say that

B € QU™ (m, (rj.nj, (91> 015, Pij)2,) ) )- (3)

Theorem 1. Let the conditions (3),

|£(t,2) — P(t)a] < qlt, |l2])),
det (In + (—1)7ds A(t) - P(t)) #0 (0 =1,2),

w

lim l/d(A(U(tHA(?)(t)) ~q(t,p) =0, (4)
p—+oo P
0
(L 0)dag; (1) + (1~ 0)dag; (1) <2, (5)
(1= 07)d1g; (1) + (1 + 07)dag; (1) # —2 (6)
and
exp (s0(0)@) > 3 [0+ o) [ - argyr) [ (0 +aagit+
0<7<w 0<T<w
+-o) J] a+aigen J[ 0= dagir)] (™)
0<r<w 0<r<w

be fulfilled on [0,w] x R™ for every j € {1,...,m}, where o; € {—1,1}; m,71,...,Tm and
N1y nm (0 =np < ny < -+ < nm = n) are natural numbers; a;; € L([0,w], R; g15),
Pij = (prjir)} g=1> Pijie € L([0,w], R;gi5), g1 : [0,w] — R is nondecreasing (i,k =
¢
2
nj_1+1,...,n5); P € N L([0,w], R"*"; A@)); B(t) = [dA(r) - P() for t € [0,w],
o= 0
B(t B =2 7)d A K(o R4, R7; A)
( +UJ) ()+ ( = lZfal] gl] qeo——l ([,UJ]X +s5 )
10 =
is a wector-function nondecreasing in the second variable. Then the problem (1),(2) is
solvable.

Theorem 2. Let the conditions (3)—(7) be fulfilled. Let, moreover,

[f(t,2) = P(t, z)z| < q(t, [l]]),
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n; n nj

oj Z (Zazw(ﬂpuk(ﬂy)wixk > ay;(7) Z 7
i,k=nj;_1+1 v=1 i=nj_1+1
for pg,;-almost every 7 € [0,w] (I =1,...,7j),

n; n

(—1)00']' Z ( Z pui(t7 y)p,uk'(ty y)daalu)t) : daalu(t))xixk >
ikl=n;_ 141 vpu=1
nj
>do5i(t) Y @t (0=1,2),
i:n]-_1+1

Ipie(t, )| < @ir(t) (k=1,...,n)

and

m g n
1 2
S>> e (o) ) +eP W) <1 (0=1,2)
j=1ik=n;_1+1 I=1
be fulfilled for (t,z,y) € [0,w] x R®™ (j = 1,...,m) where o; € {—1,1}; m,r1,...,Tm
and ny,...,nm (0 =nog <ni < --- < ny =n) are natural numbers; B; € BV([0,w], R);
aj;r, and oy belong to L([0,w], R; g15), gi5 : [0,w] — R are nondecreasing (i,k =n; 1 +
2 2
1,,"1_]),' P = (plk)l—bk:l € ﬂlK([wa] X Rn’Ran;A(G))] ((plk)?kzl € mlL([[]!w]:
) o= ’ o=
¢

n n t

RYX™ A a(t) = lz:fazik(T)dglj(T) and IE:fpzk(ﬂyl,n-,yn)dﬂil(‘f) =0 for
—10 =10

t € 0w (i =nj—1+1,...,n5; k =nj+1,...,n; j = 1,...,m —1); gj(t) =

Tyt 2 5

2y fozl]-('r)dglj (M) + > s0(B8)(t); and q € UQIK([O,w] X R+,R$;A(‘7)) is a vector-

I=10 o=1 =

function nondecreasing in the second variable. Then the problem (1),(2) is solvable.
The analogous question has been considered in [1] for a system of ordinary differential

equations.
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