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Abstract. This research aims to give a recent result for the existence of limit cycles that can be
bifurcated from the origin of coordinates in a certain class of generalized perturbed Kukles systems
using averaging theory.
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1 Introduction

This work is related to the Kukles polynomial differential system [6]

:t:_yv y:P(LC,y),

where the polynomial P has degree n. Note that the system coincides with the classical Kukles system
introduced by Kukles [7] who studied a linear center with cubic non-homogeneous nonlinearities.
J. Giné in [6] provided the conditions that are necessary and sufficient to prove the existence of
linear centers in two different homogeneous systems nonlinearity, the first is a homogeneous quartic
nonlinearity, and the other is a homogeneous quintic of nonlinearity. In [13], A. P. Sadovskii solved
the problem of center-focus for the given system

& =—y, §=x+ay+ar’+ary+azy’ + asx’ + a5ty + agry’ + ary’,

where a; are real coefficients for each i = 0,...,7 with asa7 # 0, and demonstrated that the system
can have up to seven limit cycles. Many authors have considered this conjecture, see, e.g. [5,9,12,
16]. Recently, the problem that persists in controlling the existence of limit cycles of some type of
differential systems has a great importance. We call a limit cycle every isolated periodic solution in
periodic solutions of differential system. To prove the existence of limit cycles various methods were
used to obtain a maximum number of limit cycles that can be bifurcated from the periodic orbits of
a linear center. These methods include the Poincaré return map, the inverse integrating factor, and
the averaging theory. In [2], A. Belfar and R. Benterki used the averaging theory up to sixth order
to search the existence of limit cycles that can be bifurcated from the origin of coordinates for the
following perturbed Kukles system

6
. S 3 ]
T=—-y+>» ¢€° E agj)xzyj,
1 0<itj<8

s=

6
y:x+ax8+bx4y4+cy8+258 Z Bg;)x'yj,
s=1 0<i+j<8

where 4,5 € N.
In [11], by applying the averaging theory, the authors found a result for the maximum number of
limit cycles for the given class of generalized perturbed Kukles system

& =—y+I(z),
y=a— f(z) - gla)y — h(z)y* - doy?,
where
(z) = el (x) + 2P (x), f(z) =ef'(x) +2f*(2), g(z)=eg'(x)+°g*(x),
h(z) = eh'(x) + 2h?(x), do = edj(x) + 2d3(z),

and [¥(x), f*(z), g"(x) and h¥(x) have degree m, ny, ny and ns, respectively, d& = 0 is a real number
for every k = 1,2, and ¢ is a small parameter.

In [3], A. Boulfoul, N. Mellahi and A. Makhlouf found new bounded limit cycles that can be
bifurcated from the periodic orbits for the following class of perturbed kukles system:

T = —y,
{:i/ =z — f(z) — g(x)y — h(z)y® — l(x)y’,

where

f@)=cfi(x)+e%fa(z), g(x)=cgi(x)+e%ga(x), h(x)=chi(x)+e’ho(x), (x)=cly(x)+e3ls(x)
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have degree ni, no, ng and ny, respectively, and ¢ is a small parameter.
In [10], the authors applied the averaging theory to research the number of limit cycles for the
following class of generalized perturbed Kukles system:

T =y,
{z) =~z — filz,y) = fo(z, )y — 91(z,y)y* — g2(z, 9)y*,

where

filz,y) =efii(z,y) + 2 fia(z,y),  folz,y) = efar(z,y) + 2 far(z,y),
g1(2,y) = egui(z,y) + 2g12(2,y),  g2(2,y) = €921 (2, y) + 2922 (7, y)

have degree ni, na, ng and nyg, respectively, and ¢ is a small parameter.

The principal objective of our research is to give a recent result about the maximum number of

limit cycles that can be bifurcated from the periodic orbits of © = —y, ¥ = x via the averaging theory

for the following class of generalized perturbed Kukles system:
{i‘ = —y+ L(z,y) + P(z,y)y,

J =2 — Fla,y) - Gla,y)y — H(zy)y* — Qo gy, (L

where
L(z,y) = eLi(x,y) + €2 La(z,y), P(x,y) = ePy(x,y) + 2 Pa(x,y),
F(z,y) = eFi(z,y) + 2 Fa(z,y), G(z,y) =eGi(z,y) +2Ga(x,y),
H(z,y) = eHi(z,y) + 2 Ha(z,y), Qz,y) = eQi(z,y) +£°Q2(z,y),

and L;, P, F;, G;, H; and Q; have degree m1, ma, n1, ne, ng and ny, respectively, for every ¢ = 1,2,
and ¢ is a small parameter.
The following theorems show our main result.

Theorem 1.1. The mazxzimum number of limit cycles bifurcating from the periodic orbits of linear
center & = —y, y = x, obtained by applying the averaging method of the first order and by perturbations
within the family of generalized perturbed Kukles system (1.1), is

e 22712, [0, 2], (2. (22

Theorem 1.2. The mazimum number of limit cycles bifurcating from the periodic orbits of linear cen-
ter & = —y, y = x, obtained by applying the averaging method of the second order and by perturbations
within the family of generalized perturbed Kukles system (1.1), is

s { [E(ml) + E(n)

:|7O(n4)+3a7]1+15n2+27773+3}5

2
where
= e[ 2=, [ 1] [260] i,y -1,
E(m1) 4+ O(n2) — 17 [E(m1) + E(ns)1 1E(n1) +0(ng) — 1
o e el U
O(mo E(ny)—1 O(mo E(mq)—1
{ ( )+2( ) H ( )+2( ) }}
772:max{[0(n3)_1} [E(M} [E(mz>—2} [E(n1)+E(n3)—2}
2 ’ 2 ’ 2 ’ 2 ’
{E(nl) +20(n4) - 1}70(712) 1 {O(ng) —|—2E(n3) - 1}7 [E(ml) +20(n4) - 1},
{O(mg) +2O(n2) —2}7 [O(m2)+2E(n3) - 1},O(m2) B 1}7
1o = e { [ Q000 2] ) [Bl)+ O =1 [Oa) O =21,
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here E(i) represents the biggest even integer that < i, O(i) represents the biggest odd integer that < i.

The proof of Theorem 1.1 is given in Section 3. The proof of Theorem 1.2 is given in Section 4.
The averaging theory is the main tool used to prove the results of Theorem 1.1 and Theorem 1.2.
This will be discussed in section 2.

2 The averaging theory of first and second order

In this section, we summarize the first and second order averaging theory developed in [4] and [8] in
the following theorem.

Theorem 2.1. Let the differential system
2 (t) = efi(t,x) + 2 folt, ) + %r(t, x,€) (2.1)

be given, where f1, fo :RxD — R", r: Rx D x (—¢f,e5) = R™ are continuous functions, T-periodic
in the first variable, and D is an open subset of R™. Suppose that the following hypotheses hold:

(i) fi(t,) € CY(D) for all t € R, fo, R, D,Fy are locally Lipschitz with respect to x, and R is
differentiable with respect to . Define frno: D — R™ for h=1,2 as

T
1
fio(2) = = [ fi(s,z)ds,
r/
T

1

fue) = 7 [ [Dafr(s2) wa(5.2) + fols.2)] ds.

0

with

S

yl(s7z)=/f1(t,z)dt,

0

(ii) For an open and bounded set V. C D and for every e € (—ey,e5) \ {0}, there exists a. € V' such
that
fio(az) +efao(az) =0 and dp(fio +¢efo,V,a:) # 0.

Then for sufficiently small || > 0 there exists a T-periodic solution ¢(-,&) of system (2.1) such that
©(0,¢) = a..

The expression dg(fi0+¢f20,V, a:) # 0 means that the Brouwer degree of the function f1g+¢foo :
V — R™ at the fixed point a. is not zero. A sufficient condition for the inequality to be true is that
the Jacobian of the function fi19 + € fo0 at a. is not zero.

If f10 is not identically zero, then the roots of f1o+¢ fo0 are mainly the roots of f1( for ¢ sufficiently
small. In this case, the previous result provides the first order averaging theory.

If fio is identically zero and fog is not identically zero, then the roots of fip + €fo0 are mainly
the roots of fyy for € sufficiently small. In this case, the previous result provides the second order
averaging theory.

More information on the averaging theory can be found in [14] and [15].

3 Proof of Theorem 1.1

To prove the result of Theorem 1.1, we apply the first order averaging theory presented in Section 2.
After we consider system (1.1) and take the following functions

ni mi ma
Fi(z,y)= Y agaz'y’, Li(z,y)= Y bijaz'y’, Pizy)= Y pijaz'y,
i+5=0 i+j=0 i+5=0
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G(iL’y Zczglxya Hlxy delxyv ley Zeljlxy

i+j=0 i+j=0 i+j=0

Changing to polar coordinates x = 7 cos(¢), y = 7sin(¢) and r > 0, we find the system for (7, b).
Taking ¢ as a new independent variable, we get the differential equation for 7/¢. Therefore, system
(1.1) becomes

dr

% = Efl(r7 (b) + 0(52)a (31)

where

mi
fl (T', ¢) _ Z bij,lri+j Cosi+1 SIH] Z Dij 1T2+]+1 i+1(¢) Sinj+1(¢)

i+75=0 i+5=0
ni n2
- Z aij 17 cos’(¢) sin? T () — Z cijar T cos’ (@) sin? T2 (¢)
i+5=0 i+5=0
n3
— Z dij1r 12 cos’(¢) sin? T3 (o Z eijar T3 cos(¢) sind ().
i+j=0 i+j=0

Applying the first order averaging theory, we calculate

2m
fo=5- [ hré)as
0

Then, using the formulas

2

cos () sind () do = {71'0[7] ?f i=2+1, j=2e (e€N),
0 if not,
27T . . .
/Cosi(cf’) in? T1(¢) dp = i Tf i=2 j=2+1 (),
0 if not,
0
7 if i =2, j=2 N
/cosi(gzﬁ) sin?*2(¢) dp = i 1 i=2e j=2 (ech)
0 if not,
(32)
, Lo ifi=12, j=2e+1 N),
cosi(6) sin () dos — TG 1 i=2e j=2e+1 (e€N)
0 if not,
0
7 if i =2, j=2 N
[eost@smii(ya = 700 120 =R (€
O if not,
0
2w . X
[ cosi®1(6) w19 s = {”5“ Pl gm el (e
if not,

0

where o, Bij, Vij, Sij, 0ij, and &;; are constants different from zero, we find

[ [722]
,
fio(r) = 2{ Z b(ait1)(2j)1 im0 + Z P(ait1)@2j41)1 6y T2
i+75=0 i+75=0

(5]

[22]
2
- Z A(2i)(254+1) lﬁlj (49 _ Z C(24)(25),17Vi5 T 2i+)

i+7=0
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(23] o (5]
Y deneinasir? I = Y 7 ey 02T
i+j=0 i+j=
To have the maximum number of positive real zeros, we calculate f19(r) =0 <= r =0, or
[7n1 1] 7n22 2 [n12—1]
Z b2y (25+1),100;5T r20+) 4 Z P(2i+1) 2J+1),1§ij7"2(i+j)+2— Z a(2i)(2j+1),16ijr2(i+j)
i+j=0 i+j=0 i+5=0
2] I . 5] o
_ Z C(Qi)@j))l%jTZ(z-H) _ Z d(%)(2j+1),1§ijr2(1+J)+2 _ Z 6(21-)(23-),152*]‘7‘2(”3)” =0.
i+5=0 i+j=0 i+5=0

Since we know that » must be a positive real number different from 0, we should look for the number
of positive real zeros. So, we put

(=51 (22=2] (=]
Z b (20)(2j+1),1%X457 2i+9) + Z P(2i+1)(25+1), 1§z] 2i+a)+ Z (24)(25+1), 1[‘31] 2(e+5)
i+5=0 i+j=0 i+4=0
2] (2371 (2] N
B Z €(2)(29), 175" 2 Z d(2i)(2j+1),15i57 2l Z 6(21')(2]‘),151]‘7"2(”]”2 =0
i+j=0 i4+5=0 i+5=0

= b01,1a00+(b21710410+b03710401)7“2+(b05,1a02+b41,1a20+b23,1a11)r4+ T +b(2i)(2j+1)¢1aijrml_1
+ p11.1&oor” + (131801 + p31.a&10)7" + - + Pit) 2j4+1)1657™
B (a01,1500+(a03,1501 +a21,1810)r° + (a05,1 Boz +aa1,1 P20 +azs 1 B11)r' + - - +a(2i)(2j+1)vlﬁ“rmil)
B (000,1’700 + (02,1701 + €20,1710)7° + (Coa,1702 + €40,1720 + C22,1711)r" + -+ + 0(21.)(2]-)717“7“"2)
B (doLKoo?“2 + (dos, 1501 + da1,1610)7* + -+ + d(2iy2j41) 1557 3+1>
B (%0,15007"2 + (e02,1001 + €20,1010)7" + e(2i)(2j)71‘sijrn4+2) =0

The coefficients of each polynomial are related to the coefficients of the polynomial system (1.1)
and the value of the integrals (3.2), which are already known. We can choose the coefficients of the
polynomials of system (1.1) in such a way that the equation f1o(r) = 0 may have at most

w{ [ L[] (ML B ) 5]

positive real zeros. Thus, the proof of Theorem 1.1 is complete.

4 Proof of Theorem 1.2

In the proof of Theorem (1.2), we apply the second order averaging theory to system (1.1). So, if we
take Lq(z,y), Pi(z,y), Fi(x,y), G1(z,y), H1(z,y) and Q1(z,y) presented in Section 3 and

ni mi
z,y) = Z aij2x'y’,  Lo(z,y) = Z bqﬂ&h Py(z,y) = Z pleva
i+j*0 ’L+j 0 ’L+] 0
G (.’1? y Z Cij, 235 y ) H2 x y Z dz]ﬂm y ) Q2 x y Z €ij, 2$ y )
i+7=0 i+7=0 i+7=0

then we rewrite system (1.1) in polar coordinates (r,¢), 7 > 0, and find the differential system for
(7, ¢). After that, we take ¢ as a new independent variable and obtain

dr

s =cfi(r, @) + % fa(r, ¢) + O(e?), (4.1)
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where
fl (7”7 ¢) - Aa
1
fQ(’I“, ¢) =B+ T?AC’
and
mi o
A= 3" bygar™ cos (@) sind (6) + S pisari T cosit(9) sini T ()
=0 i+j=0
ni 1o
= > agar s (@)sind (@) = Y eyt cos’(9) sind P (9)
=0 i+3=0
n3 s
_ Z dij,1r2+j+2 cosl((ﬁ) sin3+3(¢)) _ Z eijyl,rl+j+3 COS’((ﬁ) Sin]+4(¢),
+i=0 i+5=0
mi o
B= Y bijorcos™(¢)sind (¢) + Y pijar' T cos' (¢) sin/ T (¢)
i+i=0 it 4=0
ni o
= D agart™ cos’(@)sind (@) = D7 cijarH cos’(6) sind ¥ (9)
i+5=0 Rt
n3 s
= Y digar™ T eos' (9)sin? P (9) = Y eqpar ™ cos’(9) sin (9),
=0 i+5=0
ni -
C= > ayar ™ eos (@) sind (6) + 3 cyyar™TH cos ™ (0) sin ()
i+j=0 el
n3 s
£ 3 digar T cos (@) sin T (9) + Y syt cos' () sind T (9)
i+5=0 Pt
mi o
+ ) biar ™t cos'(¢) sin/ (@) + Y pijart T cos’(¢) sind 2 (g),
=0 i+5=0

To use the second order averaging method, we must first cancel the first order averaged equation
f1o(r) introduced in Section 3. So, for e € N, we put

bijn =0 for i=2e+1, j=2e, where i+j=1,...,0(mq),
piji1 =0 for i=2e+1, j=2e+1, where i+j=2,...,E(my),
a;ji =0 for i =2, j=2e+1, where i+j=1,...,0(n),
cijn =0 for i =2e, j=2e, where i+j=0,...,E(ng),

dijn =0 for i =2e, j=2e+1, where i+j=1,...,0(n3),
eiji =0 for i=2e, j=2e, where i+j=0,...,E(na).

We calculate the averaging function of the second order as follows:

1

2m ¢
() = 5= [ |5 5:00) [ firoyat + alrn) do.
0 0

First, we determine the corresponding function

d mi ' . e . o
ar fi(r,¢) = Z (i 4+ J)bijar =1 cos +1(¢) sin’ (¢)
i+j=0
i even or j odd
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m2
+ Z (i+37+ )pijart cos™ () sinf ()
- i4y=0
7 even or j even
ni
- Z (i + §)aijar' ™~  cos'(¢) sin? t1(9)
i+5=0
i odd or j even
na
- Z (i +j + 1)cijar™ cos’(¢) sin! 2(¢)
i+tji=1
4 odd or 5 odd
ns
— S (4 + 2)digar I cost () sind T (g)
i+5=0
i odd or j even
ny
— Z (i+75+ 3)eij71ri+j+2 cosi((ﬁ) sinj+4(¢),
i+i=1
i odd or j odd

and

¢
/Fl (’I“, t) dt = b00,1 sin((b) =+ b02)1’l“2 (04102 sin(¢) “+ Qiog2 sin(3¢)) =+ .-
0

2

+ bnm’lr"*‘m (alnm sin(¢) + aopm sin(3¢) + - -+ + Qntm 4 o) nm sin((n +m + 1)(]5))
+ bo1,17 (101 + 201 cos(2¢)) + - - -
+ by a7t (am + Q200 €08(20) + - + Qntyir g, cOS((n + 0+ 1)¢)>
+ b1117r? (111 4 @211 cos(@) + azy cos(3)) + -
+ byp T (Oquv + Qoup COS(P) + azyp COS(3P) + -+ + 0‘(%%)%)
+ 00,1 (B100 + B0 cos(¢)) + ao2,17* (Broz2 + B202 cos(d) + Bzoz cos(3)) + - - -
+ Q" (ﬂmm + Banm €08(9) + Banm co8(3¢) + - -+ + Bratm L5y, cOS((n+m + 1)¢))

+ a10,17(B110 + B210 co8(20)) + - -

+ Gy g™ (&um + Boum €08(20) + -+ + Butmit 4 1), coS((u+m+ 1)¢)>

2

+ a11,17% (B11 8in(@) + Bai1 sin(3¢)) + - -
+ Ay (511“; sin(@) + Bauv SINBP) + -+ 4 Brato 41y, sin((u+ v + 1)¢))
+ o177 (V101 + Y201 €0S(¢) + Y301 cos(39)) + - - -
+ Cpy PO (’ymv + Vano €0S(9) + -+ + Y(ntptr gy, cO8((n + 0 + 2)¢))
+ 10,17 (Y110 SIn(B) + Y210 8In(30)) + - - -
+ Cypm T (%um SIn () + Y2um SIN(3P) + - -+ + Y(urmar 4y, SIN((u+m + 2)¢))
+e1ar? (7111 + 7211 €0S(20) + Y311 COS(49)) + - -
+ Cup Ut (wuv + Y2uv €08(20) + Y3um COS(4Y) 4+ + + Y(tu gy, c0S((u v + 2)¢))
+ doo,17° (6100 + 0200 cO8(¢) + d300 cO8(38)) + - - -
F 7T (51nm + G10m €08(9) + O COS(39) + -+ (nim g, cOS((n A+ + 3)¢)>
+ dy0,17% (8110 + 0210 c0S(20) + F310 COS(46)) + - - -
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4 dyy 02 (51um + G2um 08(20) + S3um cos(4d) + - - - + O(utmea | oy, COS((U +m + 3)¢))
+ d11717’4 (5111 sin(¢) + d211 8in(3¢) + 311 sin(5¢)) + -
+ der“J”H'2 (51,“, sin(¢) + daup Sin(3¢) + - - - + (5(%”)% sin((u +v + 3)¢))
+ eo1,17* (G101 + 201 €08(¢) + G301 €08(38) + Sa01 cos(5¢)) + - - -
T (S + G2y COS(30) - St g, cOS((n+ 0+ 4)9))
+ e10,17* (S110 8in(0)s210 8In(39) + 310 5in(5¢)) + - -+
+ eyt (qum Sin(@) + S2um SIN(30) + -+ + Grutmer o sin((u +m + 4)(25))

2

+ e11,17° (s111 + S211 €08(20) + 5311 cos(49)) + - - -
+ eyt (chw + S2uw €08(20) + S3uy cOS(49) + - + <(uT+v+3)w)
+ po0,17(A100 + A200 €08(20)) + - -
+pnm,1r"+m+1 (Alnm + Aopm cos(20) + -+ + /\(#H)nm cos((n +m + 2)(]5)) + -
+ po117? (A1o1 sin(e) + Ago1 sin(3¢)) + - - -

+ Prpar ot (Am S0 () + Az SI0(36) + Agny SIN(50) + - + Amiyrn ), sin((n+ v+ 2)¢))

+ p10,17° (A110 + A210 cos(@) + Az10 cos(3¢)) + - -
4 P it (Mum + Agum €08(8) + Agum €08(39) + - + Ajutmen o)., cOs((u + m + 2)(;5)),

where n and m are the biggest even positive integers, © and v are the biggest odd positive integers
such that

e n + m smaller than or equal to my, mo, n; and ng,
e n + v smaller than or equal to my, ma, no and ny,
e 1 + v smaller than or equal to my, ny, no, n3z and ny,

e u + m smaller than or equal to mo, n1, na, ng and ny,

¢
and &4, Bijds Vijd, 0ijd, Sijd and Asjq are the real constants shown during the calculation of f fi(r,t)dt
0

for all 4, j and d.
Secondly, we have

Par,d) = 3 bigar™ cos UGS () + 3 pigarH cosH (6)sin ()

i+5=0 i+7=0
ni na
— Z aijor' cos' (@) sin? T (¢) — Z cijor' Tt cos’(¢) sin? T2 ()
i+5=0 i+35=0
ns3 Mg
— Z dij o' TIT2 cos’ (@) sin? T3 (¢) — Z eij2r T2 cos' (@) sind T ()
i+5=0 i+5=0
ma ma
+ Z Z bi1j1 1bi2j2 17,i1+j1+i2+j2*1 Cosi1+i2+1(¢) sinj1+j2+1(¢)
i1+51=0 i2+j2=0
i1 even or j; odd iz even or jo odd
ma mo
2 Do biagy i T cosh L (g) sind H2 2 ()
i1+51=0 i2+j2=0

i1 even or j1 odd iz even or jz even
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maq ni
E § biljl71ai2j271r11+J1+l2+J2*1 COS7'1+22+2 (¢) gipd1ti2 ((b)
i1+71=0 i2+72=0
even or j; odd iz odd or j2 even
ma no
§ § bi1j1,1Ci2j2,17"21+h+12+j2 COS%1+12+2(¢) Sin]1+]2+1(¢)
i1+71=0 i2+j2=0
even or j; odd iz odd or j2 odd
mi ng
§ E biljl,1dz‘2j2,17”“+j1+12+]2+1 cogt1ti2+2 (¢) Sin31+32+2(¢)
i1+71=0 i2+j2=0
even or j; oddizodd or jo even
ma ng
E E biljl,leizjg,lrll +J1+i2+j2+2 cos™t +iz+2 (¢) ginJt +]2+3(¢)
i1+751=0 12+72=0
even or j; odd iz odd or j2 odd
mso ma
§ § pi1j1,lpi2j2,1T21+]1+12+J2+1 COSZ1+12+1(¢) sinh+]2+3(¢)
i1+71=0 i2+7j2=0
even or ji evenig even or jz even
mao ma
E E pi1j1,1bi2j2,1r“+h+l2+]2 Coszl+12+1(¢) Sin]1+]2+2(¢)
i1+71=0 i2+72=0
even or jj evenig even or jz odd
mo ni
E E i1+j1+i2+7 i1+i2+2 s Jitge+1
piljl,lai2j2,17" 1TJ1Te27I2 oghl T2 (¢) sintTI2 ((;5)
i1+71=0 i2+7J2=0
even or ji even iz odd or js even
ma no
E E Pirj1.1Cis; 1,ri1+j1+i2+j2+1 Cosi1+i2+2(¢) sinj1+j2+2(¢)
1J1,1%272,
i1+71=0 i2+72=0
even or ji evenis odd or js odd
ma ns
E § Pirj 1d; ; 1,,,i1+j1+i2+j2+2 COSi1+i2+2(¢) Sinj1+j2+3(d))
1J1, 272,
i1+71=0 i2+j2=0
even or j; even iy odd or js even
ma ng
E E Diyjr 1€inj 1Ti1+j1+i2+j2+3 Cosi1+i2+2(¢) Sinj1+j2+4(¢)
1J1,1%2272,
i1+71=0 i2+72=0
even or ji evenis odd or js odd
ni ny
E E Qiyjr 1Ginj l,r,i1+j1+i2+j2—1 Cosil+i2+1(¢) Sinj1+j2+1(¢)
1J1, 272,
i1+71=0 i2+72=0
odd or j; eveniz odd or jz even
ni na
§ § a’iljl,1Ci2j2,lrl1+Jl+Z2+j2 C0821+12+1(¢) gipJ1tiz+2 (¢)
i1+71=0 i2+72=0
odd or j; even iz odd or jo odd
ni ns
E E iy j 1d; j 17“i1+j1+i2+j2+1 COSi1+i2+1(¢)) Sinj1+j2+3(¢)
1J1, 272
i1+71=0 i2+j2=0
odd or j; eveniz odd or jz even
ny ng
§ § iy jr 1€in; 1ri1+j1+i2+j2+2 Cosi1+i2+1(¢) Sil’lj1+j2+4(¢)
1J1,1%2272,
i1+71=0 i2+72=0
odd or j; evenis odd or j2 odd
ni ma
> > iy 1 1biggp a7 T TR ool 2 () gind1HI2 2 ()
i1+71=0 i2+j2=0

odd or j; even iz

even or js odd
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ni mo
i1+j1+i2+7 i1+ s J1+j2+3
> > @iy 1 Pingo 172 COSMTE (@) sind TR (9)
i1+71=0 i2+72=0
i1 odd or j; evenis even or jo even
no ni
E g Ciyja 1 Qinjy 17 TV TE2HI2 coghiti2 L (@) gind1Hiat2 ()
i1+j1=0 i2+j2=0
i1 odd or j; odd iz odd or j3 even
no na
E § Ciljl,1Ci2j2,17"“+j1+12+j2+1 C0811+12+1(¢) gipJ1tiz+3 (¢)
i1+71=0 i2+j2=0
i1 odd or j; odd iz odd or jo odd
n2 n3
] i ! jo+2 3 ] 1 7 jo+4
§ § Ci1j1,1di2j2,17’“+]1+12+J2+ Cosll+l2+ (d)) Slng1+32+ (¢)
i1+j1=0 i3+j2=0
i1 odd or j; oddizodd or j3 even
no N4
§ E Ciljl,leigjg,lrll +i1t+iz2+j2+3 costt +iz2+1 ((b) sindt +J2+5 (¢)
i1+71=0 i2+7j2=0
i1 odd or j; odd ¢z odd or j2 odd
no ma
) > Ciyjo 1 bigjp 171 HIIT2HI2 cogl1 2 () gind1HT2H3 ()
i1+751=0 iz+72=0
i1 odd or j; odd iz even or js odd
no mo
§ § Ciljl,lpizjg,lr“ +i1t+iz+j2+1 cogiitiz ((b) sinJt +]2+4(¢)
i1+71=0 i2+j2=0
i1 odd or j; odd iz even or jz even
ns ni
E E diljl,1ai2j2,17’“+]1+22+h+1 COSZ1+12+1(¢) Sin]1+]2+3 (¢)
i1+71=0 i2+j2=0
i1 odd or ji even iz odd or j2 even
ns no
E E di1j1 ,10i2j2,17““ +j1tiz+j2+2 cos't +iz+1 ((b) sint +32+4(¢)
i1+71=0 i2+7j2=0
i10dd or j; evenig odd or js odd
ns ns
§ E diljlvldi2j2wlrll+]1+l2+]2+3 COS7'1+22+1(¢)) Sinj1+j2+5(¢)
i1+71=0 ia+72=0
i1 odd or j; even iz odd or j2 even
ns n4g
§ § : diljl)lei2j271r11+J1+22+J2+4 COS“+12+1(¢) Sin]1+]2+6 (¢)
i1+71=0 i2+j2=0
i1 odd or j; evenis odd or js odd
ns mi
E § diljl’leiw_%lrn +iitiatia+l (oqiitia (¢) sindt +J2+4(¢)
i1+71=0 i2+72=0
41 odd or j; even iz odd or j2 odd
ns ma2
i1+j1+ia+j2+2 L1+ inJ1t+i2+5
> > iyjy 1Pingp 17T cOSMTE (@) sindt T2 ()
i1+71=0 i2+j2=0
i1 odd or j; even iz even or jz even
g ni
§ § eiljl,laizjg,lrn +j1t+i2+j2+2 costt +iz+1 (¢) sinJt +]2+4(¢)
i1+71=0 i2+j2=0
i1 odd or j; odd iz odd or j2 even
ng na
§ E €i1j1,10i2j2,17““ +j1t+i2+j2+3 COSM+12+1 (¢) Sinj1+g2+5 (d’)
i1+j1=0 i2+j2=0

i1 odd or j; odd iz odd or jo odd

[y
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n n
_ 24 ZS eiljl,1di2j2,1ril+jl+i2+j2+4 Cosi1+i2+1(¢) Sinj1+j2+6(¢)
i1+71=0 ia+72=0
i1 odd or j; odd iz odd or jo even
ng ng
- Z Z Cirj Ciggy 1 TR HI2ED oghitiatl () gin 1+ +7 ()
i1+71=0 i2+j2=0
41 odd or jiodd iz odd or j3 odd
T4 my
_ Z Z €i1j1,1bi2j2,17"i1 Fiitiztia+2 i tia (d)) gipJ1tiz+5 (¢)
i1+71=0 i2+72=0
41 odd or j; odd iz even or jz odd
ng ma
_ Z Z Cira ,1pi2j2,17‘i1 +j1+iz2+72+3 COSil +i2 (¢) Sinjl +j2+6(¢).
i1+71=0 i2+72=0

i1 odd or j; odd iz even or j2 even

Using the integrals from Appendix, we have
1
fao(r) = 5 [U1(r?) + 1202(%) + 1 Us(r) + 19U (r2) 4+ r°Us (1) | =0,
where:

E(m1)+E(n1)]
2

— The polynomial Uy (r?) in r? has at most | positive real solutions.

— The polynomial Us(7?) in r? has at most

71 = max { [O<m;) — 1}, {O(nl) - 1}, {E(HQ)}E(TM) —1,E(n) -1,

2 2
[E(ml) + O(ng) — 1] [E(ml) + E(’I’L3)} {E(nl) + O(ng) — 1]
2 ’ 2 ’ 2 ’
O(ma E(ny)—1 O(ma E(my)—1
[ ( )+2( ) H ( )+2( ) ]}

positive real solutions.

— The polynomial Us(r?) in 72 has at most

n2 = max{[o<n32> - 1}7 [E(;M)], [E(m;) - 2}7 [E(m) + 125(713) - 2}7

[E(m) + 2O(n4) — 1}70(%) L {O(nz) + f(ng) - 1]7 [E(ml) +20(n4) — 1]’

{O(mz) +2O(”2) - 2}’ [O(mQ) +2E(n3) _ 1},O(m2) - 1},

positive real solutions.

— The polynomial Uy(r?) in 72 has at most

73 = max { [O(HQ) +O(nyg) — 2

| Bmg) -1, |

2 2 2

E(n3) + O0(na) — 1] {O(mz) +0(n4) — 2] }
positive real solutions.
— The polynomial Us(r?) in 72 has at most O(ny) — 1 positive real solutions.

Thus, based on the second order averaging theory, it follows that system (1.1) has at most

ax { [E(ml) + E(ny)

5 },O(n4)+3,771—1-1,772—1-2,7]34—3}

limit cycles.
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5 Applications
We will give some examples. Consider the following application which corresponds to Theorem 1.1.

Example 5.1. Let
i=—y+e((1-4z)+ (322 +y)y),
| 122 0 ) 1 (2 2B )
= — e 2_
y=u 6(<y+ 5 )Tt )Y o1
7 1 1 1
2 3),2 2 4 4 3
7 _(i_1 5
Hot =2 ) - (G5 ¥+ g @+ O )

where m; = 1, mg = 2, ny = 6, ny = 4, ng = 3 and ny = 5. Applying the first order averaging
method, we get

1, 38593 3 4 7
10l = 5570616 "~ Gozoesse | 16" 2"V
fio(r) = 0 has exactly three positive real zeros r; = 4.452069702, ro = 20.41113566 and r3 =

37.28347607, which satisfy

d d,
fro(r) _ 6.571902010 £ 0, 210(r) = —98.13332340 # 0,
dr r=ry dr r=r2
d
drolr) | _ 1130.606273 £ 0.
dT r=r3

Then system (5.1) has exactly three limit cycles bifurcating from the periodic orbits of the linear
differential system with € = 0 (see Figure 1).

-104

204

=304

—404

Ed mam et ta T e e e et e 8 F R

240 30 -20 -10 ©0 10 20 30
.

Figure 1: Three limit cycles for e = 10712,

Now, we consider the application which corresponds to Theorem 1.2.
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Example 5.2. Let

1 1 1 1
a‘::fy—e(§+3y+(§*ﬁw2)y) +€2(6+2y*$+ <3$2)y)a

@xﬁ-%x —F(1 —x) +(34 ) +(3 —i) 5.2
a5 T TN Y TV )Y Ty )Y T g5 T 95 Y)Y (5.2)

i (77+515y y+(66+35254 e )y+(6_xy)y+<87+y+2x> )

y:

where m1 =1, my =2, n; =2, no =4, ng =3 and ny = 1. We have f19 = 0.

To find the limit cycles, we will solve the given second order averaged equation

63 ., 239 5 2245189 ,; 61

F20(r) = 55000 " " 200"t TiaRaoo " 66"

f20(r) has the following positive real roots: 7 = 0.6961775281, ro = 4.865327484 and r3 =
10.11429439 which satisfy

d d
P0(r) | gonososa0 20, P20 6797031002 20,
dr lr=r dr lr=r,

dfao(r)

dr r=rs

= 1289.837920 # 0.

So, system (5.2) has exactly three limit cycles bifurcating from the periodic orbits of the linear
differential system with € = 0 (see Figure 2).

-10

=3
P e PR St L L L

Figure 2: Three limit cycles for e = 1077,

Note that for this system we have only three limit cycles. For other systems, the coefficients can
be chosen in such a way that we can find exactly four limit cycles.
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6 Appendix

In this section, we recall the integrals that are used in the paper. For e € N, we have

TAZH ifi=2e 41, j=2e+1, w=0,1,...,m,
TAZS i i=2e+1, j=2e+1, w=0,1,...,ma,
27 mAZSY i i=2e+1, j=2e+1, w=0,1,...,n4,
/cosi+1(¢)sinj(¢)sin((2w—|—1)q§)d<{): WA?fjl fim9 41, j=9%+1, w=01. ... . no
’ TAZEY ifi=2e+1, j=2+1, w=0,1,...,n3,
WA?fgl if i=2e+1, j=2e+1, w=0,1,...,n4,
0 if not,
nB%) if i=2+1, j=2 w=0,1,...,m,
7rBZ-2j‘*)’2 if i=2e+1, j=2e w=0,1,...,ma,
2 7731'2]‘73 if i=2+1, j=2e, w=0,1,...,n1,
/cosi+1(¢)Sinj(¢)cos((2w)¢)dq’): 77312]9?4 ifi=2+1, j=2¢ w=0,1,....m,
’ By if i=2e+1, j=2, w=0,1,...,n3,
Bl if i=2e+1, j=2¢, w=0,1,...,n4,
0 if not,
rCo i i=2e, j=2, w=0,1,...,m,
71_02'2;:;2-5-1 if i=2e, j=2, w=0,1,...,mo,
27 mCo i i=2e, j=2, w=0,1,...n,
/cosi+1(¢)sinj(¢)cos((2w—|—1)¢)dgb: 770?];?:1 iz j=2. w=01,.. . 1
’ Wcz?f;l if i=2e, j=2 w=0,1,...,n3,
nChet i i=2e, j=2, w=0,1,...n4
0 if not,
TDXFY i =2, j=2, w=0,1,...,mi,
wDIH i i =2e, j=2¢, w=0,1,...,my,
2 aDFY i i=2e, j=2e, w=0,1,...,n4,
/cosi(¢)sinj+1(¢)sin((2w+1)¢)d¢: WD?;,Tl i i= %, j=%. w=01,. .. .
’ WD@‘QJ%JFI if i=2e, j=2, w=0,1,...,n3,
aDY i i=2e, j=2e, w=0,1,... 4,
0 if not,
B if i=2e, j=2e+1, w=0,1,...,m,
TE2, if i=2e, j=2+1, w=0,1,...,ms,
2T TE%y if i=2, j=2e+1, w=01,...,n,
/cosi(gb)sinj+1(¢)cos((2w)¢)d¢: mEX, if i=2, j=2+1, w=0,1,...,n,
’ BNy if i=2e, j=2+1, w=0,1,...,n3,
TEX if i=2e, j=2+1, w=0,1,...,n4
0 if not,
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TS it i=2e+1, j=2e+1, w=0,1,...,my,
ﬁFi§f2+1 ifi=2+1, j=2e+1, w=0,1,...,m2,
2 T i i=2e+1, j=2e+1, w=0,1,...,m,
/cosi(¢)sinj+1(¢)cos((2w+1)¢)d¢: 77Fi2j‘f4+1 if i=2+1, j=2e+1, w=0,1,...,no,
0 77F5‘"’§1 if i=2e+1, j=2¢e+1, w=0,1,...,n3,
TFG i i=2e4+1, j=2¢+1, w=0,1,...,n,
0 if not,
TG ifi=2e, j=2e+1, w=0,1,...,my,
nGdt it i=2e, j=2e+1, w=0,1,...,my,
2 TGRS i i=2e, j=2e+1, w=0,1,...,n,
/cosi(¢)sinj+2(¢)sin((2w+1)¢)d¢: mGtt it i=2e, j=2e+1, w=0,1,...,n,
0 WG?fg_l if i=2, j=2+1, w=0,1,...,n3,
TGt it i=2e, j=2+1, w=0,1,... 04,
0 if not,
7THZ‘2;*))1 if 1 =2, j=2, w=0,1,...,m,
TH if i=2e, j=2, w=0,1,...,my,
27 WH%?*”S if i=2e, j=2e¢, w=0,1,...,nq,
/cosi((;s)sinj+2(¢>)cos((2w)¢)d¢: TH if i=2e, j=2e, w=0,1,...,n9,
0 7TH1-2;'7J5 if i=2e, j=2e¢, w=0,1,...,n3,
WH%‘*)’G if i=2e, j=2, w=0,1,...,n4,
0 if not,
rl i i=2e+1, j=2¢ w=0,1,...,m,
nLZG if i=2e+1, j=2, w=0,1,...,my,
2 77[%?’;'1 if i=2e+1, j=2e, w=0,1,...,nq,
/cosi(¢)sinj+2(¢)cos((2w—|—1)¢)d¢= 77[1‘2;)4“ if i=2+1, j=2 w=0,1,...,n9,
0 nlH if i=2e4+1, j=2, w=0,1,...,ns,
nl i i=2e+1, j=2¢ w=0,1,...,n4,
0 if not,
ﬁJ%f’l"'l if i=2e, j=2e w=0,1,...,mq,
mJs i i =2e, j=2e, w=0,1,...,my,
o m oG it i=2e, j=2¢, w=0,1,...,m,
/cosi(¢)sinj+3(¢)sin((2w—|—1)¢)d¢= 7TJi2;:)4+1 if i=2e, j=2e, w=0,1,...,n9,
0 m ot it i=2e, j=2¢, w=0,1,...,n3,
ﬁij‘:’G'H if i=2e, j=2¢, w=0,1,...,n4,
0 if not,
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rKZy if i=2e, j=2+1, w=0,1,...,m,

ij,1
K if i=2e, j=2e+1, w=0,1,...,my,
27 WK,?;-:JB if i=2, j=2e+1, w=0,1,...,nq,
/cosi(¢)sinj+3(¢)cos((2w)¢)d¢: FKEJ?Q if i=2, j=2+1, w=0,1,...,n9,
0 nK2 if i=2, j=2+1, w=01,...,n
WKEJ‘O,JS if i=2e, j=2e+1, w=0,1,...,n4,
0 if not,
cLZ i i=2e+1, j=2e+1, w=0,1,...,m,
TL2FY i =241, j=2e+1, w=0,1,...,ms,
2 T3S i i=2e+1, j=2e+1, w=0,1,...,n,
/COSi(¢)sinj+3(¢)cos((2w+1)¢)d¢= T3 i i=2e+1, j=2e+1, w=0,1,...,n,
0 TL2HN =241, j=2e+1, w=0,1,...,n3
Tl if i=2+1, j=2+1, w=0,1,...,n4,
0 if not,

TMZGH i i=2e, j=2e+1, w=0,1,...,my,

M5 if i =2, j=2e4+1, w=0,1,...,mo,

7,2
2 TMZGT i i =2e, j=2e+1, w=0,1,...,n4,
/cosi(¢)sinﬂ'+4(¢)sin((2w+1)¢)d¢>: M i i =2e, j=2e+1, w=0,1,...,ny,
0 TMZG i i =2e, j=2e+1, w=0,1,...,n3,
M it i =2e, j=2e+1, w=0,1,...,n4,
0 if not,
WN%.‘:’l if i =2, j=2, w=0,1,...,m,
WN%-L:JQ if i=2e, j=2, w=0,1,...,maq,
27 7TNZ-2J-‘j’3 if i=2e, j=2e¢, w=0,1,...,n1,
/Cosi(@Sinj+4(¢)cos((2<U)¢)d¢: NS if i=2e, j=2e, w=0,1,...,n9,
0 TNy if i =2e, j =2, w=0,1,...,n3,
WN%.‘:’G if i=2, =2, w=0,1,...,n4,
0 if not,
TPt it i=2e+1, j=2, w=0,1,...,m,
TP it i =2e+1, j=2¢, w=0,1,...,my,
2 TP it i=2e4+1, j=2, w=0,1,...,n,
/cosi(¢)sinj+4(¢)cos((2w—|—1)¢)d¢= 7rPi2j‘f4+1 if i=2+1, j=2¢, w=0,1,...,n9,
0 TPy it i=2e+1, j=2, w=0,1,...,ns,
TP it i=2e4+1, j=2, w=0,1,...,n4

0 if not,
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27

jfco“**(¢)snﬂ**<¢>snm<2w—+1>¢>d¢::

0

2

/mmwmwwmwwmwz

0

2
/Cosm(éb) sin’ ™ () cos((2w + 1)¢) dop =
0

2m
/Cosi1+iz+1(¢) gipJ1tiz+1 (¢) dp =
0
2m
/Cosi1+iz+2 (¢) gindtti2 (¢) do =
0
2m
/Cosi1+iz+2(¢) gipJ1tiz+1 (¢) do =
0

2m
/Cosi1+i2+2 (¢) Sinj1+j2+2(¢) do =
0

T iyisj1ja,1

0

77)‘1'1 i2J1Jj2,2

0

7T)‘i1i2j1j2,3

0

77)‘1'1 i271j2,4

2w+1

Qi1 ifi=2e+1, j=2 w=01,...,m,
mQit i i=2e+1, j=2¢ w=01,...,my,
WQ?;:;‘l 1fZ:26+1, j:2€’ w:O’]_"”’nl’
mQi T i i=2e 41, j=2, w=0,1,... ny,
mQidt i i=2e 41, j=2¢, w=0,1,...,n3,
WQ?Z;jgrl ifi:2e+17 j=2e, w=0,1,...,n4,
0 if not,

TRE if i=2e+1, j=2+1, w=0,1,...,m,
TRE, i i=2 41, j=2+1, w=01,..,ms,
TRE i =241, j=2+1, w=0,1,...m,
TR, it i=2e+1, j=2+1 w=01...,n,
TR if =241, j=2+1, w=0,1,...,n;
TR if i=2e+1, j=2e+1, w=01,..,m,
0 if not,

WS?J?j;rl if i=2e, j=2+1, w=0,1,...,m1,
WS,LQJL:);l 1fZ:2€7 j:2€+17 w:071’__.7m2’
mSot ifi=2e, j=2e4+1, w=0,1,...,n,
WSfjf’jl if i=2e, j=2+1, w=0,1,...,n9,
775742;"5"'_1 1f’L:2€7 ]:264—17 (,L]:O717”.7n37
mS2l if i=2e, j=2e+1, w=0,1,...,n4,
0 if not,

if i1 =2e+4+1, i =2e, j1 =2e¢+41, jy=2e,
or 11 =2e+1, io =2, j1 =2, jo=2e+1,
or i1 =2, io=2e+1, j1=2e+1, jy=2e,
or 11 =2, 19 =2e+1, j1 =2, jo=2e+1,

if not,

if il = 26, Z'2 = 26, jl = 267 j2 = 265

or 11 =2, 13 =2e, j1=2e+1, jo=2e+1,
or 11 =2e+1, io =2e+1, j1 =2, jo=2e,

or i1=2e+1, in=2e+1, j1=2e+1, jo=2e+1,

if not,

if i1 =2e, ix =2e, j1 =2, jo=2e+1,

or 11 =2e, 1g =2e, j1 =2e+1, jo=2e,
or le :2€+1, i2:2€—|—1, jl 226+1, j2:2€7

or 11=2e+1, 19=2e+1, j1=2e, jo=2e+1,

if not,

if 711 = 26, i2 = 26, jl = 267 .j2 = 265

or 11 =2e, 19 =2e, j1=2e+1, jo=2e+1,
or 11 =2e+1, io =2e+1, j1 =2e, jo=2e,

or i1=2e+1, in=2e+1, j1=2e+1, jo=2e+1,

if not,
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27
/Cosil +iz+2 (4) Sinj1+j2+3((;§) dp =
0
2
/ cos" T () sin H () dop =
0
2m
/Cosi1+iz+1(¢) Sinj1+j2+3(¢) dp =
0
2
/ cos T () sin HH (9) dp =
0
2m
/Cosiﬁ-iz (¢) sinj1+j2+2(¢) dp =
0
2
/COSi1+i2+1(¢) sinj1+j2+5(¢) d(b —
0
2m
/cosiﬁ'i? (¢) sinj1+j2+3(¢) dp =
0

27
/Cosi1+i2+1(¢) Sinj1+j2+6(¢) d¢ —
0

T \ivizgja,5

0

Tr)\il i271j2,6

0

7T)‘i1i2j1j2,7

0

Tr)\il i271Jj2,8

0

7T)‘i1i2j1j2,9

0

77)‘1'1 i271Jj2,10

0

T \iying1ja,11

0

7T)‘i1 12J1J2,12

if i1 =2e, i =2e, j1 =2e+1, jo=2e,
or 11 =2e, iy =2e, j1 =2e, jo=2e+41,
or i1=2e+1, is=2e+1, ji=2e+1, jo=2e,
or i1 = 2e+1, i9=2e+1, j1=2e, jo=2e+1,

if not,

if i1=2e+1, ix=2¢, j1=2e+1, jo=2e+1,
or 11 =2e+1, is =2, j1 =2, jo=2e,
or 11 =2e, 13 =2e+1, j1 =2, jo=2e,
or 11=2e, ig=2e+1, j1=2e+1, jo=2e+1,
if not,

if i1 =2e+1, i =2e, j1 =2e¢+1, jo=2e,
or 11 =2e+1, i0 =2, j1 =2, jo=2e+1,
or i1 =2e, io=2e+1, j1=2e+1, jy=2e,
or i1 =2e, 2 =2e+1, j1 =2 jo=2e-+1,

if not,

if i1=2e+1, ix=2¢, j1=2e+1, jo=2e+1,
or i1 =2e+1, 19 =2e, j1 =2, jo=2e,

or 11 = 2e, 19=2e+1, j1=2e+1, jo=2e+1,
or 11 =2e, ig =2e+1, j1 =2, jo=2e,

if not,

if i1 =2e, ip =2, j1 =2, jo=2e,

or 11 =2e, 1g=2e, j1=2e+1, jo=2e+1,
or i1 =2e+1, i9 =2e+1, j1 =2e, jo=2e,
or 11=2e+1, 19=2e+41, j1=2e+1, jo=2e+1,

if not,

if 49 =2e+1, ia=2e, j1 =2e, jo=2e+1,
or i1 =2e+1, i =2, j1 =2e+1, jo=2e,
or i1 =2, i3 =2e+1, j1 =2, jo=2e+1,
or i1 =2, i3 =2e+1, j1 =2e+1, jo=2e,
if not,

if i1 =2e, ip=2e, j1 =2e, jo=2e+1,
or i1 =2e, i3 =2e, j1 =2e+1, jo=2e,
or i1=2e+1, ia=2e+1, j1=2e, jo=2e+1,
or i1=2e+1, i3=2e+1, j1=2e+1, jo=2e,
if not,

if 47 =2e, 19 =2e+1, j1 =2e, jo=2e,

or i1=2¢e, ia=2e+1, j1=2e+1, jo=2e+1,
or i1 =2e+1, io =2e, j1 =2e, jo=2e,
or i1=2e+1, ix=2e, j1=2e+1, jo=2e+1,
if not,
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7T)\i1i2j1j2,13 lf il = 26, iQ = 26, jl = 26, jg = 26,

27 or i1 =2, i3 =2¢, j1=2e+1, jo=2e+1,

/cosiﬁi? (¢) sin?1 7724 (g) dgp = or i1 =2e+1, ia=2e+1, j1 =2e, jo=2e,

0 or i1 =2e+1, i9=2e+1, j1=2e+1, jo=2e+1,
0 if not,

77)‘i1i2j1j2714 if 41 = 26, 19 = 2e + 1, j1 =2e+ 1, jg = 26,

27 or i1 =2, 19 =2e+1, j1 =2, jo=2e+1,

/cos““z“(gza) sin1 247 (@) dgp = or i1 =2e+1, iy =2e, j1=2e+1, jo=2e,

0 or i1 =2e+1, i0=2e, j1 =2, jo=2e+1,
0 if not,

7T)‘i1i2j1j2,15 lf il = 26, i2 = 26, jl = 26, jg = 26 —+ 1,

27 or i1 =2e, i3 =2¢, j1 =2e+1, jo=2e,

/cosil'”Z(qS)sinj1+j2+5(¢)d(b: or i;=2e+1, iy=2e+1, j1=2e, jo=2e+1,

0 or i1 =2e+1, ix=2e+1, j1=2e+1, jo=2e,
0 if not,

77)‘i1i2j1j2716 if i1 = 26, ig = 26, ,jl = 26, jg = 26,

27 or i1 =2e, 13 =2¢e, j1 =2e+1, jo=2e+1,

/cosiﬁ““(gza) sind1 24 () dgp = or i1 =2e+1, ip=2e+1, j; =2e, j»=2e,

0 or i1=2e+1, is=2e+1, j1=2e+1, ja=2e+1,
0 if not,

Thivisjije 17 if 11 = 2e, iy = 2e, ji = 2e, ja = 2e,

27 or i1 =2e, i3 =2¢, j1=2e+1, jo=2e+1,

/cosil'”Z(qS) sinf1 92 %6(¢) dgp = or i1 =2e+1, ia=2e+1, j1 =2e, jo=2e,

0 or i1 =2e+1, is=2e+1, ji=2e+1, jo=2e+1,
0 if not.

2w+1 2w 2w+1 2w+1 2d 2w+1 2w+1 2w 2w+1 2w+1 2w 2w+1 2w+1
Here, Aij,h s Bijh Cij,h ) Dij,h s B Fz‘j,h ) Gij,h s Hi, Iij,h ) Jij,h s K, Lij,h ) Mij,h )

foh, Pizj‘j’hﬂ, Qf;’,fl, R%;jh’ Sfj‘“}jl for h =1,...,6 and Ay iy, for £ = 1,...,17 are the constants

different from zero.
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