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1 Introduction
During the recent years, there has been a rapidly growing interest in the geometry of surfaces. A
manifold with density is a Riemannian manifold Mn with positive density function eφ used to weight
volume and hyperarea (and sometimes lower-dimensional area and length). In terms of underlying
Riemannian volume dV0 and area dA0, the new weighted volume and area are given by

dV = eφ · dV0,

dA = eφ · dA0.

One of the first examples of a manifold with density appeared in the realm of probability and statistics
– Euclidean space with the Gaussian density e−π|x| (see [19] for a detailed exposition in the context
of isoperimetric problems).

For reasons coming from the study of diffusion processes, Bakry and Émery [1] defined a general-
ization of the Ricci tensor of Riemannian manifold Mn with density eφ (or the ∞-Bakry–Émery–Ricci
tensor) by

Ric∞φ = Ric−Hessφ.
where Ric denotes the Ricci curvature of Mn and Hessφ the Hessian of φ.

According to Perelman in [18, 1.3, p. 6], in a Riemannian manifold Mn with density eφ, in order
for the Lichnerovicz formula to hold, the corresponding φ-scalar curvature is given by

S∞
φ = S − 2∆φ− |∇φ|2,

where S denotes the scalar curvature of Mn. Note that this is different from taking the trace of Ric∞φ ,
which is S −∆φ.

Following Gromov [12, p. 213], the natural generalization of the mean curvature of hypersurfaces
on a manifold with density eφ is given by

Hφ = H − 1

n− 1

dφ

dN , (1.1)

where H is the Riemannian mean curvature and N is the unit normal vector field of hypersurface. For
a 2-dimensional smooth manifold with density eφ, Corwin et al. [10, p. 6] define a generalized Gauss
curvature

Kφ = K −∆φ

and obtain a generalization of the Gauss-Bonnet formula for a smooth disc D:∫
D

Gφ +

∫
∂D

κφ = 2π,

where κφ is the inward one-dimensional generalized mean curvature as in (1.1) and the integrals are
with respect to the unweighted Riemannian area and arclength [16, p. 181].

Bayle [2] derived the first and second variation formulae for the weighted volume functional (see
also [16,19]). From the first variation formula, it can be shown that an immersed submanifold Nn−1

in Mn is minimal if and only if the generalized mean curvature Hφ vanishes (Hφ = 0).
Doan The Hieu and Nguyen Minh Hoang [13] classified ruled minimal surfaces in R3 with density

Ψ = ez. In [21], weighted minimal translation surfaces in Minkowski 3-space are classified.
In [5], the second and third authors previously wrote the equations of minimal surfaces in R3 with

linear density Ψ = eφ (in the case φ(x, y, z) = x, φ(x, y, z) = y and φ(x, y, z) = z), and characterized
some solutions of the equation of minimal graphs in R3 with linear density Ψ = eφ.

In [4], the second and third authors studied the φ-Laplace–Beltrami operator of a nonparametric
surface in R3 with density and proved that

∆φX = 2Hφ · N +∇φ = 2HN + (∇φ)T ,

where X is the vector position of a nonparametric surface z = f(x1, x2) in R3 with density Ψ = eφ,
and (∇φ)T is the component tangent of ∇φ.
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2 Preliminary
The space R3

1 is defined as the space that is the usual three-dimensional R-vector space consisting of
vectors {(x1, x2, x3) : x1, x2, x3 ∈ R}, but endowed with the inner product

〈ξ, ζ〉R3
1
= −ξ1ζ1 + ξ2ζ2 + ξ3ζ3.

This space is called the Minkowski space or the Lorentz space. Tangent vectors are defined precisely
as in the case of Euclidean space R3. A vector ξ is said to be:

• space-like if 〈ξ, ξ〉R3
1
> 0;

• time-like if 〈ξ, ξ〉R3
1
< 0;

• light-like or isotropic or a null vector if 〈ξ, ξ〉R3
1
= 0, but ξ 6= 0.

Definition 2.1 ([14]). A regular surface element is defined as an immersion X : U → R3
1, exactly as

in R3. A regular surface element X : U → R3
1 is called:

• space-like, in case the first fundamental form is positive definite, and if and only if at every point
p = X(u), there is a time-like vector ξ 6= 0 which is perpendicular, with respect to the inner
product 〈 · , · 〉R3

1
in the Minkowski space, to the tangent plane of the surface at the point p;

• time-like, in case the first fundamental form is indefinite, and if and only if at every point
p = X(u), there is a space-like vector ξ 6= 0 which is perpendicular, with respect to the inner
product 〈 · , · 〉R3

1
in the Minkowski space, to the tangent plane of the surface at the point p;

• isotropic, in case the first fundamental form has rank 1, and if and only if at every point
p = X(u), there is a isotropic vector ξ 6= 0 which is perpendicular, with respect to the inner
product 〈 · , · 〉R3

1
in the Minkowski space, to the tangent plane of the surface at the point p.

Definition 2.2 ([11]). A translation surface in the Minkowski 3-space is a surface that is parametrized
by either

• X(s, t) = (s, t, f(s) + g(t)) if L is timelike;

• X(s, t) = (f(s) + g(t), s, t) if L is spacelike;

• X(s, t) = (s+ t, g(t), f(s) + t) if L is lightlike,

with the intersection L of the two planes that contain the curves that generate the surface.

Definition 2.3 ([16]). In an n-dimensional Riemannian manifold with density eφ, the mean curvature
Hφ of a hypersurface with unit normal N is given by

Hφ = H − 1

n− 1

dφ

dN ,

where H is the Riemannian mean curvature.

Definition 2.4. A surface Σ in a 3-dimentional Riemannian manifold with density eφ is weighted
minimal if and only if

Hφ = 0.

Example 2.1. The surface S in R3 with linear density ex defined by the parametrization

X : (x, y) 7−→
(
x, y,− a2√

1 + a2
arcsin(βe−

1+a2

a2 x) + ay + b+ γ
)
, where (x, y) ∈ R2, a, b, β ∈ R∗,

is weighted minimal.



Weighted Flat Translation Surfaces in Minkowski 3-Space with Density 5

Definition 2.5 ([10]). The φ-Gauss curvature Kφ of a two-dimensional Riemannian manifold with
density eφ is given by

Kφ = K −∆φ,

where K is the Riemannian–Gauss curvature and ∆φ is the Laplace–Beltrami operator of the func-
tion φ.

Definition 2.6. A surface Σ in 3-dimentional Riemannian manifold with density eφ is weighted flat
if and only if

Kφ = 0.

Example 2.2. The pseudosphere is the surface of revolution obtained by rotating the tractrix about
the z-axis, so it is parametrized by

X : R2 → R3,

(u, v) 7−→
( cos v

cosh(u) ,
sin v

cosh(u) , u− sinh(u)
cosh(u)

)
,

where u > 0 and v ∈ [0, 2π].
The pseudosphere in R3 with density e−

1
6 ρ2+c is a weighted flat surface.

3 Weighted flat translation surfaces in Minkowski 3-space
with density

In this section, we give classifications of all weighted flat translation surfaces in Minkowski space with
radial density e−a(x2+y2+z2)+c, where a > 0 and c ∈ R.

3.1 Weighted flat timelike translation surfaces in Minkowski 3-space
with density

In this subsection, we study the weighted flat timelike translation surfaces Σ in Minkowski 3-space
R3

1, which are parameterized by

X(s, t) = (s, t, f(s) + g(t)), (s, t) ∈ R2,

where f and g are the real functions C2(R), and have an orthogonal pair of vector fields on (Σ),
namely,

e1 := Xs = (1, 0, f ′(s))

and
e2 := Xt = (0, 1, g′(t)).

The coefficients of the first fundamental form are

E = 〈e1, e1〉R3
1
= 1− f ′2, F = 〈e1, e2〉R3

1
= −f ′g′, G = 〈e2, e2〉R3

1
= 1− g′2.

As a unit normal field, we can take

N =
−1√

| − 1 + f ′2 + g′2|
(f ′, g′, 1).

The coefficients of the second fundamental form are

l = 〈Xss, N〉R3
1
=

f ′′√
−1 + f ′2 + g′2

,

m = 〈Xst, N〉R3
1
= 0,

n = 〈Xtt, N〉R3
1
=

g′′√
−1 + f ′2 + g′2

.
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Let K be the Gauss curvature of Σ,

K =
ln−m2

EG− F 2
=

f ′′g′′

(−1 + f ′2 + g′2)2
.

The weighted Gauss curvature of Σ
Kφ = K −∆φ,

where ∆φ is the Laplacian of the function φ in the Minkowski 3-space. We have φ(x, y, z) = −a(x2 +
y2 + z2) + c, thus the Laplacian of φ is

∆φ =
1√

det gij
∂

∂xi

(√
det gij · (∇φ)i

)
= −2a. (3.1)

Then
Kφ =

f ′′g′′

(−1 + f ′2 + g′2)2
+ 2a =

f ′′g′′ + 2a(−1 + f ′2 + g′2)2

(−1 + f ′2 + g′2)2
.

Thus Σ is a weighted flat timelike translation surface in the Minkowski 3-space with density eφ if
and only if

Kφ = 0,

that is, if and only if
f ′′g′′ + 2a(−1 + f ′2 + g′2)2 = 0. (3.2)

To classify weighted flat timelike translation surfaces, it is necessary to solve equation (3.2).

• f ′ = α ∈ [−1, 1].

We replace f(s) = αs+ α1 in (3.2) and obtain

g′2 = 1− α2,

so, we have g(t) = ±
√
1− α2 t+ α2. In this case Σ is a timelike plane.

• g′ = β ∈ [−1, 1].

We replace g(t) = βt+ β1 in (3.2) and obtain

f ′2 = 1− β2,

and so f(s) = ±
√

1− β2 s+ β2. In this case Σ is a timelike plane.

• f ′ and g′ are not constant smooth functions.

In this case, we take derivation of th equation (3.2) by s and t, respectively,

f ′′′g′′′ + 16af ′f ′′g′g′′ = 0. (3.3)

We can write equation (3.3) as
f ′′′

f ′f ′′ = −16ag′g′′

g′′′
= λ, (3.4)

where λ is a real constant. Solving equation (3.4) with respect to the variable s, the first integration
gives

f ′′ =
λ

2
f ′2 + β, (3.5)

where β is a real constant.

� Now, if β = 0, the solutions of equation (3.5) are

f(s) =
−2

λ
ln

∣∣∣−λ

2
s+ α

∣∣∣+ α1. (3.6)
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Replacing the function f given in (3.6) into equation (3.2) gives

aλ4

8
(g′2 − 1)2s4 − aλ3α1

4
(g′2 − 1)2s3

+
[aλ2α2

1

2
(g′2 − 1)2 +

λ2

4

(λ
2
g′′ + 4a(g′2 − 1)

)]
s2

−
[
aλα3

1(g
′2 − 1)2 + λα2

1

(λ
2
g′′ + 4a(g′2 − 1)

)]
s

+
[
2aα4

1(g
′2 − 1)2 + α2

1

(λ
2
g′′ + 4a(g′2 − 1)

)
+ 2a

]
= 0. (3.7)

Equation (3.7) is a polynomial in the variable s, so the coefficients must vanish. It follows that the
function g satisfies 

g′2 − 1 = 0,

aλ2α2
1

2
(g′2 − 1)2 +

λ2

4

(λ
2
g′′ + 4a(g′2 − 1)

)
= 0,

aλα3
1(g

′2 − 1)2 + λα2
1

(λ
2
g′′ + 4a(g′2 − 1)

)
= 0,

2aα4
1(g

′2 − 1)2 + α2
1

(λ
2
g′′ + 4a(g′2 − 1)

)
+ 2a = 0.

Thus, g′ = ±1, and this is a contradiction.

� In the case β 6= 0, we integrate equation (3.5) with respect to s and get

f(s) =


−2

λ
ln

∣∣∣ cos
(λ
2

√
2β

λ
s+ β1

√
2β

λ

)∣∣∣+ β2, if β

λ
> o,√

−2β

λ
s− 2

λ
ln

∣∣∣1− eλ
√

−2β
λ s+β1

∣∣∣+ β2, if β

λ
< 0.

(3.8)

By replacing f in (3.2), we have:

– if β
λ > 0,

8aβ2

λ2
tan4

(λ
2

√
2β

λ
s+ β1

√
2β

λ

)
+
[
βg′′ +

4aβ

λ
(g′2 − 1)

]
tan2

(λ
2

√
2β

λ
s+ β1

√
2β

λ

)
+

[
2a(g′2 − 1)2 + g′′

]
= 0. (3.9)

Equation (3.9) is a polynomial of the function tan(λ2
√

2β
λ s+ β1

√
2β
λ ) and thus the coefficients

must vanish. It follows that the function g satisfies

8aβ2

λ2
= 0,

βg′′ +
4aβ

λ
(g′2 − 1) = 0,

2a(g′2 − 1)2 + g′′ = 0.

Thus, β = 0, g′ = ±1, and this is a contradiction.

– if β
λ < 0, we have

2a
[
1− g′2 +

2β

λ

]2
e4λ

√
−2β
λ s+4β1 +

[
− βg′′ − 8a(1− g′2)2 +

32aβ2

λ2

]
e3λ

√
−2β
λ s+3β1
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+
[
2βg′′ − −16aβ

λ
(1− g′2) + 12a(1− g′2)2 +

48aβ2

λ2

]
e2λ

√
−2β
λ s+2β1

+
[
− βg′′ − 8a(1− g′2)2 +

32aβ2

λ2

]
eλ
√

−2β
λ s+β1 + 2a

[
1− g′2 +

2β

λ

]2
= 0. (3.10)

Equation (3.10) is a polynomial of the function eλ
√

−2β
λ s+β1 and thus the coefficients must

vanish. It follows that the function g satisfies

1− g′2 +
2β

λ
= 0,

−βg′′ − 8a(1− g′2)2 +
32aβ2

λ2
= 0,

2βg′′ − −16aβ

λ
(1− g′2) + 12a(1− g′2)2 +

48aβ2

λ2
= 0.

Hence β = 0, g′ = ±1, and this is a contradiction.

Thus we have the following

Theorem 3.1. Let Σ be a timelike translation surface in the Minkowski 3-space with density
e−a(x2+y2+z2)+c parameterized by

X(s, t) = (s, t, f(s) + g(t)), (s, t) ∈ R2.

Then Σ is weighted flat timelike translation surface in the Minkowski 3-space with density
e−a(x2+y2+z2)+c if and only if

• X(s, t) =
(
s, t, αs±

√
1− α2 t+ α1

)
, α ∈ [−1, 1], α1 ∈ R,

or

• X(s, t) =
(
s, t, βt±

√
1− β2 s+ β1

)
, β ∈ [−1, 1], β1 ∈ R.

3.2 Weighted flat spacelike translation surfaces in Minkowski 3-space
with density

In this subsection, we study the weighted flat spacelike translation surfaces Σ in the Minkowski 3-space
R3

1 which are parameterized by

X(s, t) = (f(s) + g(t), s, t), (s, t) ∈ R2,

where f and g are real functions from C2(R), and have an orthogonal pair of vector fields on (Σ),
namely,

e1 := Xs = (f ′(s), 1, 0)

and
e2 := Xt = (g′(t), 0, 1).

The coefficients of the first fundamental form are:

E = 〈e1, e1〉R3
1
= 1 + f ′2, F = 〈e1, e2〉R3

1
= f ′g′, G = 〈e2, e2〉R3

1
= −1 + g′2.

As a unit normal field, we can take

N =
1√

|1 + f ′2 − g′2|
(1,−f ′,−g′).
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The coefficients of the second fundamental form are:

l = 〈Xss, N〉R3
1
=

f ′′√
1 + f ′2 − g′2

,

m = 〈Xst, N〉R3
1
= 0,

n = 〈Xtt, N〉R3
1
=

g′′√
1 + f ′2 − g′2

.

Let K be the Gauss curvature of Σ,

K =
ln−m2

EG− F 2
=

f ′′g′′

(1 + f ′2 − g′2)2
. (3.11)

According to (3.1) and (3.11), the weighted Gaussian curvature of Σ is given by

Kφ = K −∆φ =
f ′′g′′

(1 + f ′2 − g′2)2
+ 2a =

f ′′g′′ + 2a(1 + f ′2 − g′2)2

(1 + f ′2 − g′2)2
.

Thus Σ is a weighted flat spacelike translation surface in the Minkowski 3-space with density eφ if
and only if

Kφ = 0,

that is, if and only if
f ′′g′′ + 2a(1 + f ′2 − g′2)2 = 0. (3.12)

To classify weighted flat spacelike translation surfaces, it is necessary to solve equation (3.12).

• f ′ = α ∈ R.

We replace f(s) = αs+ α1 in (3.12) and obtain

g′2 = 1− α2,

so g(t) = ±
√
1 + α2 t+ α2. In this case Σ is a spacelike plane.

• g′ = β ∈ ]−∞,−1[∪ ]1,+∞[ .

We replace g(t) = βt+ β1 in (3.12) and obtain

f ′2 = −1 + β2,

so f(s) = ±
√
−1 + β2 s+ β2. In this case Σ is a timelike plane.

• f ′ and g′ are not constants smooth functions.

In this case, we take the derivation of equation (3.12) by s and t, respectively,

f ′′′g′′′ − 16af ′f ′′g′g′′ = 0. (3.13)

We can write equation (3.13) as

f ′′′

f ′f ′′ =
16ag′g′′

g′′′
= λ, (3.14)

where λ is a real constant. Solving equation (3.14) with respect to the variable s, according to (3.5)
and (3.14), the function f is given by (3.8).

By replacing f in equation (3.12), we have:
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– if β
λ > 0,

8aβ2

λ2
tan4

(λ
2

√
2β

λ
s+ β1

√
2β

λ

)
+
[
βg′′ +

4aβ

λ
(1− g′2)

]
tan2

(λ
2

√
2β

λ
s+ β1

√
2β

λ

)
+

[
2a(1− g′2)2 + g′′

]
= 0. (3.15)

Equation (3.15) is a polynomial of the function tan(λ2
√

2β
λ s+β1

√
2β
λ ) and thus the coefficients

must vanish. It follows that the function g satisfies

8aβ2

λ2
= 0,

βg′′ +
4aβ

λ
(1− g′2) = 0,

2a(1− g′2)2 + g′′ = 0.

Hence β = 0, g′ = ±1, and this is a contradiction.

– if β
λ < 0, we have

2a
[
− 1 + g′2 +

2β

λ

]2
e4λ

√
−2β
λ s+4β1 +

[
− βg′′ − 8a(−1 + g′2)2 +

32aβ2

λ2

]
e3λ

√
−2β
λ s+3β1

+
[
2βg′′ − −16aβ

λ
(1− g′2) + 12a(−1 + g′2)2 +

48aβ2

λ2

]
e2λ

√
−2β
λ s+2β1

+
[
− βg′′ − 8a(1− g′2)2 +

32aβ2

λ2

]
eλ
√

−2β
λ s+β1 + 2a

[
− 1 + g′2 +

2β

λ

]2
= 0. (3.16)

Equation (3.16) is a polynomial of the function eλ
√

−2β
λ s+β1 and thus the coefficients must

vanish. It follows that the function g satisfies

−1 + g′2 + 2β
λ = 0,

−βg′′ − 8a(−1 + g′2)2 +
32aβ2

λ2
= 0,

2βg′′ − −16aβ

λ
(−1 + g′2) + 12a(1− g′2)2 +

48aβ2

λ2
= 0.

Hence β = 0, g′ = ±1, and this is a contradiction.

Thus we have the following

Theorem 3.2. Let Σ be a spacelike translation surface in the Minkowski 3-space with density
e−a(x2+y2+z2)+c parameterized by

X(s, t) = (f(s) + g(t), s, t), (s, t) ∈ R2,

Then Σ is weighted flat timelike translation surface in the Minkowski 3-space with density
e−a(x2+y2+z2)+c if and only if

• X(s, t) =
(
αs±

√
1− α2 t+ α1, s, t

)
, α, α1 ∈ R,

or

• X(s, t) =
(
βt±

√
1− β2 s+ β1, s, t

)
, β ∈ ]−∞,−1[∪ ]1,+∞[ , β1 ∈ R.
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3.3 Weighted flat lightlike translation surfaces in Minkowski 3-space
with density

In this subsection, we study the weighted flat lightlike translation surfaces Σ in the Minkowski 3-space
R3

1 which are parameterized by

X(s, t) = (s+ t, g(t), f(s) + t), (s, t) ∈ R2,

where f and g are real functions from C2(R), and have an orthogonal pair of vector fields on (Σ),
namely,

e1 := Xs = (1, 0, f ′(s))

and
e2 := Xt = (1, g′(t), 1).

The coefficients of the first fundamental form are:

E = 〈e1, e1〉R3
1
= 1− f ′2, F = 〈e1, e2〉R3

1
= 1− f ′, G = 〈e2, e2〉R3

1
= g′2.

As a unit normal field, we can take

N =
1√

|f ′2g′2 + (f ′ − 1)2 − g′2|
(−f ′g′, f ′ − 1,−g′).

The coefficients of the second fundamental form are:

l = 〈Xss, N〉R3
1
=

f ′′g′′√
|f ′2g′2 + (f ′ − 1)2 − g′2|

,

m = 〈Xst, N〉R3
1
= 0,

n = 〈Xtt, N〉R3
1
=

g′′(f ′ − 1)√
|f ′2g′2 + (f ′ − 1)2 − g′2|

.

Let K be the Gauss curvature of Σ,

K =
ln−m2

EG− F 2
=

f ′′g′′g′(f ′ − 1)

(f ′2g′2 + (f ′ − 1)2 − g′2)2
. (3.17)

According to (3.1) and (3.17), the weighted Gaussian curvature of Σ is given by

Kφ = K −∆φ

=
f ′′g′′g′(f ′ − 1)

(f ′2g′2 + (f ′ − 1)2 − g′2)2
+ 2a =

f ′′g′′g′(f ′ − 1) + 2a((f ′ − 1) + g′2(f ′2 − 1))2

(f ′2g′2 + (f ′ − 1)2 − g′2)2
.

Since the surface is non-degenerate, f ′ 6= 1 for all s.
Thus Σ is a weighted flat lightlike translation surface in the Minkowski 3-space with density eφ if

and only if
Kφ = 0,

that is, if and only if

f ′′g′′g′(f ′ − 1) + 2a
(
(f ′ − 1)2 + g′2(f ′2 − 1)

)2
= 0. (3.18)

To classify weighted flat lightlike translation surfaces, it is necessary to solve equation (3.18).

• If f ′ = α ∈ ] − 1, 1[ , it is a trivial solution of (3.18), f(s) = αs + α1, g(t) = ±
√

1−α
1+α t + α2,

α1, α2 ∈ R, in this case the surface is lightlike space.

• If g′ = β ∈ R, it is a trivial solution (3.18), g(t) = βt + β1, f(s) = 1−β2

1+β2 s + β2, β1, β2 ∈ R, in
this case the surface is lightlike space.
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• If f ′ is non-constant smooth function, we divide (3.18) by (f ′ − 1)(f ′ +1)2 and take derivatives
with s and t, respectively. Then we obtain( f ′′

(f ′ − 1)(f ′ + 1)2

)′
(g′′g′)′ + 4a

(f ′ − 1

f ′ + 1

)′
(g′2)′ = 0.

Suppose g′ = 0. From (3.18), f ′ = 1, a contradiction. Therefore, there exists λ ∈ R such that

−
4a( f

′−1
f ′+1 )

′

( f ′′

(f ′−1)(f ′+1)2 )
′
=

(g′′g′)

(g′2)′
= λ.

� If λ = 0, then we have g′2 = 2β for some non-zero constant β.

From (3.18), f ′ = 1−2β
1+2β , a contradiction.

� If λ 6= 0, in this case we have
g′′g′ = λg′2 + λ1, λ1 ∈ R. (3.19)

We can write equation (3.19) as
2g′g′′

g′2 + λ1

λ

= 2λ,

and its solution is given by

g′2 = κe2λt − λ1

λ
, κ ∈ R∗,+. (3.20)

Substituting (3.20) into (3.18) and (3.19), the result is polynomial of e2λt and thus the coefficients
must vanish. It follows that f satisfies the following three differential equations:

f ′ + 1 = 0 = 0,

2a(f ′2 − 1)− 4aλ1

λ
(f ′ + 1)2 + λf ′′ = 0,

(λ1 + λ1λ)f
′′ + (f ′ − 1)2 +

2aλ2
1

λ2
(f ′ + 1)2 + 2aλ1(f

′2 − 1) = 0.

From this we conclude that f ′ = 1, again a contradiction.
Thus we have the following

Theorem 3.3. Let Σ be a lightlike translation surface in the Minkowski 3-space with density
e−a(x2+y2+z2)+c parameterized by

X(s, t) = (s+ t, g(t), f(s) + t), (s, t) ∈ R2.

Then Σ is a weighted flat lightlike translation surface in the Minkowski 3-space with density
e−a(x2+y2+z2)+c if and only if

• X(s, t) =
(
s+ t,±

√
1− α

1 + α
t+ α2, αs+ α1

)
, α ∈ ]− 1, 1[ , α1, α2 ∈ R,

or

• X(s, t) =
(
s+ t, βt+ β1,

1− β2

1 + β2
s+ β2 + t

)
, β, β1, β2 ∈ R.
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