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Abstract. In this work, a multidimensional space-periodic and time-antiperiodic boundary value
problem for one class of nonlinear partial differential equations is studied. The conditions imposed on
the nonlinear term of the equation are found, the fulfillment of which allows us to prove theorems on
the existence, uniqueness and nonexistence of solutions of this problem.
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1 Statement of the problem

In the Euclidean space R"*! of variables + = (z1,...,7,) and t, consider the nonlinear partial
differential equation of the type
82

Lyu:= 2 Au 4 NAu+ f(u) = F(x,t), (1.1)

where f, F' are given functions and u is an unknown functions, A := Z 5270 1 > 2, X\ = const.
i=
For equation (1.1), consider a space-periodic and time-antiperiodic boundary value problem: in

the domain Dp : Q x (0,T), where Q:={z € R": 0 < a; <l;, i =1,...,n}, find a solution u(z,t)
of equation (1.1) according to the boundary conditions

0'u alj L j=1,...,n i=0,1,2,3, (1.2)
af DN {z;=0} O dDrN{z;=l;}
u(z,0) = —u(z,T), w(x,0)=—u(z,T), =€ (1.3)

Here, equality (1.2) should be understood as the equality of values of the function w at the points
and Z, respectively, where x; = ; for ¢ # j and z; =0, Z; = ;.

Remark 1.1. Note that space-periodic and time-antiperiodic boundary value problems posed for non-
linear partial differential equations with a structure, different from (1.1), have been studied in numer-
ous works (see, e.g., [1-5,7,10,12,13,15,16,18-20] and the references therein). For equation (1.1) with
one spatial variable, i.e., for n = 1, the space-periodic and time-antiperiodic problem is considered
in [11], and the antiperiodic problem, with respect to both spatial and time variables, is studied in [9].

Let us consider the classical space C?*(Dr) of functions continuous in D7 and having continuous

partial derivatives 2 W ,i=1,2, 0%u, where 07 = 6518‘1,3” , B=(B1,---,08n), |8l = ;51 < 4. Let

o' 0w

8x dDpN{z;=0} 8:v aDN{z,;=1,}

c*(Dr) == {u e C**(Dr): L, j=1,...,n; i=0,1,2,3;

w(z,0) = —u(z,T), u(z,0)=—u(z,T), x€ Q} (1.4)

Denote by WO1 2 (D7) the Hilbert space obtained by completion of the classical space C%*(Dr)
with respect to the norm

Il 2,y = / [“ +<8t) +Z(3x,) )2} da dt. (15)

Dt

From (1.5) it follows that if u € Wy'*(Dr), then u € Wi (Dy) and Au € Ly(Dyp). Here, Wi (Dy) is
the Sobolev space consisting of the elements of Lo(Dr), having the first order generalized derivatives
from L2 (DT)

Remark 1.2. Let u € Co*(Dy) be a classical solutlon of problem (1.1)—(1.3). Multiplying the both
sides of equation (1.1) by an arbitrary function ¢ € C (ﬁT) and integrating the obtalned equation
by parts over the domain Dp, and also taking into account that the functions from C’ (ET) satisfy
the boundary conditions (1.2) and (1.3), we obtain

/[?;Z ?;:—FA A +AZ§“ g‘p dxdt—/f(u)go dmdt:—/Fap drdt Vo e C2*(Dy). (1.6)

Dr Dr Dr

We take equality (1.6) as a basis for the definition of the weak generalized solution of problem
(1.1)~(1.3) in the space W, (Dr). But for this we have to impose some conditions on the function f
so that the integral [ f(u)p dzdt exists.

Dt
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Remark 1.3. Below we require that the function f from equation (1.1) satisfy the following conditions:
feCM), [f(u)| < M+ Mful* Yu€eR, (L.7)
where M; = const > 0,1 =1,2, and

1
0 < a=const < il (1.8)

As is known, the embedding operator I : W3 (Dr) — L,(Dr) represents a linear continuous

compact operator for 1 < ¢ < Q(lel) ,n > 1[14]. At the same time, the Nemytski operator N :
L,(Dr) — Lo(Dr), acting by the formula Nu = f(u), where u € L,(Dr) and the function f satisfies
conditions (1.7), (1.8), is continuous and bounded for ¢ > 2a [8]. Thus, if @ < 2£1 | then there exists

2(n+1

a number g such that 1 < ¢ < and q > 2a. Therefore, the operator

No = NI: W} (Dr) — Lao(Dr) (1.9)

is continuous and compact. Whence, in particular, it follows that if u € W (Dr), then f(u) € La(Dr),
and if u, — u in the space Wy (D7), then f(u,) — f(u) in the space Lo(Dr).

Definition 1.1. Let F € Ly(Dr) and the function f satisfy conditions (1.7) and (1.8). The function
u € W?l’Q(DT) is said to be a weak generalized solution of problem (1.1)—(1.3) if for any function
RS WO’Q(DT) the integral equality (1.6) holds, i.e.,

Ou dyp Ju 830 _ 1,2
/{m S+ Dudg +)\Zﬁxl 8% dx dt /f(u)go de dt = /Fgo drdt ¥ oeW2(Dr). (1.10)

Dt Dr Dr

Note that, due to Remark 1.3, on the left-hand side of equality (1.10), the integral [ f(u)y dzdt
Dr
is defined correctly, since u € Wy'?(Dr) implies f(u) € Ly(Dyr), and thereby f(u)p € Ly (Dr), since
(RS LQ(DT)
It is not difficult to see that if the weak generalized solution u of problem (1.1)-(1.3) in the sense
of Definition 1.1 belongs to the class C’g ’4(DT), then it will also be a classical solution of this problem.

2 Equivalent reduction of problem (1.1)—(1.3) to the nonlinear
functional equation in the space W, ?(Dr)

Under the following condition
A>0, (2.1)

in the space C’g ’4(5T), endowed with the scalar product

Ou Ov Ou Ov
(u,v)o = / [uv + i + Z 9%, 9o, + Aulv| dzdt, (2.2)
Drp =1
and with the norm || - |lo = | - HWOI 2(py» defined by the right-hand side of equality (1.5), we introduce
the following scalar product:
ou Ov Ou Ov
(u,v)1 = / [E N + Aulv + )\Z oz, 8%} dx dt (2.3)
Dr
with the norm
Ou 2 "L Ou 2
lull2 = / (50) +@upay (o) ] dear, (2.4)

Drp i=1
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where u,v € Cg"*(Dr).
Let us show that under condition (2.1), the norms || - ||o and || - |1 are equivalent, i.e., the
inequalities
cllullo < llully < esllullo Vu € C3*(Dr) (2.5)
hold with the positive constants ¢; and co independent of u.
Let us prove inequalities (2.5). If u € Co*(Dy), then, due to (1.4), we have u(x,0) = —u(x,T),
x € §, and therefore, there exists at least one point to = to(x) € [0,7] such that

u(x,ty) = 0. (2.6)
Indeed, if u(x,0) = 0, then condition (2.6) holds for ¢ty = 0. In the case u(z,0) # 0, due to the equality
u(z,0) = —u(z,T), we have u(z,0)u(z,T) < 0 and, according to the Bolzano—Cauchy theorem, on

the segment {(x,t) : 0 <t < T} there exists a point (z,ty) for which equality (2.6) is valid. In view
of (2.6) and the Newton-Leibnitz formula, we have

u(z,t) :/%(aﬁ,r) dr YVt e 0,17,

whence, due to the Cauchy inequality, we obtain

lu(z, t)|? = Ut1 ?;t‘(x - dT} < M/ﬁdT

0

) (1] G df)l/T
/(%(%T T/T x,7)) dr. (2.7)

to

= |t — to

Integrating both parts of inequality (2.7) over the domain Dy, we get

T T T
/udxdt</ /thdt</da:/[/T :m dT}dt
0 0
r 2 ou 2 ou 2
/de2/ (x,T)) dT:T2/<E (x,T)) dwdT:Tz/ (E) drdt. (2.8)
Q 0 Dr Dp

In view of (2.1), inequalities (2.5) easily follow from (2.8).

Remark 2.1. In view of the (2.5), by completmg the space Co*(Dy) with the norm (2.4), due to (1.5)
and (2.2), we obtain the same Hilbert space W, *(Dy) with equlvalent scalar products (2.2) and (2.3).

Before considering the solvability of problem (1.1)-(1.3) in the nonlinear case, let us first consider
this question for the linear problem, i.e., when in equation (1.1) the function f = 0. In this case, for
F € Ly(D7), we analogously introduce a notion of a weak generalized solution u € Wy'*(Dr) of this
problem when in the integral equality (1.10) the function f =0, i.e.,

du 0 du 9
/[8?; a‘f+A uAp +>\Zau aﬂ dxdt:—/Fgodxdt Vo € Wi (Dy). (2.9)
Dr Dr

According to (2.3), the integral equality (2.9) can be rewritten in the following form:

(u, )1 /F<p dzdt Vo € Wy *(Dr). (2.10)

Dt
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Taking into account (1.5), (2.2) and (2.5), from (2.10) we have

‘ - \/FQD dxdt‘ < ||F||L2(DT)||§0”L2(DT) < ||F||L2(DT)||SD||0 < Cl_l||FHL2(DT)||(tD||1' (211)
Dr

According to Remark 2.1, (2.10) and (2.11), from the Riesz theorem it follows that there exists a
unique function u € Wy**(Dr) satisfying equality (2.10) for any ¢ € W, *(Dy) for which the estimate

||u||1 < CI1||F||L2(DT) (212>

is valid.
In view of (2.5) and (2.12), it follows that

lullo = llullyr2ppy < extllulls < 2 1F o) (2.13)
0" (Dr)

Thus, introducing the notation v = Ly LF, we find that the linear problem corresponding to (1.1)-
(1.3), i.e., for f =0, corresponds to the linear bounded operator Lgl : Ly(Dr) — WOI’Q(DT) and its
norm satisfies the estimate

-1 _9
”LO ||L2(DT)—>W01’2(DT) < Cq (2.14)

which holds true by virtue of (2.13).
Taking into account Definition 1.1 and (2.9), as well as the definition of the operator Ly, we can
rewrite equality (1.10), equivalent to problem (1.1)—(1.3), in the form of nonlinear functional equation

=Ly [f(u) — F] (2.15)

in the Hilbert space W,"?(Dr).

3 The existence of a solution of problem (1.1)—(1.3)

As shown below, the fulfillment of conditions (1.7), (1.8) and (2.1) does not yet guarantee the existence
of a solution of problem (1.1)—(1.3).
Let us consider the following condition imposed on the nonlinear function f = f(u):

lim sup J(w) <0. (3.1)

|u|—o0 U

Lemma 3.1. Let F € Ly(D7) and conditions (1.7), (1.8), (2.1) and (3.1) be fulfilled. Then for any
weak generalized solution u € Wy>(Dr) of problem (1.1)~(1.3), the a priori estimate

lullo = llully2(pry < esllFllLy(pr) + ca (3:2)

is valid with the constants c3 > 0 and cqy > 0, independent of u and F'.

Proof. Since f € C(R), it follows from (3.1) that for any € > 0, there exists a number M, > 0 such
that
uf(u) < M, +eu® Yu e R. (3.3)

Substituting ¢ = u € Wy *(Dz) in equality (1.10) and taking into account (2.2), (2.3) and (3.3),
for any € > 0 we obtain

Jul|T = /uf(u) dxdt—/Fu da dt
Dt

Dt

1 1
< M.mesDr +e¢ / u? dadt + / (4—€F2 + 5u2) dx dt = = ||F||%2(DT) + M. mes Dy + 2¢||ul|3.

DT DT



On Multidimensional Space-Periodic and Time-Antiperiodic BVP for One Class of Nonlinear PDEs 7

Due to (2.5), it follows that c}||ulld < |lull} < & ||F||2L2(DT) + M. mes Dt + 2¢||ul|3, whence for

£ = % ¢} we obtain
llulld < 201_4||F||2L2(DT) + 2(:1_2ME mes Dr. (3.4)
From (3.4) follows (3.2) for ¢3 = 2¢;* and ¢} = 2¢; 2 M. mes D, where ¢ = 1. O

Remark 3.1. By the definition of the space VVO1 2 (D7), it follows that it is continuously embedded into
the Sobolev space W4 (D7), and due to Remark 1.3, the operator Ny = NoI, : Wy *(Dg) — La(Dr),
where the continuous and compact operator Ny = NI is defined in (1.9) and I; : W, *(Dr) —
W3(Dr), is the embedding operator and is also continuous and compact. According to the above-
said, we rewrite the functional equation (2.15) in the form

u=Ku:= Ly (Nu—F). (3.5)

Taking into account (2.14), the linear operator Lyt : Lo(Dp) — Wy *(Dyr) is bounded, and by
Remark 3.1, we conclude that the operator K : Wy?(Dp) — W, ?(Dr) from (3.5) is continuous and
compact. At the same time, according to the scheme of proving the a priori estimate (3.2), where
3 =2c;" and ¢ = 2¢;°M. mes Dy, ¢ = 1 ¢2, it is clear that for any parameter 7 € [0,1] and for
any solution u € W, *(Dz) of the equation u = 7Ku, the a priori estimate (3.2) is valid with the
same constants ¢z > 0 and ¢4 > 0, independent of u, F and 7. Therefore, by the Schaefer fixed point
theorem [6], equation (3.5), and hence problem (1.1)—(1.3), has at least one weak generalized solution

u in the space VVO1 2(Dyr) in the sense of Definition 1.1. Thus the following theorem is valid.

Theorem 3.1. Let conditions (1.7), (1.8), (2.1) and (3.1) be fulfilled. Then for any F € La(Dr),
problem (1.1)~(1.3) has at least one weak generalized solution u € Wy *(Dr) in the sense of Defini-
tion 1.1.

4 Cases of absence of solution to problem (1.1)—(1.3)
Let us consider the condition imposed on the nonlinear function f = f(u):
flu) < —lul®, a=const >1, (4.1)

under which problem (1.1)-(1.3) may have no solution. Obviously, if condition (4.1) is fulfilled, then
condition (3.1) will be violated.

Theorem 4.1. Let conditions (1.7), (1.8), (4.1) be fulfilled and F = BFy, where § = const > 0,
Fy € Ly(Dr), Folpr > 0. Then there exists a number By = Bo(Fo,a) > 0 such that for 8 > Po,
problem (1.1)~(1.3) has no weak generalized solution in the space Wy'>(Dr) in the sense of Definition
1.1.

Proof. In the proof of this theorem we use the method of test functions [17]. As a test function we
take a function ¢ satisfying the following conditions:

— o o
peC'Dr), 9|, >0, 2| =571 =0, i=0,1,
T ot |,_, Ot |,_p
. . (4.2)
0"y 0% . .
- = =0, j=1,...,n; 1=0,1,2,3.
o DN {x;=0} o aDrN{z;=1;}

It is obvious that when (4.2) is fulfilled, the function » € C2*(Dr) c W, ?(Dr).

Let u € Wy*(Dr) be a weak generalized solution of problem (1.1)-(1.3) satisfying the integral
equality (1.10). Taking the function ¢ from (1.10) satisfying conditions (4.2), and integrating the
integral terms of equality (1.10) by parts, we obtain

/uL0<p dz dt + / fuw)p dedt = /Fcp dz dt, (4.3)
DT DT

Dt
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where Lo := g—; — A% £ )A.
Since ¢|p, > 0, due to (4.1), we have —f(u)p > |u|*p and from (4.3) we obtain the following

inequality:

/ |u|%p dx dt < / uLop dx dt — / Fodxdt = / uLgp dx dt — / Fop dz dt. (4.4)
DT DT DT DT DT

If in the Young inequality with parameter £ > 0,

abgiao‘—&— — b a,b>0, o = a
a ale¥’ —1 a—1
we take a = |u|p™®, b= |Log|/¢"/*, then, taking into account that o/ /o = o/ — 1, we get
— 1/« |LO<&0| < E « 1 |L0s0‘0/
|ULOQ0| |u|90 s01/04 ~ « |'LL| SD O/&‘al_l (,Oa/_l . (45)
From (4.4), (4.5) it follows that
€ a 1 |L090|a/
(1 _ E) / ulp dedt < ey [ S dedi— 6 | Fog dudr,
Dr Dt Dr
whence for € < o we get
a |Log|* af /
@y drdt < : Pl drdt — Fop dz dt. 4.6
/|u|<p v ~ (a—¢e)ale¥ ! o' 1 v o—¢ 0% 4% (4.6)
Dr Dt Dt
Taking into account the equalities o/ = 2=, o = %, and min ——%—— = 1, which is
a—1 a’'—1 O<e<a (@x—e)a’e™
achieved when ¢ = 1, from (4.6) we obtain
Loy|®
/ |u|*p dz dt < | ?f_'l drdt —d'B / Fop dx dt. (4.7)
Dr Dr 4 Dr

It is not difficult to show the existence of a test function ¢ such that, together with (4.2), it satisfies
the condition

[ 1Logl®
ko = 900/71

dz dt < 4o00. (4.8)
Dt

Indeed, as it can be easily verified, the function
plat) = [ [y — 2T = 1)] ™,
j=1

for a sufficiently large positive m, satisfies conditions (4.2) and (4.8).
Since Fy € Lo(Dr), Fo > 0, and ¢|p, > 0, we have

0< k1= / Fop dedt < +oo. (4.9)
Dt

Let x(B) denote the right-hand side of inequality (4.7) which is a linear function with respect to
B. Then, by (4.8) and (4.9), we have

x(8) <0 for 8> By and x(B) >0 for 8 < Bo, (4.10)

Ko

where x(8) = Ko — & Br1, Bo = TRy
Due to (4.10), for 8 > Bo, the right-hand side of inequality (4.7) is negative, whereas the left-hand
side of that inequality is nonnegative. The obtained contradiction proves the theorem. O
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5 Uniqueness of the solution of problem (1.1)—(1.3)
Consider the following monotonicity condition imposed on function f = f(u):
(f(uw)— f)(u—v) <0 Vu,v € R. (5.1)

Theorem 5.1. Let conditions (1.7), (1.8), (2.1) and (5.1) be fulfilled. Then for any F € Lo(Dr),
problem (1.1)~(1.3) cannot have more than one weak generalized solution in the space Wy >(Dr) in
the sense of Definition 1.1.

Proof. Let F € Lo(Dr), and let u; and us be two weak generalized solutions of problem (1.1)—(1.3)
from the space W,"*(Dr) in the sense of Definition 1.1. Then, due to (1.10), the following equalities

/[auj Op "\ Quj O

UG 9 AwLA
ot ot oW ‘”A;axi axjdxdt

Dr
—/f(uj)w da dt — /an dedt Vo e Wy3(Dr), j=1,2, (5.2)
DT DT

are valid.
From (5.2), for the difference v = ug — uy, we have

/[61) dp " Ov Dy

21 A+ /\; o axj do dt = /(f(uQ) — flun))p dudt Ve € WEA(Dr).  (5.3)

DT DT

Substituting ¢ = v € W,y*(Dr) to equality (5.3), in view of (2.4), we obtain

Joll? = / (F(uz) — () (a2 — wy) d . (5.4)

Dt

From (2.5), (5.1) and (5.4), it follows that c?||v[|3 < ||[v]|? < 0, whence we find that v = 0, i.e., ug = uy,
and therefore, Theorem 5.1 is proved. O

From Theorems 3.1 and 5.1 follows

Theorem 5.2. Let conditions (1.7), (1.8), (2.1), (3.1) and (5.1) be fulfilled. Then for any F € Lo(Dr),
problem (1.1)~(1.3) has a unique weak generalized solution in the space Wo>(Dr) in the sense of
Definition 1.1.
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