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Abstract. This paper discusses the existence of solutions for integro-differential equations via resol-
vent operators in Banach space. Our approach is based on a Moénch’s type fixed point theorem with
measure of weak noncompactness. An example is given to show the application of our result.
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1 Introduction

The aim of this work is to study the existence of solutions for the following integrodifferential equation
with delay:

4
#(5) = K0)0(0) + X609 + [ 1(6.000(e)de it 5 Q= (0.4, W)
0

p(9) = @(9) if 6 € [—¢,0].

Assume that $ is a Banach space with norm || - [|lg, X : Q x C([—(,0],3) — < is a continuous
function, ® € C([-¢,0],S), K(9) : D(R(4)) C & — S is a closed linear operator on ¥, with dense
domain D(R(0)), and (4, o) is a family of linear operators in & with D(8) C D(v(9, ¢)) for § > 0 and
of bounded linear operators from D(8) into &, C([—¢,0],S) is the space of all continuous functions
on [—(,0] with values in & and with the uniform norm topology || - ||ec. For ¢ € C([—C, 5], ) and
for every § > 0, ¢5 € C([—(,0],S) is given by

65(9) = (6 +0) for 9 € [~,0].

Integro-differential equations are effective mathematical models for explaining a wide range of
phenomena in physics, biology and engineering, as demonstrated in [1,8,9,13,15]. The analysis of
such equations presents major difficulties. Because of the existence of both differential and integral
variables, sophisticated dynamics and complex behavior of solution result. The discovery and analysis
of fixed points, which provide significant insights into the long-term behavior of the system, is a vital
part of researching integro-differential equations. (For further information, read [4,6,7,14,25,26]).

The resolvent operator plays a crucial role in addressing equation (1.1) in both weak and strong
senses, serving as a replacement for the Cp-semigroup in evolution equations. Numerous researchers
have devoted significant efforts in recent years to explore diverse aspects, including the existence and
regularity, stability, (almost) periodicity of solutions, and control problems associated with semi-linear
integro-differential evolution equations. This exploration is conducted through the utilization of the
theory of the resolvent operator, as highlighted in works such as [10,16,21] and the references provided
therein.

In particular, Dos Santos et al. [17] studied neutral integro-differential equations with infinite delay
of the following form:

é o
% 1901+ [ NG- 0800 de] = 550) + 36,80 + [ 20~ 0B0)de it 3¢ 0.4,
Bo =13 if 6 €[—o0,0],

where 8 and 7(d), 6 > 0, are closed linear operators on a common domain D(R) which is dense in ¥,
and N(0),0 > 0, is a bounded linear operator on a Banach space ¥, the history 8s : (—00,0] — ¥
belongs to some abstract phase space B defined axiomatically.

In [5], Benchohra et al. studied the fractional differential equations with boundary nonlinear
integral conditions in reflexive Banach spaces of the following form:

CDEB(S) = N(8, B(5)) ae §€Q:= 10,5,

B(0) — 8(0) = / R, (0, 8(0)) de,

B(o0) + B (30) = / Rs(o, B(0)) do.

where “ D¢, 1 < ¢ < 2, is the Caputo fractional derivative, X, X; and RNy : Q x & — I are the given
functions, and < is a reflexive Banach space endowed with the weak topology.
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The methodology involving the measure of weak noncompactness and the fixed point theorem of
Monch type originated primarily from the monograph authored by Bana’s and Goebel [2]. Subse-
quently, it underwent further development and application in numerous publications. Notable exam-
ples include the works of Banas and Sadarangani [3], Guo et al. [20], Krzyska and Kubiaczyk [22],
Lakshmikantham and Leela [24], Monch [27,28], O’Regan [29,30], Szufla and Szukala [34], along with
the references provided therein. Recent papers on the existence results of boundary value problems
of fractional order involving the Pettis integral can be found in [32,33] and the references therein.

This paper is organized as follows. In Section 2, some necessary concepts and important definitions
and lemmas are given. In Section 3, we show the existence of weak solutions for problem (1.1) by
applying the Moénch fixed point theorem combined with the technique of weakly measure of non-
compactness. An example is also given in Section 4 to illustrate the theory of the abstract main
result.

2 Preliminaries

Let & be a real Banach space with the norm || - ||g and dual space $*, let C'(Q, ) be the space of
all continuous functions from £ into & and A(S) be the space of all bounded linear operators from
into & with

IN[Lag) = sup [R(¢)]s-
lloll=1

A measurable function ¢ : Q — < is Bochner integrable if and only if ||¢||s is Lebesgue integrable. Let
L'(9,S) denote the Banach space of measurable functions ¢ : Q — S, which are Bochner integrable,
with

6llr = [ l6(d)]ls do.
/

By C(9Q,S) we denote the Banach space of all continuous functions from £ into § with
[0l = sup [|$(d)|s,
[JSe!

and by C([—¢,0],S) we denote the Banach space of all continuous functions from [—¢, 0] into & with

[4llc = sup ]II¢(5)H<3.

6€[—¢,0

2.1 The weak topology w(V, ¥*)
In this section, ¥ is a normed space and ¥* is its dual.

Definition 2.1 ([11]). The weak topology on ¥ is the topology @ (¥, (R)xcy+). For convenience, it
is simply denoted by w (¥, ¥*).

Theorem 2.1 ([11]). The topology w(¥,V*) is Hausdorff.

Proposition 2.1 ([11]). The weak topology and the strong topology on U coincide if and only if U is
finite-dimensional.

Theorem 2.2 ([11]). Let C be a nonempty convex set in W. Then C is strongly closed if and only if
it is weakly closed.

Let S, = (3, w($, 3*)) be the Banach space § with its weak topology.

Definition 2.2 ([30]). The mapping 5 is said to be weakly continuous (measurable) at dy € Q if
for every 7 € §*, 5(B) is continuous (measurable) at §y. We denote by C'(2,S,,) the space of weakly
continuous functions defined on 9 with values in the Banach space S,.
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Definition 2.3 ([30]). Let X : Q x & — . Then R(4, ) is said to be weakly continuous at (dg, 5y) if
for the given € > 0 and j € &%, there exist a constant k > 0 and a weakly open set U containing
such that

|7(R(8, B) — N(d0, B0))| < € for |6 —do| < s and B € U.

Definition 2.4 ([30]). A function X : & — < is said to be weakly sequentially continuous if X takes

each weakly convergent sequence in & to weakly convergent sequence in § (i.e., for any {8,} in &

with {8} — 8 in Sy, there is R(8,) — R(3) in Jy,).

Definition 2.5 ([31]). The function 8 : Q — S is said to be Pettis integrable on 9 if and only if
there is an element 8y € & corresponding to each I C £ such that

28) = / 2(B(e)) do for all ;e 3",

I

where the integral on the right-hand side is supposed to exist in the sense of Lebesgue. By definition,

Br = [ B(e)do.
/

We denote the space of Pettis integrable functions by P[Q, .

The immediate consequence of the definition of the Pettis integral is that if 8 : Q — & is Pettis
integrable on 9Q, then j(5(-)) is Lebesgue integrable on Q for every 5 € $*. We point out that a
bounded weakly measurable function § : Q — & need not be Pettis integrable even S is reflexive.

Lemma 2.1 ([31]). In reflexive Banach space S, the weakly measurable function §: Q —  is Pettis
integrable if and only if 3(B(-)) is Lebesque integrable on Q for every j € I*.

2.2 Measure of weak noncompactness

Given a Banach space S, A(S) will denote the collection of all nonempty bounded subsets of & and
W(S) is the subset of A(S) consisting of all compact subsets of 3.

The first measure of noncompactness was first introduced by Kuratowski [23] in 1930. For any
subset Q € A(S), the Kuratowski measure of noncompactness is defined by

a(Q) = inf{e >0: Q can be covered by finitely many sets of diameter < e}.

The second important example of measure of noncompactness in the Banach space endowed with
the weak topology has been defined by De Blasi [12] in 1977 as follows: for a subset Q € A(S) and
all U e A(Q),

x(¥) = inf{e > 0: there exists a weakly compact subset Q € W(S): ¥ C Q+ GQ}.

x is called the De Blasi measure of weak noncompactness. We can check that x verifies the following
properties (see [12] for more details).

Lemma 2.2 ([27]). Let Q,Q € A(S). We have:

(a) x(Q) < x(Q) whenever O C Q;
X(ﬁ) =0 if and only zfﬁ is weakly relatively compact;
X(QUQ) = max{x(), x(2)};
X 6“) = X(ﬁ), where Q% denotes the weak closure of Q;
Q+0Q) < X(Q) +x();
AQ) = Ax(Q), AR,

x(conv(Q)) = x(Q), where conv(Q) refers to the convez hull of Q.
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2.3 Resolvent operators

We consider the following linear Cauchy problem:

4
#(6) = 800) + [ 16~ 0ole)do for 520, o
0

$(0) = ¢o €.
The existence and properties of a resolvent operator have been discussed in [18].

Definition 2.6 ([19]). A resolvent operator for the Cauchy problem (2.1) is a bounded linear operator-
valued function © € A(S) for § > 0 satisfying the following conditions:

(1) ©(0) = I (the identity map of ) and ||©(0)]| 4(3) < Me™ for some constants M > 0 and n € R.
(2) For each ¢ € ¥, § — O(d)¢ is strongly continuous for § > 0.

(3) © € A(S) for § > 0. For p €S, O(+)p € CHRy,3)NC(R4,S) and

5 1)
O'(6)p = RO(8) + / 26— 0)0(0)b do = O(5) 8y + / (6 - o)v()d do
0 0

for § > 0.
From now on, we assume that:
(P1) The operator R is the infinitesimal generator of a uniformly continuous semigroup {7'(4)}s>0.

or a > 0, v(0) is a closed linear operator from to § and v(9) € A(S). For any
P2) For all 6 > 0, (¢ losed 1 f D(R S and (6 A(S). F
¢ € S, the map & — 7(d)¢ is bounded, differentiable and the derivative § — +/()¢ is bounded
uniformly continuous on R™.

The following theorem gives a satisfactory answer to the problem of existence of a solution.

Theorem 2.3 ([19]). Assume that (P1)—(P2) hold, then there exists a unique resolvent operator for
the Cauchy problem (2.1).

3 Main result

In this section, we prove the existence of weak solutions of problem (1.1).

Definition 3.1. We say that a continuous function ¢(-) : Q — & is a weak solution of problem (1.1)
if ¢ satisfies the following integral equation:

4
B(8) = ®<570)‘1>(0)+0/9(5, oR(0, ¢) do if § € Q,

o(6) if 5 [—¢,0l.

The hypotheses:

(H1) The function u — N(4,u) is weakly sequentially continuous for each u € C([—(, 0], <), and there
exist py € L'(Q,RT) and a nondecreasing continuous function ¢ : [0, +00) — (0, +00) such that

(IR(S, w)||s < px(0)¥(||lul|ec) for uwe C([—(,0],F) and for a.e. § € Q.

(H2) The function 6 — R(J, us) is Pettis integrable for each u € C([—¢, ], ).
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(H3) There exist E > 1 and ¢ > 0 such that

186, 0)llas) < Ee™’.

(H4) There exists ¢ > 0 such that
EC+EP(Qllpxllzr < ¢

Theorem 3.1. Assume that the conditions (H1)—(H4) are satisfied. Then system (1.1) has at least
one weak solution.

Proof. We consider the set

k= {qs € C(1=¢,,9): 116l < and [|6(62) — 6(61)]] < (62, 0) — O(61,0)]|ae)C

o1
T Il Oz — 61| [E+ [ 16(62.0) ~ 0061, 0)lcoy de] for 1,02 < [—M}.
0

We note that k is closed, convex and equicontinuous, with the norm

6]l = sup ]||¢(5)Hs.

e[—¢,se

Firstly, transform problem (1.1) into a fixed point problem and define the operator

)
po(3) = OO OO+ O/ 05, 0)R(e, dp) do if 6 € 9,
©(9) it §€[—C,0].

Step 1: p maps k into itself.

Take ¢ € k and assume that p@(d) # 0. Then there exists 7 € $* such that ||pd(d)|ls = 7(pP(9)).
Thus if § € [, 0], we have

lod(d)lls = 2(96(8)) = 2(@(8)) = [8(8)l|oo < [|B(8)[l < C.
If § € 9, we have

lpd(6)lls = 1(ps(5))

) )
- J<@<6, 0)®(0) + / (6, 0)R (0. ) dg) < J(O(5,0)8(0)) + / 2606, 0)%(0. 6,)) do
0 0
)
< 106, 0)]]acs) [12(0) e + / 1066, 0)lL.ace) IR (e: 80) s de
0

) )
< = @(0) + / (@ (l6ll) do < =+ £ / pr(@)v(0) do
0 0

~

)
<=+ 290 / pe(@) do < ZC+ 2@ Ipalls <
0

Then R
l9(¢(0))llk < ¢ for & € [=¢, 5]
Let 1,02 € [—C, 5], 01 < b2, ¢ €K, 50 pd(d2) — pd(d1) # 0, then there exists j € I* such that:
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If 61,00 € [—C,O], then

|9d(82) — pd(81)]ls = J(pd(02) — pd(61))
= 7(£(02) = &(61)) = [1€(02) = &£(61)]loo — 0 as 01 — da.

If 51,02 € 9Q, then

[pd(d2) — pd(d1)]ls = J(pd(02) — pd(01))

g3(<@(52,> 6(51.0) /952, R(0. 6) do

/ (062, 0) — O(61, 2))X(0. 6) dg>

0
b2

< 1((01(52,0) — ©(61,0))€(0)) + / 2082, R (0, 6,)) do
61
41

+ / (052, 0) — O(61, 0))X(0.6,)) do
0

< 1©(52,0) — (61, 0)]|acs) 1€(0) e + / 1052, 0)lacsy [R(e. 60) s do
/ 1062, 0) — O(61, )l acs IR (s 60| do
< 1©(02,0) — ©(d1,0) | .acs)1€(0) |k + / 1©(02, )l acsypx (@) (|| Pllk) do

o1
+ / 1062, 0) — (61, &)l agsypn (@) (l9ll) de
0
< 19(6.0) - (60}l 1 Elpall v )16s — &1

T [lpwll e /||@ 52,0) — O(61, 0) | acs) do — 0 as & — 6.

Thus p(k) C k.

Step 2: p is weakly sequentially continuous.

Let {¢n}nen be a sequence in k and let ¢,,(d) — ¢(0) in Sy, for each 6 € Q. Fix § € Q. Since
N satisfies assumption (H1), we have R(6, ¢s,) converging weakly uniformly to N(d, ¢s). Hence the
Lebesgue dominated convergence theorem for the Pettis integral implies p¢,,(d) converging weakly
uniformly to p@(d) in I,,. We do it for each 6 € Q, so pd,(§) — pd. Then p : k — k is weakly
sequentially continuous.

Step 3:

Now, let 3 be a subset of k such that 3 = conv(p(3)U0). Obviously, 3(5) C conv(p(3)U0),¥d € Q.
©3(9) C pk(d), 6 € Q, is bounded in . So, p3(d) is weakly relatively compact since a subset of a
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reflexive Banach space is weakly relatively compact if and only if it is bounded in the norm topology.
So,

X(3(6)) < x(conv(p(3)) U 0) < x(93()) = 0.

Thus, 3 is relatively weakly compact. Applying now the Moénch type fixed point theorem [30], we
conclude that p has a fixed point which is a solution of problem (1.1). O

Remark 3.1. In Theorem 3.1, we have presented an existence result of weak solutions for problem
(1.1) in the case when the Banach space S is reflexive.

However, in the nonreflexive case, hypotheses (H1)-(H4) are not sufficient for the application of
the Monch type fixed point theorem [30].

Let us introduce the following conditions:
(C1) For k C S and each § € 9, the set N(d,k) is weakly relatively compact in 3.

(C2) For k C & and each 6 € 9,
X(R(3,k)) < pr(d)x(k).

We then have the following results.

Theorem 3.2. Let S be a Banach space, and assume that assumptions (H1)~(H4), (C1) are satisfied,
then problem (1.1) has at least one solution.

Theorem 3.3. Let S be a Banach space, and assume that assumptions (H1)-(H4), (C2) are satisfied,
then problem (1.1) has at least one solution.

4 An example

Consider the following class of partial integro-differential system:

4
55 20.0) = = 220.0) = 20,0 - [T06 - 0555108 + w2(0.5) ) de
b ———— +arctan (|2 i = 4.1
Het + 1)y ractan (6.9)) it se2 =1} sen, (D
2(6,0) = 2(6,1) =0 for 6 € Q,
z(¥,8) =®(W,p) if ¥ €[-¢,0] and B € (0,1),

Let & be defined by

(52)(6) = 55 2(0.5) + 12(6.9).
and 5
D(R) = {ZELQ(O,l) : z,%zELQ(O,l)7 z(O)zz(l)zO}.

The operator £ is the infinitesimal generator of a Cp-semigroup on L?(0,1) with domain D(£), and
with more appropriate conditions on the operator (- ) = I'( - )&, problem (4.1) has a resolvent operator
(©(8))s>0 on L?(0,1), which is norm continuous.
Now, define
¢(0)(B) = 2(,5),

and N : Q x L?(0,1) — L%(0,1) given by

1

R(6,2)(8) = (e7 + 1)(@

+ arctan (|2(4, ﬂ)|)) for 6 € 9,8 € (0,1).
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Now, for § € Q and y € L?(0,1) and by (H1), (H2), we have

(. 25) | = 508 5)) = (e + 1) (g5 + avetan (126.9)) ) )

< (e +1)(1+ (28 8)) = px(@)p(l12(8, B)])).-

Therefore, assumption (H1) is satisfied with

p(6)=es +1, §€Q and ¥(8)=1+8, Be(0,1).

Now, we will check that condition of (H4) is satisfied. Indeed, we have

Thus

Then Z can be any positive constant.

has

Consequently, all the hypotheses of Theorem 3.1 are satisfied and we conclude that problem (4.1)
at least one solution ¢ € C(9Q, L?(0,1)).
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