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Abstract. In this article, we consider the following perturbed semilinear equations involving strongly
degenerate elliptic problem with critical growth:

2N+ V(X )u = f(X)|ulP~2u+ GL K(X)|ul*2ulv)t, X eRY,

ai,f1 +b
b
—AL 0 V(X = g(X) P+ = KOl 0, X € RY,

w(X), v(X) =0 as |X| — oo,
where Ag’lﬁ 5, 18 the subelliptic operator of the type

ALy = A+ Ay + |2yl (21 + [y17)°A., @ e RY, yeRY:, 2 e R,
N:Nl +N2+N37 avﬁaa1761>oa X:(x7yaz)

Using variational methods, we prove the existence of positive solutions.
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1 Introduction

In this article, we discuss the following perturbed degenerate elliptic system involving critical growth:

a, _ a o
—2 A ut V(X)u = FXO "+ —— K(X)u* 2]’ X €Y,

+b
LA L V(X = g(X) o2 + —— K(X)[ulo s, X € RN (1.1)
a1,p1 =g a+b ) s

u(X), v(X) — 0 as |X|— oo,

where 2 < p < 2%, a > 1,b> 1 satisfy a + b = 2*, 2* = 2N /(N — 2)(N > 2), N := Ny + Ny + N3(1 +
a+a; + S+ f2) and Azfﬁl is the subelliptic operator of the type

A0 sy = Do Ay 4 2Pl (o] + [91™) A, @ € RM, yeR™, 2 e RY,
N = Nl +N2 +N37 a7ﬁaa1751 Z 0) X = (x7yaz)'
We assume that V(X), K(X), f(X) and g(X) satisfy the following conditions:

(A1) V € C(RM,R) satisfies V(0) = XianN V(X) =0, and for any M > 0,
€

Vol ({X eRY,V(X) < M}) < o0;

(A2) K(X) € C(RY,R),
0< inf K(X)< sup K(X) < oc;
XERN XERN
(A3) f(X), g(X) are positive functions and

= inf f(X)< X = inf g(X)< X :
0<fo=inf f( L;;lﬂgvf( ) <oo, 0<go= inf g L;élﬂgvg( ) < oo

Let A = e=2. Then problem (1.1) can be rewritten as

a _ Aa o
A g AV (X = MO+ S KOO ulol’, X € RY,
Aaﬁ A\V(X = Ma(X p—2 Ab K(X al, |b—2 X RN (12)
—Aal 0+ AV(X)v = Ag(X)]v| R (X)|u*lv]"v, X € RT,

u(X), v(X) =0 as |X|— oo.
Since problem (1.1) and problem (1.2) are equivalent, we focus on system (1.2).

Theorem 1.1. Assume (A1)—(A3) hold. Then for any o > 0, there is Ay > 0 such that if A > A,,
problem (1.2) has at least one positive solution (ux,vy) that satisfies

-2 N o N
o | (Vs +19E 5 0aP AV OO (lia? + foal?) ) dX < oX' =%,
]RN

where

VP u = (qu, Vyu, |||yl ? (Jz]* + |y|ﬁ1)vzu), dX :=dzxdydz.

a1,B1
Seta=pf=a;=01=0,a=0b, f(X)=g(X)and u=v. Then problem (1.1) can be rewritten as

1 .
—2Au+V(z)u = f(2)|ulP%u+ 3 K(z)|ul* "2u, zeRY, (1.3)

u(zr) = 0 as |z| — oo.
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Many studies on problem (1.3) can be found in the literature [1,4,5,7-11,16].
In the last years, many authors have studied (see [3,13,15,17] and the references therein) the
following semilinear degenerate elliptic equation in RV:

—Aju+V(z) ZaL (V70w u) + V(z)u = f(z,u),

=1

where the functions ; : RY — R, v; € CL(RY) and 7; # 0 in R¥ \TI for all i = 1,2,..., N (see [12]),

H::{x:(xl,xg,..., ) RN : Hxl—()}

and ~; are such that
(i) there exist a semigroup of dilations {d;}¢>0,
5 : RV 5 RV,
(x1,...,2N) = 0(z1, ..., zN) = (t 21, ..., t°N2N),
and the constants 1 = ¢; < ey < -+ < ey such that 7; is d;-homogeneous of degree ¢; — 1, i.e.,
Yi(0¢(x)) = t5 1y (x) forall z € RN, t>0, i=1,...,N;
(ii) 71 (z) =1 and for any ¢ = 2,..., N, the functions v;(x) depend on z1, o, ..., z;_1;
(iii) there exists a constant p > 0 such that
0 < 240, vi(x) < pyi(x) forall ke {1,2,...,i—1}, i=2,...,N,

and for every x € Ef, where Rf ={(x1,...,any) ERN : 2, >0, Vi=1,2,...,N};

(iv) the equalities v;(z) = v;(z*) (i = 1,2,..., N) are satisfied for every z € RY where

" = (|z],..., |en]) if z=(21,22,...,2N).

The operator Aa’ﬁﬁ for

v=( Ll el (2l + 1) ).
N—_——

N1 + Na-times N3-times

does not satisfy condition (i). Moreover, to the known of our knowledge, no studies were conducted
on the existence of semiclassical solutions to problem (1.1) in RY. In this paper, we study system
(1.1) in the whole space involving the critical growth. The main difficulty of this problem is the lack
of compactness of the Sobolev embedding.

The structure of our paper is as follows. In Section 2, we prove some embedding theorems for the
weighted Sobolev spaces associated with the operator and Palais-Smale condition. In Section 3, we
prove the main result.

2 Embedding theorem and Mountain Pass Theorem

2.1 Embedding theorem

Definition 2.1. Let S? By (RM) (1 < p < +00) be the Sobolev space obtained as completion of
Cs°(RY) with respect to the norm

1

”U”Sfiﬁwal,ﬁl (RN) = (/ (|U‘p + |Va ﬂ1u|P) dX>

RN
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If p = 2, we can also define the scalar product in S?x,ﬁ,al,ﬁl (RY) as follows:

(u’ U)Srzw,ﬁ,abfﬁ ®N) = (U, U)LZ(RN) + (VZfBIU, vgfﬁl U) L2(RN)’
where
Vel i= (Vo Tyu, oyl (jal + [y Vou).
Define
Sepianravx)(®Y) = {u € 52 g0 (RY) / (1Va s ul® + AV(X)u?) dX < +OO}
RN

with V(X)) satisfying condition (A1), then S2 .0 /\V(X)(RN) is a Hilbert space with the norm

1
2

s @) = ( [ (1922 2V C0) dX)

RN
By (Al), the embedding Si,ﬁ,al,ﬁl,AV(X)(RN) — 527[37&1751 (RY) is continuous. From an embedding
inequality in [2] and Holder’s inequality, we have
N N 5
Si,ﬁ,al,BI,AV(X)(R ) = LYRY) for 2<q<2".
Moreover, we have

Lemma 2.1. Let (A1) be satisfied. Then the embedding map from S?
is compact for 2 < q < 2*.

Bonpavix) (RY) into LYRY)

Proof. Let {u,}52, C S’iﬁ .5 )\V(X)(RN) be a bounded sequence such that u, — u weakly in
(RN). Then, by the Sobolev embedding theorem, u, — u strongly in L? (R™) for

2
Sa7ﬁ7a1761,/\V(X) loc

2<qg< 2*. We claim that

U, — u strongly in L*(RY). (2.1)
To prove (2.1), we only need to prove that vy, := [[up|72gxy — [[u]l72gn), since the space L2(RY) is
uniformly convex. Assume, up to a subsequence, that v,, = v.
Put
Br:={XeR": |X|<R},
Ry avx.r = {X €ERV\Br: AV(X)> M},
CRY Avx)r = 1X ERV\Br: AV(X) < M},
then

[ wpas [ M pax

N N
RAI,AV(X),R RI\/I,)\V(X),R

[ an
< / (19225 a4 AV (X)) AX < — 2t zaav0 ()
RN

ar,pi M

Choose 7 € (1, N]\i 2) and 7’ such that % + % = 1, then, applying Hoélder’s inequality, we have

/ Jun|?dX < ( / UnQT) (VO]((@OR%,AV(X),B:))j

ERY

N
¢R M,AV(X),R

M,V (X),R
1
7

< Cllunli: @) (VOUERY Ay (x),R)) 7

a,B,01,B1,AV(X)
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Since {||ur || g2

@&~} is bounded and condition (A1) holds, we can choose R, M large
a,B,a1,B81, AV (X)

Junli2 )
enough such that the quantities S, BV and (Vol(‘ﬁRﬁ\V/[,/\V(XLR))% are small enough.

Hence, for all € > 0, we have

/ un|? dX = / |up|® dX + / [un|? dX < e.

N N N
RN\Br RM,AV(X),R %RM,AV(X),R

Thus

lullZe @y = 1l (5 + lullfe@m pa)

: 2 . 2 2 2
> nlggo lunllz2(5,) = nlgrolo (Hun||L2(RN) - ||“HL2(RN\BR)) >V —e

On the other hand, let £ be an arbitrary domain in R, then

/|un|2dX < / [ dX — 12,
Q RN

hence |ul| 2r~y < v. By the arbitrariness of &, we have v = [[ul|L2®~). So, (2. ) is proved.

Finally, we prove that u, — u in LI(RN) for 2 < ¢ < 2*. In fact, if ¢ € (2,2*), there is a number
6 € (0,1) such that % = g 15_*9 . Then, by Holder’s inequality,

1-6
[en — U’”L‘I(RN / |tn — u‘6p|u u|(1 D1dx < l[un — uHLZ(RN l[un — uHiz* ]25\1)

RN
Since uy, is bounded in L2 (RY) and [lup — ul|p2gvy — 0, we have u, — u in LI(RY). O

Let H = 52 Bran, LAV (X )(RN) x S2 Bron frAV(X )(RN) be the Hilbert space with the norm

[N

ol = (V2,2 4 A2 4 (957,02 + AV (X002) )
RN

for any (u,v) € H. We will show the existence of nontrivial solutions of problem (1.2) by searching
for critical points of the functional associated to problem (1.2),

1
Dlu,v) = 5 / (|va1 s ul? AV (X)u? + VP o) +>\V(X)v2) ax
RN
=2 [ ol + gCopl) ax - 2 [ KOOl loP ax.
p a+b
RN RN

In fact, the critical points of the functional ® are the weak solutions of problem (1.2). Recall that the
weak solution (u,v) of problem (1.2) satisfies

/(vaﬁ UVOE L o4 AV (X)up + VOE, oV w+>\V(x)v1/)) dx

a,B1 a1,B1 a1,B1

RN

= / XOlul? 2up + g(X)lol20v) dX

Xl ufopdX + /K Yol o] 2o X
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for all (¢,7) € H. Based on the assumptions of Theorem 1.1, we can show that ® € C*(H,R)
(see [13)]).
By the Sobolev inequality found in [14], we let C,; be the best Sobolev embedding constant
defined as
S (Ve g0l + V55,017 dX
Cap = inf RY

2
wVES 50,8, (RY) ([ lulefolbdX) >
RN

2.2 Mountain Pass Theorem

Definition 2.2. Let B be a real Banach space with its dual space B* and J € C'(B,R). For ¢ € R,
we say that J satisfies the (P.S). condition if for any sequence {x,}%2; C B with

J(zn) =c+o(1) and J'(z,) = o(1) strongly in B*, o(1) — 0 as n — oo,

there exists a subsequence {z,, }7°, that converges strongly in B. If J satisfies the (PS). condition
for all ¢ > 0, then we say that J satisfies the Palais—Smale condition.

We will use the following version of the Mountain Pass Theorem.

Lemma 2.2 (see [18]). Let B be a real Banach space and let J € C*(B,R) satisfy the (PS). condition
foranyce R, J(0) =0 and

(i) there exist the constants p,« > 0 such that J(u) > o, Vu € B, ||ullp = p;
(ii) there exists u1 € B, ||ui|ls > p such that J(up) < 0.

Then ,6’::/\in/f\ OrilgzilJ()\(t)) >« is a critical value of J, where A:={\e C([0;1],B): A(0)=0, A(1)=1uq}.
eA0sES

3 Proof of Theorem 1.1

We prove Theorem 1.1 by verifying that all conditions of Lemma 2.2 are satisfied. First, we check the
Palais—Smale condition in the following lemma.

Lemma 3.1. Assume (A1)-(A3) hold and the sequence {(un,vn)}o>; C H is a (PS). sequence for
®. Then we have ¢ > 0, {(un,vn)}22, is bounded in the space H and there exists a subsequence

{(un;,vn;)}32, such that for any e > 0, there is r. > 0 such that for any r > 7.,

lim sup / (i, 7 + [0, ) dX <&,
Jj—o0o
B\B.

where 2 < q < 2%,
Proof. Let {(tn,vn)}22 C H be a (PS). sequence:
O (up,vn) — ¢ and & (up,v,) — 0 in H. (3.1)

From (A3), we obtain

1
(I)(una Un) - *q)l(una vn)(una 'Un)
p

A A
(ns o)l =5 [ (PO + 9C0N0aP) X = 2 [ KOl X
RN

RN

o
- % [n(un,mnﬁ Y / (F ) [un]? + 9(3) | ]?) AX — A / K (X) | P AX
RN RN
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_(r_1 o (11 al,, b
~ (5 )l + (5 a+b)A/K(X)|un| oal? dX. (3.2)
RN

By 2 <p<ﬁ2v*7 we have
1, 11 y
D1t 0n) = ¥ (1,0t 00) 2 (5 = ), ) s

Due to (3.1), the sequence {(un, vy)}22; is bounded in H. Taking the limit in (3.2) shows that ¢ > 0.
In view of the above result, without loss of generality, we can suppose that

(Un,vn) = (u,v) in H as n — oo,
Up —> u, v, — v ae in RY as n— oo,

(RY) x LL (RY) as n — o0, 2<q< 2"

loc

(tUn,vn) = (u,v) in L}

loc

For each j € N, we have
/(|un|q+ |vn|q) dX — (|u|q+ |v|q) dX.
Bj B
Thus there exists ng € N such that
1
[ (anl + fonl? = ful? = oy ax < 5
Bj
for all n > ng + 1. Without loss of generality, we choose n; = ng + j such that

1
/(|unj|q o 17 = [al? = o) dX < <.
B

J

It is easy to show that there is r. satisfying

/ (Jul? + [v]7) dX < e forall r>r..

RN\B,.
Since
1
|l fon 1y ax < S [ (it o) aX + [ (Juft = o, 7+ ol = o |7) 4.
B,\B, RN\B, B,
in connection with (up,v,) — (u,v) in LE (RY) x LT (RY), the lemma follows. O

Let x : [0,00) — [0,1] be a smooth function satisfying x(¢§) = 1 for £ < 1, x(§) = 0 for £ > 2.
Define
21X

5,00 = (25 )u(x) and 5,00 = (£

)U(X).

Clearly,
(j,v5) = (u,v) in H as j — oo. (3.3)

Lemma 3.2. We have

lim / 7 @) (ltn P2t = Jitn, = TP~ 1, — ) — |aj|p2aj)sodx\ 0,
RN

Jj—00

lim
Jj—o0

/ 9 (lom, [P0, — [on, = T3P~ (v, —75) - |aj|“@)wdx‘ ~0
]RN

uniformly in (p,v) € H with || (¢, ¥)||n < 1.
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Proof. The proof is similar to that of [10, Lemma 3.4], so we omit it. O
Lemma 3.3. One has along a subsequence

D(up — Up,y vy — Uy) = ¢ — P(u,v) as n — oo,

& (U, — Up, Uy — Up) — 0 in H* as n — .

Proof. From (up,v,) — (u,v) and (t,,0,) = (u,v) in H as n — oo, we have

D (U, — U, Uy, — Up) (I)(un,vn) — O (Up, Un)

+ = /K [0 ]” =t = |0 = Tl” = [ ") A
A e
+ — f(X)(lun‘p_|“n_un|p_|un|p) dX
pRN

A ~ ~
2 [ 90 (0l = on = Tal? = Ful?) X + o(0)
pRN
Using (3.3) and following the proof of the Brézis-Lieb lemma (see, e.g., [6]), it is not difficult to check
that

Jim [ K(X) (|un|a|vn\b — g — Tn|®vn — Tp|® — |ﬁn\“|5n|b) dX =0,
RN
- Py — P — | |P —
nli)n;o F(X) (JunP = Jun — Un|? = |Un]?) dX =0,
RN
; P_ |y — P — |7 |P —
nlgl;o 9(X)([vnl? = [vn — 0p|? = [0n[P) dX = 0.
RN
On the other hand, we get
D (up,vn) = ¢ and @(up,v,) = P(u,v) as n — oo,
hence
D(Up — U,V — V) = ¢ — P(u,v) as n — oo.

In addition, for any (¢,%) € H, we obtain
P (uy, — anvvn —Un) (9, 9) = ' (un, vn) (05 9) — @ (U, Un) (i, 9)

+~ /K ) (lunl2unlvn]” = lun = |t = ) [0 = Tl = [iin]*~ 2] ) 9 AX
)\b - ~ |la -~ - -~ ~ |lalsy —any
+§—*/K(x)(|un|a\un|b 20 = [t = Tin|* 0 = Tn|* (0 = T) = [ *[Fu]" 250 )6 AX
—i—)\/f U [P ™20, — |t — T [P 2 (i, — W) — [P 2 )(de
RN

RN

It follows again from the standard argument that

lim. K(a:)<|un|“’2un\vn|b — [t — Tn] 2 (un — @) |vp — V|t — |an|a*2an\'ﬁn|b)<pdx =0,

RN
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lim K(x)(|un|a|vn|b—%n g — Tn|®vn — T |2 (v — ) — mn|a|5n|b—%n)¢dx =0
n—oo

RN

uniformly in ||(p,¥)||g < 1. By Lemma 3.2 and ®'(u,,v,) — 0 as n — 0o, we complete the proof. [

Put
Yy 1= Up — Uy, and vy, 1= U, — Uy
Hence

Up — U = Uy + (W, —u) and v, —v = v, + (U, — ).

Then (un,v,) = (u,v) in H as n — oo if and only if (¢, v,,) — (0,0) in H as n — co. We obtain

1 1

1
(I)(wmyn) - 5 ®/(¢nayn)(¢myn) = (5 - m)/\ / K(X)|¢n‘a|yn|b dX
RN

1 1 A
+ (5—5)>\/ (F(X)|nl? + g(X)|n|P) dX > ﬁKo/Izanlalvn\”dX (3.4)
RN RN

where Ko = inf K(X) > 0. From Lemma 3.3 and (3.4), it follows that
z€R

(c — ®(u,v))

7
/ P < S o), (3.5)
]RN

From (A2) and (A3), for any M > 0, there is a constant Cp; > 0 such that

[ (KOOl + 7Ol + 9Ol P) dX

RN

< M([nlZa ey + [VnlZoen) + Car / ] X
]RN

Let Va(X) := max{V(X), M}, where M is the positive constant in the assumption (Al). Since

Vol({X € RV, V(X) < M}) < oo and (¢, v,) — (0,0) in L2 _(RN) x L2 (RY), we obtain
/ V(X) (Jn [ + [va]2)dX = / Var(X) ([ + [val?) dX + o(1). (3.6)
RN RN

Lemma 3.4. Under the assumptions of Lemma 3.1, there is a constant Cy > 0 independent of X such
that for any (PS).-sequence {(tn,v,) 52, for ® with (u,,v,) — (u,v), either

(Un,vn) = (u,v) in H as n — oo or ¢ — ®(u,v) > CO)\I_g.

Proof. Assume

(Up,vpn) = (u,v) in H as n — oo.

Then
lirgian(wn,yn)HH >0 and ¢ — ®(u,v) > 0.
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By Lemma 2.1 and (3.6), we have

2
a+b
c( / |wn“|vn|bdX) < [ Va0 41950, ) dX

RN RN

:/(\vaﬁ Pul? + IV vl + AV O + AV (X) | [2) dX

a1,B1 ai,B1

RN

- / V() (Jnl? + 1al?) dX

RN

=3 [ (KOl + FOWP + (Xl ") dX

RN

—)\/VM(X)(|wn\2+|un|2) dX +o(1)
]RN

<ACur [ 1l X + o(0).
RN
From (3.5), we get

-3
Cap < )\CM(/ |¢n|a|1/n|b) dX + o(1)
RN

Jv(c — P(u,v))

AK )ﬁ +o(1) = Al‘%cM(ﬁ)ﬁ(c — ®(u,v)) ¥ +o(1).

< ACM(

N N
Set Cy := C2,C,,;*> N"'Ky. This implies

C’o)\kg <c¢—P(u,v) +o(1).
The proof is complete. O

In particular, we obtain the following

Lemma 3.5. Let (A1)-(A3) be satisfied. Then ®(u,v) satisfies the (PS). condition for all ¢ <
C())\li%,

Lemma 3.6. Assume that (A1)—(A3) are satisfied and X > 1. Then there exist nx > 0 and kx > 0
such that
D(u,v) >0 if 0<|[(u,v)||lm<rr and ®(u,v) >nx if ||(u,v)|lm = Ka.

Proof. From Lemma 2.1, for each p € [2,5*], we have that there is €} such that if A > 1, then

lullze@yy < Cpllullsz ,

2 N
v (xy (BY) for all u € Sa,ﬂ,ahﬂh/\V(X)(R )
By the Young inequality, we have

a
ul“[v]” < PR |u* T+ PR L

Furthermore, we obtain

(u, )1 (3.7)

/ K(X)uf*fo]? dX < Cy([[ulZ5e oy + 0125 ) < 1G5
RN
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Combining (A3) and (3.7), there is a constant Cs such that

L o) (1 — 4G5 (w, ) |2 2).

1 3+
®(u,v) = 7w, 0)lE = Csll(w,0)E = §

Set k) = (ﬁ)ﬁ, this implies that
1 5 .
D(u,v) > 3 = >0 if ||(u,v)|lm = Ka.
The proof is complete. O

Lemma 3.7. Assume that (A1)—(A3) are satisfied. Then for any finite-dimensional subspace E C H,
we have
O (u,v) = —oco as ||(u,v)||lm = oo for (u,v) € E.

Proof. From assumptions (A2) and (A3), it follows that

1 ~
®(,v) < 5 10, 0)l1E = AColl (0, ) gy ogany for all (u,0) € E,

where Cp = 2intfo:90} ~ Gince all norms in a finite-dimensional space are equivalent and p > 2, it is

easy to obtain the desired conclusion. O

Lemma 3.8. Assume that (A1)—-(A3) are satisfied. Then for any o > 0, there is A, > 0 such that
for each A > A,, there exists ex € H with |[ex|lm > kx such that ®(€)) <0 and

max ®(tey) < oA
>0

where Ky s defined in Lemma 3.6.

Proof. Define the functionals

1 ~
I(u,v) = /(|va1 ol + XV + [V o2 + AV (O dX—AC’O/ (luf? + [o]?) X,

RN RN
1 ~

J(u,v) = 2/(|Vm sul® + (Ve 51v|2+V( 2X)(|u|2+\v|2)>deC0/(|u|p+\v|p) dX.
RN RN

We obtain that I € C*(H,R) and ®(u,v) < I(u,v) for all (u,v) € H. Observe that

mf{/val 5, 0P dX . ¢ e CP(RY,R), [|¢]lpo@y) =1} =0.

For any § > 0, there are ¢s,15 € C5°(RY,R) with ||¢s| z» @&~y = [|[¥s|lLr @~y = 1 such that
supp(¢s, v¥s) C Bry (0) and [|Ves dslFamny <8, (V25 dsll72mny < 0.

Let ex(X) = (¢s(VAX), ¥5(v/AX)), then supp ey C B 3 (0). Furthermore,

s

I(tey) = A\ % J(tos, tis).
It is clear that

P

p—2 2 -1 2 v
I?ZaécJ(t%,tl/)g) < W{R[ (| a1, 61¢’5| + V(AT2X)|¢s] )dX}

P

p_2 {/(| w0 gl + V(A %X>|u}52)dx}p_2
RN

2p(pCo) 72
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Combining V(0) = 0 and supp(¢s, 1s) C By (0), there is As > 0 such that for all A > As, we have

-2
max [(ts, tv)s) < A % (26)72.
= p(pCo) 7=
Thus, for all A > Ay,
4 -2
max d(tey) < A2 (117)2 (20)7°2. (3.8)
£20 p(pCo) 72
For any o > 0, we can choose 4 > 0 small enough such that
-2
D (apyets <o
p(pCo) 7=

and ex(X) = (¢s(VAx),9s(v/AX)). Taking As = A, there is y > 0 such that |[Zxex|m > #x and
®(tey) <0 for all t > ¢,. By (3.8), €\ = tyey satisfies the requirements. O

Proof of Theorem 1.1. Define

= inf D(~y(t
ox = inf max (v(®)),

where I'y = {y € C([0, 1], H) : (0) =0, 7(1) =ex}. In addition, for any o > 0 with o < Co, there is
A, > 0 such that A > A,. We can take c) satisfying c) < oA
From the above results, the functional ® satisfies the (PS)., condition and Lemma 2.2 if ¢y <

U)\l_%\. Hence, there is (uy,vy) € H such that
O (uy,vy) = cy and ' (uy,vy) =0.

Therefore, (ux,vy) is a weak solution of problem (1.2). Similar to the arguments in [10], we also
obtain that (uy,vy) is a positive least energy solution. Furthermore,

1 11
D1wr,03) = (s, v3) = ¥ (r, 00) 0, 02) 2 (5= o)
Hence 9
p— 5
T n o)l < @(unv3) = ex < oXE
The proof is complete. O
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