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1 Introduction

Fractional differential equations play an important role in describing many phenomena and processes
in various fields of science such as physics, chemistry, control systems, population dynamics, etc.
In 2014, a new fractional derivative, called the conformable fractional derivative, was introduced by
Khalil et al. in [9]. Benkhettou et al. in [4] extended this definition to an arbitrary time scales.
In [11], Sarikaya et al. introduced a new fractional derivative which generalizes the results obtained
in [1] and [9].

Thermistor is a thermo-electric device constructed from a ceramic material whose electrical con-
ductivity depends strongly on the temperature. Thermistors can be found in computers, digital ther-
mostats, airplanes, portable heaters, cars, medical equipment, electrical outlets, chemical industries,
etc. More details about the study of thermistor problems can be found, for example, in [2,8,12-17].

The existence of solutions was obtained by Bendouma et al. in [3] for the nonlocal nabla con-
formable fractional thermistor problem on time scale T:

x(a) (t) _ )\f(f,]}p(t))

v b

(ff(T, xP (1)) VT)

a

forall t € T, and z(b) = ap € R,
2

where X is a fixed positive real, f : T,, x Rt — R% is a continuous function and x(va )(t) denotes the
nabla conformable fractional derivative of = at ¢ of order « € (0,1).

This paper is organized as follows. In Section 2, we present some notations, definitions and results
that are used throughout this paper. In Section 3 (resp. Section 4), we introduce a new fractional
derivative (resp. fractional integral) which generalizes the results obtained in [4,9,11] and study its
properties. In Section 5, as an application, we study the existence of solutions for the conformable
fractional nonlocal thermistor problem on time scales by using Schauder’s fixed point theorem and
the Banach contraction principle.

2 Preliminaries

Let T be a time scale, which is a closed subset of R. For x € T, we define the forward jump operator
o: T — T (resp. backward jump operator p : T — T) by o(z) := inf{ly € T : y > z} (resp.
plx) :==sup{y € T: y < x}). We say that = is right-scattered (resp. left-scattered) if o(x) > =
(resp. if p(x) < x); that x is isolated if it is right-scattered and left-scattered. The graininess function
w: T — [0, 00) is defined by p(z) := o(x)—z. If T has a left-scattered maximum M, then T" = T\{M},
otherwise, T" = T. The backward graininess v : T — [0, 00) is defined by v(z) := z — p(z). If T has a
right-scattered minimum m, then T,, = T\ {m}, otherwise, T, = T. For a,b € T, we define the closed
interval [a,b]r:=={x € T: a <x <b}.
C([a,b]T,R) is the Banach space of all continuous functions from [a, b]r into R with the norm

X = sup{|X(m)\ x € [a7b]1r}.

Definition 2.1 ([5]). The function f : T — R is called rd-continuous provided it is continuous at
right-dense point in T and has a left-sided limits at left-dense points in T. We write f € Cr.4(T,R).

Definition 2.2 ([5]). For f : T — R and = € T, the delta derivative of f at z, denoted by f2(z),
is defined to be the number (provided it exists) with the property that given any e > 0, there is a
neighborhood U of x such that

[F(o(@) = £u) = 12 @) (o (@) = y)| < elo(@) — y| forall yeU.

Definition 2.3 ([4]). Let f: T — R, 2 € T* and « €]0,1]. For > 0, we define f(Aa)(x) to be the
number (provided it exists) with the property that given any e > 0, there is a é-neighborhood V; C T
(i.e,, Vi =]z — §,2 4+ 6[NT) of z, 6 > 0, such that

[[Flo(@) = s)])e' 2 = 1 @) (@) — 91| < elo(a) —y] for all @ € V.
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We call f(Aa)(x) the conformable fractional derivative of f of order a at ¢ and define the conformable

£ (@).

fractional derivative at 0 as fgx) (0) = lim
xz—07+

Definition 2.4 ([9]). Given a function f : [0,00) — R and a real constant a € (0, 1]. The conformable

fractional derivative of f of order « is defined by

£ (@) = lim flz+ exl;“) — f(@)

for all x > 0.
If f(®)(z) exists and is finite, we say that f is a-differentiable at .
If f is a-differentiable in some interval (0,a), a > 0, and 1im+ f@)(2) exists, then the conformable
z—0

fractional derivative of f of order v at = 0 is defined as

Definition 2.5 ([11] (a-Conformable fractional derivative)). Given a function f : [a,b] — R with
0 < a < b. Then the “a-conformable fractional derivative” of f of order a € (0, 1] is defined by

DA(f)(x) = tim L& @ —0) = f(@)

=0 (1l —ax—®)

for all z > a.

Theorem 2.1 (Arzela—Ascoli theorem [10]). A subset F of C([a,b],R™) is relatively compact (i.e., F
is compact) if and only if the following conditions hold:

1. F is uniformly bounded, i.e., there exists M > 0 such that

If(z)]| < M for each x € [a,b] and each f € F.

2. F is equicontinuous, i.e., for every ¢ > 0, there exists 6 > 0 such that for each x1,z2 € [a,b],
|zo — 21| < & implies || f(z2) — f(z1)| < g, for every f € F.

Theorem 2.2 (Schauder’s fixed point theorem [7]). Let C be a convex (not necessarily closed) subset
of a normed linear space E. Then each compact map N : C — C has at least one fized point.

Theorem 2.3 (Banach’s fixed point theorem [7]). Let C' be a non-empty closed subset of a Banach
space E, then any contraction mapping N of C' into itself has a unique fized point.

3 Aéa)—Conformable fractional derivative on time scales

In this section, we start with the definition which is a generalization of the conformable fractional
derivative on time scales and study some of their important properties.

Definition 3.1. Let f : T — R, z € T" and « €]0,1]. For x > a > 0, 2% # a, we define A((la)(f)(x) to
be the number (provided it exists) with the property that given any € > 0, there is a J-neighborhood
V., CT (ie,V, :=]x — 6,z + §[NT) of z, § > 0, such that

| /(@) = F@)] 6alw,a) = AL (M@)o (@) ~ 3] | < elo(z) — yl for all ye Vi,

where

r—a o 1

¢o¢(l‘a a) =

— (¢ — a)(a" — a)

r* —a

We call A% (f)(z) the A -conformable fractional derivative of f of order o at z and define the
ALY _conformable fractional derivative at a as Aga)(f) (a) = lirn+ Afla)(f)(x).
r—ra



On

Generalized Conformable Fractional Calculus on Time Scales 5

Remark 3.1.

(

1. We have ¢o(z,a) = {=2, ¢1(z,a) =1, a(z,0) = '~
2. If @ = 1, we have A (f) = f2 (see Definition 2.2).

3. If a = 0, then A(()a)( f)= f(Aa) is the delta-conformable fractional derivative of f of order «a (see
Definition 2.3).

4. ' T =R and a = 0, then A(()a)(f) = f(®) is the conformable fractional derivative of f of order
« (see Definition 2.4).

5. If T =R, then A&“)( f) = D4(f) is the a-conformable fractional derivative of f of order a (see
Definition 2.5).

We denote:

(i) C%[a,b]T,R) = {f :[a,blr = R, fis the A _conformable fractional derivative

of order av on [a, bt and ALY (f) € C(]a, b]T,R)}.

ii)  C%([a,blr,R) = { f:la,blr = R, fis the A _conformable fractional derivative

of order av on [a, bt and A (f) € Cra(]a, b]qr,]R)}.

The following theorem is an analogue of Theorem 4 in [4] for the A _conformable fractional

differentiable functions.

Theorem 3.1. Let « €]0,1] and T be a time scale. Assume f:T — R and let x € T*. The following
properties hold:

(i

(i) If f is Aga)—conformal fractional differentiable of order o at x > a, then f is continuous at x.

ii) If f is continuous at x and x is right-scattered, then f is Aga)-conformable fractional differentiable
of order a at © with

AW (f)(z) = Y $a(w,a) = palw, a) f2 (). (3.1)

(iii) If x is right-dense, then f is A,(;X)—conformable fractional differentiable of order o at x if and

only if the limit lim % da(T,a) exists as a finite number. In this case,
y—x

AL (f)(@) = pale,a)f'(@). (3-2)

(iv) If f s A,(za)-conformable fractional differentiable of order o at x, then

[

LA (f)(@).

>
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Proof.

(i).

There exists a neighborhood V,, of z such that

(f(o(@) = f(y))alz,a) = AL (f)(@)(o(x) — y)| < elo(z) —y|
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for y € V,. Therefore,

(@) = )] < |(Flo@) = 1) = AL (@) (o) - ) asa(; a) |
+ |(f(e(@) = (@) = AL ) @) (o (@) - o) %(i a)’
AP (@) |(o(@) — y) = (o(2) - 2)| m\

< |(flo(@) = f(v) = AL (@) (o(2) )

] AP N@E -l ||

< (6 + 1A (D@ | 7] < e+ 1A (@),

Since § — 0 as y — x, > 0, and |M| < 1, this implies continuity of f at x.
(ii). By the continuity of f, we have
L o)~ f)
v o(z) -y
Hence, given € > 0 and « €]0, 1], there is a neighborhood V,, of x such that
flo(@)) = fly flo(z)) — f(=
L) 1) (o) 5o
o(x) -y ()
for all y € V,. It follows that

flo(x)) — f(=)

olx) —x

¢a(xva) = (ba(x»a) =

¢a(x,a)‘ <e€

flo(x)) = f(z)
()
for all y € V,.. The desired equality (3.1) follows from Definition 3.1.

| [F(o(@)) = )] dalw,a) - Ga(w,0)(0() — y)| < o)~y

(iii). Assume that f is ALY _conformable fractional differentiable of order o at z and z is right-dense.

Let € > 0 be given. Since f is Aga)—conformable fractional differentiable of order « at x, there is a

neighborhood V, of x such that |[f(o(2)) — f(y)]¢a(x,a) — N (H) (@) (o(z) —y)| < €lo(x) —y| for all
y € V,. Since o(z) = x,
’f(x) —f)
Y

Balw,a) — AL(f) (@) < e

for all y € V., y # x, and we get the desired result (3.2). Now, assume that the limit on the
right-hand side of (3.2) exists and is equal to L, and x is left-dense. Then there exists V,, such that
[(f(x) — f(y))da(z,a) — L(x — y)| < €|x — y| for all y € V,.. Since z is right-dense, we have

|(Fo(@) = f@)da(z.0) = Llo(2) — y)| < elox) yl,

which leads to the conclusion that f is Afla)—conformable fractional differentiable of order o at  and
A (f)(@) = L.
(iv). If z is right-dense, i.e., o(z) = z, then u(z) = 0 and
flo(x) = f(x) = f(x) — (@) AL (f)(@)pa(x, a).
On the other hand, if z is right-scattered, i.e., o(x) > z, then by (iii),

1 flo(z)) - f(z) e il 1 -
¢a($,a> M(x) d)a( ’ ) f( ) .UJ( ) A

The proof is complete. O
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Example 3.1.
(i) If f: T — R is defined by f(z) =cfor all z € T, ¢ € R, then

AL () = A () = 0.
(if) If f: T — R is defined by f(z) =z for all x € T, then

bala,a) if a1,

AL (f)(z) = AN (@) = {1 if a=1.

(iii) Let h > 0and T = hZ := {hk: k € Z}. Then o(z) = z + h and u(x) = h for all z € T. For the
function f: 2z € T — 22 € R, we have

AL () (@) = (22 + h)ga(z, a).
(iv) Let p > 0, fix o € T and f(x) = ep(z, o) for x € T. Then
Afza)<f)(x) = p¢a($v a)ep(xa $O)'

(v) Let ¢ >1and T = ¢"o := {¢" : n € Ny}. For all z € T, we have o(z) = gz and pu(z) = (¢—1)z.
Let f: 2 € T+ log(z) € R. Then

(@) xzox(a):M xazwx_a
AL () = tog() ) = D, (r.0) = 1L L0

forall z € T.

Example 3.2.

(i) The function f : R — R is A _conformable fractional differentiable of order « at the point

x € R if and only if the limit lim %f;(w(ba (z,a) exists as a finite number. In this case,
y—z

A@(f)(z) = tim 1D ZIW 4 o) (3.3)

y—w r—y

If « =1, then Agl)(f) = f2(z) = f'(x). The identity (3.3) corresponds to the a-conformable
derivative introduced in [11].

(ii) Let h > 0. If f : hZ — R, then f is ALY _conformable fractional differentiable of order a at

x € hZ with ot h) — (o)
a x+h)—J(z
AP () = TETNZID ()
If « =1and h =1, then Agl)(f) =Af(x) = f(x+1)— f(z), where A is the backward difference
operator.

The following theorem is an analogue of Theorem 15 in [4] for the A _conformable fractional
differentiable functions.

Theorem 3.2. Assume f,g: T — R are Afla)—conformable fractional differentiable of order .. Then:

(i) the sum f+ g is A((la)—conformable fractional differentiable with

AL (f +9) = A (f) + A (9);

(ii) for any A € R, Af is Aga)—conformable fractional differentiable with

A (Af) = 2AA (f);
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(iii) if f and g are continuous, then the product fg is conformable fractional differentiable with
AL (fg) = A (g + (f o o)A (9) = AL (f)(go o) + FAL (9);
(iv) if f is continuous, then 1/f is Aga)—conformable fractional differentiable with

(a)
()= Jirear

valid at all points x € T* for which f(z)f(o(z)) #0;

(v) if f and g are continuous, then f/g is Aga)-conformable fractional differentiable with

)

(a) (@)
Al (£Y 2 B (flg— fAa"(g)
‘ (9) g(goo)

valid at all points x € T" for which g(x)g(o(x)) # 0.

Proof. Consider that « €]0, 1] and assume that f and g are A((la)—conformable fractional differentiable
at z € T".

(i). Let € > 0. Then there exist the neighborhoods V,, and U, of z for which

| [F(o@) = f@)]balz,a) = AL @)(o(@) — )| < Slo(@) — | forall yev,

N

and

| [9(0(@)) = 9()] ¢a(z, @) = AL (9)(@)(0(@) = y) | < 5 lo(@) —y| for all y € U.

Let W, =V, NU,. Then

‘ [(f +9)(o(@) = (f + 9) ()] ba(w, @) — [AL(f)(2) + AL (9)(@)] (0 () — y) ‘ < elo(x) -y

N

for all y € W,. Thus f + ¢ is A% -conformable differentiable at z and
AL (f+g)(@) = AL ()(x) + AL () ().
(if). Let € > 0. Then
‘ [f(o(2)) = f(v)]balz,a) = AL (f)(@)(0(z) - v) \ < elo(z) —y
for all y in a neighborhood V, of z. It follows that
’ (AN (@(2)) = AN ®)] Pale,a) = AAL () () (o () — y) ] < eAo(z) —y| forall y €V,

Therefore, Af is AY”)-conformable fractional differentiable at  and AY (Af) = AAL(f) holds at .
(iii). If x is right-scattered, then
o _ [flo(x) = (=) g(o(x)) — g(x)
AL (fo)() = [ S gl )| oo (@) + [FEE SIS g a)] £ (2)
= AP (f)(@)g(o(x)) + f(2) AL (g)(x).

If x is right-dense, then

M(ba(m’a) g(x)—l— lim w(ba(xva) f(y)

x—y y—x T —y
= AW (f)(@)g(@) + AL (9)(2) f(x) = A (F)(@)g(o(x)) + AL (9)(2) f ().

AL (fg)(@) = lim |

Yy—x
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The other product rule formula follows by interchanging the role of functions f and g.

(iv). From Example 3.1 (i), we know that A((f‘)(f . %)(CE) = A,(lo‘)(l) = 0. Therefore, by (iii),

AP () @) (o @) + ML) 5 =0,

Since we assume that f(o(z)) # 0, we have

A (l)(x) _ AL (f)(@)

f f@)f(o(z))
(v). We use (ii) and (iv) to obtain
@ (Y= A@ (. D) = #1a@ (1 (2) + A@(£)(2) L
AP ) @ =80 () @) = F@AL () @)+ AP @) s
_ A (H@)g() — f@) AL (9) (@)
9(x)g(o(z)) '
The proof is complete. O

Theorem 3.3 (Chain rule). Let o €]0,1]. Assume g : T — R is continuous and At(f‘)-conformable
fractional differentiable of order o at x € T®, and f : R — R is continuously differentiable. Then
there exists ¢ in the real interval [z, o(z)] with

AL (fog)(x) = f'(9(c) AN (9)(x).
Proof. The proof is done in a similar way as in [4]. O
Next, similar to Definition 30 in [17], we introduce the ALY _conformable fractional derivative on
time scales for vector-valued functions.
Definition 3.2. Assume f : T — R” is a function, f(x) = (fi(z), f2(x),..., fu(x)), € T", and
a €]0,1]. For z > a > 0, 2% # a, we define

AL (@) = (AP (f1)(@), A (f2) (2), - ., ALY (f) (2))

(provided it exists). ASL“)( f)(z) is called the ALY _conformable fractional derivative of f of order « at

z and we define the conformable fractional derivative at a as AL (f)(a) = lim_ A (f)(x).
Tr—ra

We define the A{™-conformable fractional differentiable of f of order @ € (m,m + 1], where m is
some natural number.
Definition 3.3. Let T be a time scale, a € (m, m+1], m € N, and let f be m times delta differentiable
at @ € T,m. We define the AS-conformable fractional differentiable of f of order « as Aﬁﬁ)( ) =
ALT(FAT) (@),

4 Delta (a,)-conformable fractional integral
Now, we introduce the A, ,) conformable fractional integral (or delta (a,)-fractional integral) on
time scales.

Definition 4.1. Let a,b € T with a < b and f : T — R be a regulated function. Then the delta
(ag)-fractional integral of f, 0 < o <1, is defined by

[ 1@ ase = [ 1@)6at0)tae= |

Note that if @ = 1, then [ f(z)A% = [ f(z) Az is the integral given in [6]. If T = R, then
[ flx) Az = [ f(x) Ia:aa Az is the (o;a)-conformable fractional integral given in [11].

x

% —a

fx) Ax.

Tr—a
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Definition 4.2. Assume f : T — R is a function. Let A be a A-measurable subset of T. Then
f is delta («g)-integrable on A if and only if x:_’aa f(z) is integrable on A and [ f(z) A%z =
A

J "L;%a“ f(x) Az. Then for A = [a,z]r, we have
A

a

/ f(y) Aiy=jf(y) A3y=/zy;__af(y) Ay.

la,z]T

Definition 4.3. Suppose f : T — R is a regulated function. Denote the indefinite delta («,, )-fractional
integral of f of order o, o € (0,1], as follows: Fa, ,(z) = [ f(x) A%z. Then for all a;,b; € T, we
define the Cauchy delta (a,)-fractional integral by

by
/ f(2) ASa = Fa . (br) — Fa,.(a1).

ai

Theorem 4.1. Let « € (0,1]. Then for any rd-continuous function f : T — R, there exists a function
FA( . 2 T — R such that A((la)(FAawa)(:r) = f(x) for all x € T*. The function Fa, ,, is said to be a
delta (o, )-antiderivative of f.

Proof. The case a =1 is proved in [5]. Let o € (0,1). Suppose f is rd-continuous. By Theorem 1.16
of [6], f is regulated. Then Fa, () = [ f(z) A%z is ALY _conformable fractional differentiable on
T*. Using Definition 4.1, we obtain

T —a

A((za)(FA(a,a))(z) = (FA(Q,(L)(I))A - f(I), z € T O

¥ —a
Similar to Theorem 31 in [4], we present the following theorem.

Theorem 4.2. Let o € (0,1], 7,b,c € T, A,y € R, and let f, g be two rd-continuous functions. Then:

b

b b
() [ D)+ 9] Ao =& [ 1@ Aty [ glo) g

T

(i) /bf(w) Agz = —/Tf(m) Agt;
T b
(i) /bf(x) Agr = /cf(l’) AZf17+/bf(96) Az

(v) if there exists g : T — R with |f(z)| < g(x) for all x € [a,b] and z* > a, then

b

\ [ 1) 8%

T

b
< [ gta) At
(vi) if f(z) > 0 for all x € [1,b] and z* > a, then

/ F@) A > 0.

T
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Theorem 4.3. If f : T" — R is an rd-continuous function and x € T*, then

o(t) N
x

[ ) 8ty = nta) =

f(=).

—a
Proof. The proof is similar to that of Theorem 32 in [4]. O
Theorem 4.4. Let T be a time scale, a,b € T with a <b. Let f: T — R be a function.

If A,(la)(f)(x) >0 for all x € [a,b]r and ™ > a, then f is an increasing function on [a, b]t.

If A,(la)(f)(x) <0 for all x € [a,b]r and x“ > a, then f is a decreasing function on [a,b]t.

Proof. The proof is similar to that of Theorem 33 in [4]. O

5 An application

In this section, we are concerned with the existence of a solution for the following A,(la)—conformable
fractional nonlocal thermistor problem on time scales:

Af(t,27(t))

A((la)(m)(t) =— for all ¢t € T,
([ f(r.ao(r)) Ar)* (5.1)
x(a) = Zo,

where T is an arbitrary bounded time scale such that 0 < ¢ = minT < b = maxT, Ty = T \ {a},
A,z are the fixed positive reals and f : T® x Rt — R% is a continuous function, = describes the
temperature of the conductor and Afla)(:n)(t) denotes the A')-conformable fractional derivative of f
of order o € (0,1) at t. A solution of problem (5.1) will be a function z € C2%,(T,R) for which (5.1)
is satisfied.

To prove our existence theorems, we need the following auxiliary lemma.

Lemma 5.1. Let a € (0,1). Problem (5.1) is equivalent to the following integral equation:

t

() = 20 + / s —a Af(s,29(s)) As.

s—a b 9
a (ff(T, xU(T))AT)

a

Proof. Suppose that z verifies (5.1). By Definitions 4.1 and 4.3, we have

t

/ (AL (2)(s)) A%s = x(t) — (a)

a

and

[y ags = [ AL g
a a (ff(T,xU(T))AT)z

a

then we get
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So,
t

o) =at [ TOTOD peygyy [oe M) s, g

9 s—a ,°b 2
([ f(r,ae(r)) AT) a ([ f(r.ao(r)) A7)

a a
Our first existence result for (5.1) is based on the Schauder fixed point theorem.

Theorem 5.1. Let f: T" x Ry — R% be a continuous bounded function such that there exist two
constants m, M € R with 0 <m < f(t,x) < M for all (t,x) € (T®,RT). Then problem (5.1) has a
solution x € C%(T,R).

Proof. We transform problem (5.1) into the fixed point problem. Let us define the operator N :
C(T,R) — C(T,R) by

As. (5.2)

From Lemma 5.1, the fixed point of the operator NV is a solution of problem (5.1). We will show
that N satisfies the assumptions of Theorem 2.3.
Step 1: N is continuous.

Let {zy}nen be a sequence of C(T,R) converging to z € C(T,R). In this case, it is clear that

N (@ (1) = N (2(t)]

t

B Ay L R G M
o s—a b 2 b 2
a ([ f(r,zg(r)) A7) ([ f(r,zo(7)) A7)
SA/‘ﬂsm@D f@w%@>+ I N NN

a (ff T, 22 (T T) (ff(T,xg(T)) AT)2 (ff(T,x”(T))AT)2

b b

e o) Fe a7 (s (J f(r.ag () Ar) = ([ f(r.27(r)) A7)’
:A/.ﬂ,n<» f(,(j)_f@m%$)ab s "

a (ff T, 28 (T 7') (ff(T, x2 (1)) AT) (ff(T, x°(T1)) AT)
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b
+2/’f(7',zn(0(7'))) f(T,x(g(T)))]AT> As. (5.3)

Since there is a constant R > 0 such that |z|crr) < R, there exists an index N such that
llznllcrry < R for all n > N. Thus f is uniformly continuous on T* x Sr(0) with Sr(0) = {z €
C(T,R) : |lz|| < R}. Therefore, for the given € > 0, there is § > 0 such that for all z,y € R, where

m*(b— a)e
y—ol << =GE
one has .
|f(s,y) — f(s,2)| < m’(b— a)e for all s € T".

3AM?

By assumption, one can find an index N > N such that ||z, — x| crr) <0 for n > N. In this case,

t

AM? m*(b—a)e m*(b— a)e
||N(wn(t))N(x(t))HSnM/((b“) EYVTERRIE VYV

(b— a)) As

<e.

This proves the continuity of .
Step 2: The set N(C(T,R)) is relatively compact.

Consider a sequence {yntnen of N(C(T,R)) for all n € N. There is z,, € C(T,R) such that
Yn = N(z,,). We have

N () (8)] < |x0|+A/‘3:_—aa‘ MECEAQ) .
a ([ f(r,25()) AT)

< ool + sorgge | H(s.malo(s)] As

AM

< — .
< lol + m?(b—a)

Thus |V (2z,)(#)]| < |zo| + =2M— = K. So, N(C(T,R)) is uniformly bounded.

m?(b—a)
This set is also equicontinuous, since for every t; <ty € T,

N (@) (t2) = N (@) (1)

_ 75“—(1 Af(s,29(s)) AS_/tlso‘—a Af(s,29(s)) As
s—a b 9 s—a b 9
a ([ f(r,zo(7)) A7) a ([ f(r,ao(7)) A7)
_ fsaa M. a7(s)
s—a b 9
i ([ f(r,zo(7)) A7)

IA
3l\D
T" >
2
N—
[V
»—A\S
-
—~
\.CIJ
S
3
&)
—
V)
~—
~—
=
>
wn
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The right-hand side tends to zero as to — t;.

By the Arzela-Ascoli theorem, we conclude that the set N (C(T,R)) is relatively compact in
C(T,R). Hence N is compact. As a consequence, the Schauder fixed-point theorem ensures that the
operator A has a fixed point, which is a solution of problem (5.1). O

The next existence result is based on the Banach fixed point theorem.

Theorem 5.2. Let f : T x Rt — R% be a continuous bounded function such that there exist
m, M € R% with 0 <m < f(t,x) < M for all (t,x) € (T",RT) and

IL >0, |f(t,u) — f(t,v)] < L||lu—wv]| for any u,v € R and t € T".

If n;f\%;ﬁ) > 1, then problem (5.1) has a unique solution x € C%/(T,R).

Proof. We use the Banach fixed point theorem to prove that A defined by (5.2) has a fixed point.
Let z,y € C(T,R) and ¢t € T*. Then from (5.3) we have

N (1) = N (x(1))]

t

< )\/ s — a‘ f(s,y7(9)) B f(s,2°(s)) As
- s—a b 9 b )
“ ([ Sy (@) Ar)" ([ f(r.2o(r)) Ar)

t

f(r,2%(7)) Ar)?

8 —

(J f(ryo (1) A7) = (

8o

< )\/ f(87l:)yo(5)) B f(svxa(j)) _ f(8,330<8>> - . - . As
a ([ f(ryo(1)) AT) ([ fmyo (1) AT)"( [ f(r,2°(7)) AT)
¢ b
< it (0= | eato)) = atooN |42 |alo() - 7. ato(r)]| a7 ) As
2

< oo (L= @)y = + 2L = )y~ 2]) 6 - o).

Thus AL
[V (y(t) = N(a(t))]| < ey - lly — xl|.

Since 0 < 7%\&]\_4;) < 1, NV is a contraction. This implies that problem (5.1) has a unique solution
z € C%(T,R), by the Banach fixed point theorem. O

Example 5.1. Consider the following nonlinear conformable fractional thermistor problem:

. tZt + M
Agg)(x)(t) _ e’+5 ' 24|z (o(t))] , tel=(1,2)r,

2
27 1+|z(o(1))] 2
25(\1[(6"'-&-5 + Traec) A7) (5.4)

qa

z(1) = 0.5.

Here, o = %, a=1,b=2, A= %, flt,x) = etzieréi;,tG [1,2)r and x € Ry. Tt is clear that f is

a continuous function. For t € [1,2]r and z,y € R, we have

oty TV | <k

t - t = —_— =
£t 2) = F(t:y)] 24z 2+y’ ‘4—|—29:—|—2y+xy_4

We can easily see that

IN

-l
(9]
&~
+| ¥
o
IN
[SAUE

M| —
[\
_|_
&
)
_|_
3



On Generalized Conformable Fractional Calculus on Time Scales 15

and 9 9
— < f(t < -.
s . . _1 _ 9 _ 9 mib-a)
Then, all conditions of Theorem 5.2 are satisfied with L =3, m =33, M = ¢, 5537 = 1.76 > 1,

14
1
and we conclude that problem (5.4) has a unique solution z € C?,([1, 2|1, Ry).
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