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CRITICAL CASE OF MULTIPLE PAIRS OF PURE IMAGINARY
ROOTS OF A NONAUTONOMOUS ESSENTIALLY NONLINEAR
DIFFERENTIAL SYSTEM

(Reported on October 7, 1996)

In the present note, we suggest a criterion of the asymptotic stability (in the Lyapunov
sense) as t T w of the trivial solution of a differential system of the kind

X' = F(1,X), (1)
where X = col(z1,...,%n),t € A = [ag,w[, —00 < ap < w < 400, F: AxS(X,r) > R",

R™ is the n-dimensional real Euclidean space, S(X,r) = {X, X7 :||X|| < r;r € R4},
Ry =0, +00],

m
F(t,X)=m Pi-X+ Y Fo X%+ Rm, m:A> Ry, Pr=pull,
el=2
s,k =T,n, |P1]]: A —]0,M], M € R,
Fg =col(Fig,...,Fng), Fro:A— R, k=1n, Q=(q1,---,qn),

n n
a €012} Q=Y a X?=]]at,
k=1 k=1

and the following conditions are fulfilled:
(1) 71, Pok, Frg € CR, ) = o(1) as ttw,s,k =T,n, L€ {LA}, h € N, [|Qll = Z,m;
(2) the equation det(Po — A+ E) = 0, Py = limyq,, P1 has 2-ng, 1 <np < [% n] roots
Ao satisfying Re A\g = 0, while the rest of roots A of the same equation has negative real
parts;

m-+ta
) IRl < L( Sy lml) L€ Ca LiA S [0 +oola € Ry

The results of this paper are effectively applied to differential systems whose coeffi-
cients are slowly varying functions, i.e., the functions whose derivatives are small as ¢ 1 w
in comparison with the functions themselves. For example, t*, (Int)?, sint®, a,b € R,
¢ €]0,1[, w = 400, etc.

Below we use the following definitions and notation:

Definition 1. The differential system (1) possesses the property St as ¢t 1 w if for
every arbitrarily small ¢ € R there exist §; €]0,¢], T € A such that any solution
X = X(t) under the condition || X(T.)|| < d. possesses the property ||X(¢)|| < e for all
t € [Te,wl.

For w < 400, the property St of the differential system (1) is defined by a rephrasing
of this property for w = 400 [2, p. 168].
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Definition 2. The differential system (1) possesses the property AsSt as t t w if
Definition 1 is fulfilled, and || X (¢)|| = o(1) as t 1 w.

Ey, Hy, are respectively the unit and the displacement matrices of the dimension
r X k; Y} is a vector column of the dimension k;

Y =col(y1,- -+, yn) = col(YVny oo, Yag s Vg oo s Vg s Ya—2:m0)s

n
X"t =col(z7 ...,z 1), < X, Y >= sz Yk
k=1

n
X2 2 Y lakl?, XY =col(wt yi,-. . @n - yn),
k=1
ov ov —
grad V (¢, X) = col (—,...,—), O = col(0,...,0),
oz Oxn

A =maxi{gs : A — R;s=T1,n}, for A: A= Ry,
n
ALigy=cotos(1), thw, cs€R, s=Tm, Y les| > 0;
s=1

T
Ek

(0,...,0,1,0,...,0).

Assume that by using the methods of generalized “shearing” [3] and “frozen” [4]
transformations we can construct a nondegenerate substitution X = G(t,Y") with G(¢,Y")
an m-th degree polynomial in Y, G(t,0) = O, which reduces the differential system (1)
to that of the special kind

'Y/LS = Ts '(i'ﬂs 'Ens +Hns)'Yns+

m

ns lns
+ Z Jne,QnosLn, Yn% Y.+ Py,
1Qns+ILngll=2

ko
=1, ) e (IQuill = EnyIl) + ps - 7s =0,
k=1
ko (2)
s =1,ko, Zns =np,
s=1
YTIL—Q'TLO =71 - Pn72-ng . Yn72-n0+
m—1
Qns 77Qns
+Yn72-ng " Z gn72-n0,Qns : Yns : Yns + (bnf?-no)

\ 1QnslI=1

where 75 : A — Ry, ps € Ry, fnS,QnS,Lnsy HQns +Ln, || = 27_m7 In—2-n0,Qn,> ||Q7'Ls H =
1,m—1, s =1, ko, are known values; [|[Pr—2-ngll : A —]0, M], the roots of the equation
det(Pp_2.ng — A+ En_2.ny) = 0 possess the property ReX : A —]0,—v], y € Ry; ®n,,
s =1,ko, ®n—2.n, are small in a sense.

For autonomous differential systems, an analogous critical case for two simple pairs of

pure imaginary roots has been investigated by G.V. Kamenkov [5] and I.G. Malkin [6].
Lemma. Let for a differential system of the kind
X'=U(t,X), teA, X €S8(X,r), Ut,0)=0, (3)

there exist a positively definite Lyapunov function V = V(t, X) admitting an infinitely
small higher limit, such that
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(1) for allt € A and all X € S(X,7)

< gradV(t, X), U(t, X) >= Go(t,X) - [1 + G1(¢, X)],
Go(t,0) =0, Go(t,X) <0, X #0;

(2) there exists co € R such that for all t € A, it holds S(¢t,X) = {X : V(t,X) =
cot € S(X,r);

— 5 _

(3) for all X € S(X,r)\ 0, XLX) . gL, X) = o(1) and G1(t,X) = o(1) as t T w.
Then there exists To € A such that any solution X = X(t) of the differential system
(3) with the initial condition ||X(To)|| < infiea, xes(t,x) || X|| possesses the property
XDl < suprea, xese,x) [1XI[] for all t € [To,w[.

The proof can be performed by reductio ad absurdum.
Select from the differential system (2) that of the kind
m
4 ; Qns  y7lns
Yns :773'(1'#3 - Eng +Hns)'Yns + Z fns;QngaLns Yo, 'YnS y

1Qns+Ln,lI=2

ko
> ki (1Qnall = 1 Lm, l) + ps s =0, (4)
k=1

s=1,ko, n1+--++ng, =no-

Suppose that the differential system (4) can be substituted by an equivalent 2-ng-th order
differential equation with respect to one of the components of the vector col(Yy, ..., Yo, )-
Then, using the method presented in [7], one can obtain asymptotic representations of
all proper solutions of the above-obtained differential equation.

Let U,, = U, (t), s = 1,ko, be an asymptotic representation of one of the proper
solutions of the differential system (4).

Theorem. Let the differential system (1) be such that

(1) the transformation X = G(t,Y) reduces the differential system (1) to (2) in which
1P, ol t = 0(1) as t 1w

(2) there exists an asymptotic representation of one of the proper solutions of the
differential system (4), Wn, = ¥n,(t), such that |y || = o(1) and ||¥], -\II,ISIH oyt =
o(1) asttw, s =1,ko;

(3) there exist positive definite Lyapunov functions V. = Vi(Yy,) such that for all

t€A and all (Yn,,...,Yn, ,0) € S(Y,r), we have

Re < grad Vs(Vn, ), ms« [(i-ps — W, - WL o ai ) By 4+ Hy ] Yo, +

Ns
m T
Qns—E,, —Ln, Qngs Tlng
+ E Sre.@nyiLng * ¥ng BTV SV 4
||Qns+LnsH=2

= As - [Wos(Ya,) + Wis(t, Ya,)],

>=

: Qns—En, Flns
As = maxz{ ”fns,Qns Ly Un, W
ko
i (1Quall — 1L, 1) + ps - ey 1Qny + L, || = 2,m},
k=1

Wos(Yn,) <0, Ya, #0, Wos(0) =0,
WlS(ta Yns) = 0(1), A\;l TTs = 0(1)7

_ ns TQns
A; L “On—2n0,Qn, -\IISS W = o(1) as ttw, s=1,ko;
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4) there exists v : A — Ry, v € CL, such that v = o(1), v v loxTl = o(1) as
A 1
ttw, and for all Y € S(Y,r)\ O, it holds

ko
{Z [@ng (£ Wy Vg seo o Wy Vi s 0 Yaamg) - W3
s=1

+||<I>n_2.n0(t, Uny  Yoyseoo Ung = Yoy 0 Yoooing) -v_1||] x

ko

-1
X[ 30 A Woul¥a) = 1 [Wamzng IP] - = o(),

s=1

||G(t,\Iln1 Vagseoor Uny -Ynko,v-Yn_z.no)” =o(1), as t1w.
Then the differential system (1) possesses the property AsSt as t 1+ w.
Proof. In the differential system (2), we make the substitution Y, = ¢n, -Xn,, s = 1, ko,

Yn-2.ng = v-Xn—2.ny and use the lemma for the differential system with respect to X, ,
§= 17k07 Xn72-ng- O

Remark 1. If the coefficients of the differential system (1) are slowly varying functions,
then using several times the method of “frozen” ¢, one can attain that for a fixed Y, the
functions @y, , s = 1,ko, Pn—2.n, in the differential system (2) would tend rapidly to
zero as t T w.

Remark 2. When the differential system (2) possesses only simple pairs of pure imagi-
nary roots, then the number of equations of the differential system (4) which determines
the stability of the differential system (1), can be reduced exactly by half. This facilitates
finding of asymptotic representations of proper solutions. In this case, ns =1, s = 1, ko,
ko = no, and the differential system (4) takes the form

mo
I,s:i'l‘s'7rs'Is+2fs,2-k+1'1§+1‘5§7
k=1 (5)
JE—— 1
s=T,ko, mo =7 [2-m =3+ (-1)"]

The substitution zs = ps - exp(i - 0y ), s = 1, ko, reduces the differential system (5) to
that of the kind

mo
Py = ZRefs,2-k+1 kL,
k=1
mo
9.; = Us - Ts + E Imfs,2-k+l pgky s =1, ko.
k=1
It follows from the substitution that the variables zs and ps,s = 1,kp are equi-

valent in terms of stability. Therefore one can neglect the differential equation with
respect to fs,s = 1,kp. Then the necessary asymptotic representations of proper solu-
tions of the differential system (5) are to be found among the functions [— Re fs 2. k41 -

—L
2k

1
Re™ foor1] T k24, [ =26 [ Re fugigr -dr| s = Tko, k1 = T,
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