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ON DIFFERENTIAL OPERATORS WITH INTEGRAL CONDITIONS

(Reported on December 2-9)

Ordinary differential equations with nonlocal conditions are studied in [1 - 4]. Such
conditions are usually written in the form of the Stieltjes integral containing an atomic
measure at the ends of an interval. Using methods of the theory of nonlocal elliptic
problems [5], we can avoid such restrictions. First this method was employed in [6].

In the present paper, we consider the equation

(Au — Au)(t) = —ao(t)u' (t) + a1 (t)u' (t) +

+ az(t)u(t) — Au(t) = fo(t) (t € (0,1)) (1)
with integral conditions
1
Bju = /ij(t)u(t)dt = fj (j=1,2). (2)
0

Here a; are real-valued functions (i = 0,1,2); ao(t) > k > 0 (0 <t < 1); a1,a2 €
C[0,1]; fo € L2(0,1) is a complex-valued function; f; € C (j = 1,2) are constants; A € C
is a spectral parameter; ¢; are linearly independent real-valued functions.

The functions ag and ¢; have to satisfy some conditions. In order to formulate them,
we introduce some notation:

C%%[a,b] is the Holder space consisting of the functions u(t) such that u(t) are con-
tinuous on [a,b] and

[u(ty) —u(tz)| <eltr —t2|*  (t1,t2 € [a,b]),

where ¢ > 0 and 0 < @ < 1 do not depend on t1, t2;
W12 (a,b) is the space of the functions u(t) which are absolutely continuous on [a, b]
and v’ € Lo (a, b);

cho01) = {ue La(01): we oo, g n e - 5,11},
Wy %(0,1) = {u € Cl0,1]: u e WH*(0,8) n W (1 - 5,1)},
where 0 < § < 1/2;
Wm™(0,1) is the Sobolev space of complex-valued functions which are absolutely con-

tinuous on [0, 1] along with their derivatives up to the order (m —1) inclusively and whose
m-th derivative belongs to L2(0,1). The norm is defined by

1

m ) 1/2

lullym (0,1) = {Z/\u<ﬂ(t>\2dt} .
=07
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V(0,1) = La(0,1) x Cx G

Qg ={A€C: |argA| > ¢, |A| > q}, where e, ¢ > 0.

In the spaces W™(0,1) and V(0,1), we introduce the following equivalent norms
depending on A:

1/2
alllwm 0,1y = { Il 0.+ W™l 0}

1/2
v 0.1 = {10l 00 + NP(AP +121%) }

where f = (fo, f1,f2).

We define a bounded operator L(\) : W2(0,1) — V(0,1) by the formula L(\)u =
(Au—Au, Biu, Bou). We also introduce an unbounded operator Ag : L2(0,1) — L2(0,1)
with the domain D(Ag) = {u € W2(0,1) : Bju =0, j = 1,2} by the formula Agu = Au
(v € D(AR)).

Suppose that ap € Wg"x’(o,n, wj € C’g’a[O,l] (1/2<a<1),and

Ap = 91(0)p2(1) — p1(1)p2(0) # 0.

Theorem 1. Let A, # 0. Then for any € > 0 there exists ¢ > 1 such that for all
A € Qe a solution u € W2(0,1) of the problem (1), (2) satisfies

[[lulllw=2 0,1y < AN 0,15 (3)
where ¢ > 0 does not depend on A and f.

From Theorem 1 it follows:

Theorem 2. Let A, # 0. Then the spectrum o(Apg) consists of isolated eigenvalues.
For any € > 0, there exists ¢ > 0 such that

O'(AB)C{)\E(CZ |arg)\\<a}U{/\€C: \/\|<q}.

L(\) : W2(0,1) — V(0,1) 4s a Fredholm operator and ind L(\) = 0 for every A € C. For
A& o(Ag), the operator L(\) has a bounded inverse L~=1()\) : V(0,1) — W?2(0,1).

Under the assumptions ag € C2[0,1], a’(0) = a/(1) = 0, ¢; € C*[0,1], these theorems
were proved in [6].

The author is thankful to A. L.. Skubachevskii for the formulation of the problem and
valuable advice and to I. T. Kiguradze for fruitful discussion.
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