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M. ASHORDIA

ON THE EXISTENCE OF NONNEGATIVE SOLUTIONS OF THE
PERIODIC BOUNDARY VALUE PROBLEM FOR A SYSTEM OF
LINEAR GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

(Reported on November 4-11, 1996)

Consider the w-periodic boundary value problem

dx(t) = dA(t) - P(t)x(t) + dq(t), ()
2(0) = z(w), (2)

where w is a positive number, A = (a1 (t))7,_,, @i (t) = agllc) (t) — agz)(t), ”‘EZ) :R— R
(¢ = 1,2) are functions nondecreasing on [0,w], A(®) = (aEZ))?kzl € BVL*" (o =

2
1,2), ¢ = (qx)}_; € BV and P = (pix),_; € N L([0,w], R**™; A(@)) is such that
= k= o=1
t
[dA(r) - P(r) € BVEX™.
0
In this note, sufficient conditions are given guaranteeing both the unique solvability

of the problem (1),(2) and the nonnegativeness of the solution.
The following notation and definitions will be used: R =] — 00, +00[, R+ = [0, 400,
[a,b] (a,b € R) is a closed segment, R™*™ is the space of all real n x m-matrices X =
n
(x3%)", with the norm || X|| = ,max > |mikl; if X € R™*™, then det(X) is the
[ =1,....m ;
it i=1
determinant of X, I, is the identity n X n-matrix; §;; is the Kroneker symbol, i.e.,
0;j = 1ifi=4,0;; =0ifi# j; R* = R™*1 is the space of all real column n-vectors
T = (ml)?zl
BV([a,b], R"*™) is the set of all matrix-functions X = (z;x); 2, : [a,b] — R"*™
such that every its component z;; has bounded total variation on [a, b].
st + BV([a,b], R) — BV([a,b], R) (k = 0,1,2) are the operators defined by s1(z)(a) =
s2(z)(a) =0,
s1(z)(t) = Z diz(r) and sa(z)(t) for t€la,b],

a<t<t a<t<t
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)
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BV]*™ is the set of all matrix-functions X : R — R™%™ such that X (t+w) = X (t)+
X(w) for t € R, and its restriction on [0,w] belongs to BV([0,w], R**™); X (t—) and
X (t+) are the left and the right limits of X at the point ¢t € R; d1 X () = X(t) — X (t—),
d2 X (t) = X (t+) — X ().
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If z € BV([0,w],R), 2(0) = 0, 1 + (—1)7d;jz(t) # 0 for t € [0,w] (j = 1,2) and
Az)(w) # 1, where

Az)(t) = exp (so(x)(1)) H (1+ daz(7)) / H (1 diz(r)),

0<r<t 0<r<t

then go(z)(t,7) = (1 — A(z)(w)) "' A (@) (W)A(Z)(E)A"(z)(1) for 0 < t < 7 < w and
go(@)(t,7) = (1 =A(@) (A" () (r) for 0 < 7 < t < w; gr(a)(t,7) = (14 (=1)Fdya(r)) 7!
go(z)(t, ) fort # 7 (k = 1,2), g1(z)(t,t) = (1-A(z)(w)) " (1—d1z(t))~" and g2 (z)(t,t) =
(1= X(@) (@)1 (1 + doz(t)) " N2)(w).
If g : R — R is nondecreasing on the interval I C R, z : R — R and s < t (s,t € I),
then
t

/x(T)d9(7)= /x(T)dg(T)+x(t)d19(t)+$(s)d29(s),

s Is,t[

where f z(7) dg(7) is the Lebesgue—Stieltjes integral over the open interval |s,¢[ with
Is,t[
¢
respect to the measure p4 corresponding to the function g (if s = ¢, then f z(7)dg(T) =

S
0); L([a,b],R;g) is the set of all pg-measurable functions z : [0,w] — R such that
b
f\x(t)|dg(t)<+oo.
a
A matrix-function is said to be nondecreasing if every of its components are such.

If G = (gzk)i,ﬁzl : R — R'X™ is a matrix-function nondecreasing on the interval

ICRand X = (l‘k])Z;L : R — R™ ™ then
t t
n I,m
/dG(T)-X(T): (Z/xkj(T)dgik(T))‘ . for s<t (s,t €I
1 i,j=
S S

L([a,b], R**™; G) is the set of all matrix-functions X = (z;k);JL; « [a,0] = R"*™

such that x1; € L([a,b], Ry g;x) (i =1,...,L; k=1,...,n;j=1,...,m).
If GO : R — R'X" (¢ = 1,2) are matrix-functions nondecreasing on the interval
ICR,G=GM —G® and X : R — R"™™  then

t t t
/dG(T) S X(7) = /dG(l)('r) - X(7) f/dG@)(T) -X(r) for s<t (s,t€l).

s s E]

A vector-function z : R — R is said to be a solution of the system (1) (of the system
dz(t) < dA(t) - P(t)z(t) + dg(t)) if its restriction on [s,t] belongs to BV([s,t], R™) and

t

a(t) — 2(s) - / dA(T) - P(T)a(T) — q(t) +4(s) =0 (<0) for s<t (s,t€R).

s

Definition. Let o; € {—1,1} (¢ = 1,...,n). We say that the matrix-function C' =
(cit)?—y : R — R™™™ belongs to the set UJ"»7™ if ¢;; € BV, (4,1 = 1,...,n), the
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functions ¢;; (¢ # I; 4, = 1,...,n) are nondecreasing on [0,w] and continuous at the

point #; = ~——

w,

djcii(ti) >0 (j:172; 1= la"'an)7 (3)
eI <1 for tef0,u] (G =1,2) )

and the system of differential inequalities
n
oidyi(t) <Y wi®dea(t) (=1,...,n)

has no nontrivial nonnegative w-periodic solution.

Let 12 =]0,w[U{£Ziw} and j; = 27 for i € {1,...,n}.
Theorem 1. Let

(17 oipi(t) <P (1) and 0 < (~1)7 aipp(t) < pl7)(t)

ikl
for B (o) — almost everywhere t € 120 (i #1; i,k,0=1,...,n), (5)
zk
0 < (1) oippi(ti)d;; ol (t) < o7 dj .l (t) ikl =1,...,n) (6)

and
n
\Zpki(t)djaikm\swdjcn-(m for telZ (=12 i=1,...,n)  (7)

for every o € {1,2}, where o; € {—1,1}, O‘EZl) € R4, P = (p EZI))kl 1 € L([0,w],

3
R*7; A(9)) . Let, moreover, the functions ;q; (i = 1,...,n) be nondecreasing on R,

ZZ/ EZl) da(a) (1) <ci(t) —ciy(s) for s<t; s,telli (i,l=1,...,n)(8)

o=1 k=1
and
Z Zafi?d a;p (t) < dudjcu(ts) (i,0=1,...,n), (9)
o=1 k=1
where

C = (cil);l,l:l cygrton
Then the problem (1),(2) has a unique solution which is nonnegative.

Corollary 1. Let the conditions (3)—(9) and

Cii(w) — 0 Z [ln(l — Uidlc“-('r)) —+ Uidlcii('r)] +

0<T<w

+o0; Z [ln(l + oidacii(T)) — O'idQCii(T)] <0 (i=1,...,n)
0<r<w

hold for every o € {1,2}, where o; € {1,2}, alk‘l € Ry, ’Pi(a) = (EZl))k-l . €

L([0,w], R**™; A(@) ¢ € BV, ¢; (i # 1) be nondecreasing on [0,w] and continu-
ous at the point t;. Let, moreover, the functions o;q; (i = 1,...,n) be nondecreasing on
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R and the modulus of every characteristic value of the matriz (s;)?,_,,

2 w
sii = 0, s; = sup { Z/Uigj(fficii)(t, T)ds;(cy)(T) 1t € [O,w]} (i #£1),
i=0?

be less than 1. Then the conclusion of Theorem 1 is true.
Corollary 2. Let the conditions (5)—(9),
cit(t) =myai(t) for teR (4,l=1,...,n)

and

n
djoi(t) < (ImiH Z ni,)djai(t)<1 for t€0,w] (G=1,2 i=1,...,n)
105 1=1

hold for every o € {—1,1}, where o; € {1,2}, agzl) € Ry, mii € Rymy € Ry (1 #1),
732-(0) = (pz(Zl))z,lzl € L([0,w], R"*"; ALY, a; € BV, be nondecreasing on [0,w] and
continuous at the point t;, a;(w) # 0. Let, moreover, the functions o;q; (i =1,...,n) be
nondecreasing on R and the real part of every characteristic value of the matriz (nil)zﬂ,lzl
be nonnegative. Then the conclusion of Theorem 1 is true.

Corollary 3. Let the conditions (3)—(9) hold for every o € {—1,1}, where o1 =
2= =00 =00 € (1,2}, af) € R, P = (7))} € L((0,0], R 4C)),
cit € BV, ¢ (i # 1) be nondecreasing on [0,w] and continuous at the point t;. Let,
moreover, the functions o;q; (i = 1,...,n) be nondecreasing on R and the modulus of
every multiplicator of the system

dy(t) = dCo (t) - y(t)

be less than 1, where Co(t) = 09C(00t + 1_—20Qw) Then the conclusion of Theorem 1
15 true.

The analogous question has been considered in [1] for a system of linear ordinary
differential equations.
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