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Abstract. In this paper, we introduce and investigate a new restricted weighted maximal operator
of Fejér means of Walsh—Fourier series and prove that it is bounded from the martingale Hardy space
Hy /5 to the Lebesgue space Ly ;. The sharpness of this result is also established. As a consequence,
we characterize the maximal subsequence of natural numbers {n, : k > 0} such that the restricted

maximal operator of Fejér means of Walsh-Fourier series along this subsequence, defined by sup |o,,, F,
kEN

is of (£[1/27 L1/2) type
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1 Introduction

In the one-dimensional case, a weak (1, 1)-type inequality for the maximal operator o* of Fejér means
o, with respect to the Walsh system defined by o*f := sup |0, f| was derived by Schipp in [16].
neN

Fujii [7] and Simon [18] verified that ¢* is bounded from H; to L. Weisz [22] generalized this result
and proved that the maximal operator o* of the Fejér means is bounded from the Hardy space H, /o
to the space weak-L, /. By interpolation, it follows that o* is bounded from the martingale space H,
to the Lebesgue space L, for p > 1/2. Goginava [8] proved that there exists a martingale F' € H,
(0 < p <1/2) such that sup ||o, F||, = 0.

neN

For studying the convergence of subsequences of Fejér means and their restricted maximal operators
on the martingale Hardy spaces H), for 0 < p < 1/2, the central role is played by the fact that any
S .
natural number n € N can be uniquely expressed as n = Y n;2/, n; € Zy (j € N), where only a
j=0
finite number of n; differ from zero, and their important characters [n], |n|, p(n) and V(n) are defined
respectively by

[n] := min{j € N,n; # 0}, |n|:=max{j € N,n; # 0}, p(n) = |n| —[n],

V(n):=mno+ Z |ng —ng—1| for all n € N.
k=1

Moreover, if 2° < ng, <ng, <--- <n,, <2571 j=1,...r, € N, which can be written as

sy 4
ne, =) 25 0y < <IY —2< 0y <ty < <0 —2<Iy <ty
i=1 g% '
we define
Ag = {0,015, {6, e} = {ud,ug, o us (1.1)
where uf <uj < - <uls andtfij =seA,forj=12,...,r.

The cardinality of the set A, we denote by |Ag|, that is, |As| := card(Ay). By this definition, we
can conclude that |Ay] =72 <rl 72

It is evident that sup |As| < oo if and only if the sets {ns,, ns,, ..., ns, } are uniformly finite for all
seN
s € Ny and each n,; has a bounded variation V(ns,) < ¢ < oo for each j =1,2,...,7.

In [1] and [13], the maximal operator o*V, defined by

oV F :=suplo,, F| (0<p<1/2), (1.2)
keN

has been investigated. Persson and Tephnadze [13] proved that for 0 < p < 1/2, the maximal operator
0*V, defined by (1.2), is bounded from the Hardy space H,, to the Lebesgue space L, if and only if

sup p(ng) < ¢ < 0.
keN

In [1], it was proved that the maximal operator oV, defined by (1.2) is bounded from the space
H, /5 to the Lebesgue space L /o if and only if

sup A}, || < ¢ < oco. (1.3)
keN

In [19] it was proved that if F' € Hy /9, then there exists an absolute constant ¢ such that

lonF 1,0 < V2 F Iy -

Moreover, the rate of increase of {V?(n)} cannot be improved. It follows that if f € Hi/ and
{nx : k > 0} is any sequence of positive numbers, then o, f are bounded from the Hardy space H /o
to the Hardy space Hy /s if and only if sup V(nz) < ¢ < oc.

keN
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In [9], Goginava proved that the weighted maximal operator *, defined by

~ |Unf|
o' fi=sup —5—r,
nen log®(n +1)
is bounded from the Hardy space H;/; to the Lebesgue space L;,5. Moreover, it was also proved
that the rate of increase of the denominator {log®(n + 1)} cannot be improved. Similar problem for
0 < p < 1/2 was studied in [20] (see also [21]). Generalization for the two-dimensional case can be
found in [11,12] and [24]. Sharp (H,, L,) and (H,, weak-L,) type inequalities of weighted maximal
operators of Fejér means with sharp weights for 0 < p < 1/2 have already been studied in [2] and [5].
Similar problems for the weighted maximal operators of partial sums with respect to the Walsh
system can be found in [3] and [4].
In this paper, for any sequence {nj : k > 0} of positive numbers, we introduce and investigate
a new restricted weighted maximal operator 5%V F of Fejér means of Walsh-Fourier series and prove
that it is bounded from the martingale Hardy space Hj 3 to the Lebesgue space L;/5. We also prove
that this result is sharp in a special sense. As a consequence, it is proved that the maximal operator
o*V, defined by (1.2), is bounded from the Hardy space H 5 to the Lebesgue space L /o if and only
if condition (1.3) is satisfied.

2 Preliminaries

Let N denote the set of positive integers, N := N, U {0}. Denote by Z the discrete cyclic group of
order 2, that is, Z5 := {0, 1}, where the group operation is the modulo 2 addition and every subset is
open. The Haar measure on Zs is given so that the measure of a singleton is 1/2. Define the group
G as the complete direct product of the group Zs, with the product of the discrete topologies of Z5.
The elements of G are represented by the sequences x := (zg,x1,...,2k,...), where zy =0V 1.

It is easy to give a base for the neighborhood of z € G, namely, Iy(z) := G, I,(z) .= {y € G :
Yo = T0,---,Yn—1 = Tp-1} (n € N).

Denote I, :=I,(0), I, := G\ I, and e, := (0,...,0,2, = 1,0,...) € G, for n € N. Then it is not
difficult to prove that

B M-1 M—-2 M—1 M—1
Tnv= | L\ L = ( U U Ll +el)> u( U IM(ek)). (2.1)
=0 k=0 l=k+1 k=0

The norms (or quasi-norm) of the spaces L, and weak-L,, (0 < p < 00) are defined, respectively, by
115 3= [ 117 and | s, =500 N (£ > ).
>
G

The k-th Rademacher function 7 (x) is defined by ri(z) := (—=1)** (x € G, k € N).
Now, define the Walsh system w := (w,, : n € N) on G as
In|—1

wn(e) = T2 (@) = rpuy@)(-1) 5 ™™ (e N).
k=0

The Walsh system is orthonormal and complete in Ly(G) (see [15]).
If f € L1(G), we can define the Fourier coeflicients, partial sums of Walsh—Fourier series and Fejér
means as follows:

n—1 n
f(n) = /fwn dp,  Snf = Z f(k)wkv onf = %Z Sef (neNy).
G k=0 k=1

The Dirichlet and Fejér kernels are defined by

n—1

1 n
Dy, := ;wk and K, := E;Dk (n € N-‘r)
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Let t,n € N. Recall that (see [10] and [15])

2" if I,
D2n (x) = ’ 1 re (2.2)
0, if x&I,,
and
2t—1, if xele), n>t xely\ iy,
2"+ 1
Kon(z) = ;_ , if zel,, (2.3)
0, otherwise.

We need the following lemmas (for details see [14] and [19]).

ti
Lemma 2.1. Letn = ;| > 2% wheret; > 13 > 11 —2>ty >l >l —2> - >t; > s > 0.
k=l
Then
s ta
InK,| < e (2 Ky, + 2 Kpes +24 3 D).
A=1 k=la
The proof of the next lemma can be found in [1].

S

Lemma 2.2. Letn = Z i 28 wheret; > > —2>ty>lo>1—2> - >t, >0, >0. Then,
foranyi=1,2,... s, 1’(;61];7;{;6
n|K,(z)| > 2%7° for x € By, i= I, 41(et,41 + e,42),
n|Kn(x)| > 2275 for x € By, := 1), 1(e,—1 +e1,).
The o-algebra generated by the intervals {I,,(z) : = € G} we denote by ¢, (n € N). By F =

(Fn,n € N) we denote a martingale with respect to ¢, (n € N) (see, e.g., [6,17,22]). The maximal

function F* of a martingale F' is defined by F* := sup |F,|.
neN
For 0 < p < oo, the Hardy martingale spaces H,(G) consist of all martingales for which || F||y, :=

[E|[p < oc.
It is easy to check that for every martingale F' = (F,,,n € N) and every k € N, the limit

~

F(k):= lim | F,(2)wg(x)du(z)
G

exists, and it is called the k-th Walsh—Fourier coefficient of F'.
A bounded measurable function a is a p-atom if there exists an interval I such that

supp(a) C I, /ad,u =0 and |a||s < pu(I)~VP.
T

Weisz [23] gave the atomic decomposition for the martingale Hardy spaces H,, where 0 < p < 1.

Lemma 2.3. A martingale F = (F,,,n € N) is in H, (0 < p <1) if and only if there exist a sequence
(ag, k € N) of p-atoms and a sequence (ug, k € N) of real numbers such that for every n € N,

o0 o0
Zﬂksznak =F,, Z | |P < oo. (2.4)
k=0 k=0

Moreover,
> 1/p
|Fll, —int (3 )
k=0

where the infimum is taken over all decompositions of F of the form (2.4).
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Using the atomic characterization of the Hardy spaces in Lemma 2.3, one can easily prove the
following useful result (see Weisz [22]).

Lemma 2.4. Let 0 < p < 1. Suppose that an operator T is o-linear and

/|Ta|pdu <ep <00
I

for every p-atom a, where I denotes the support of the atom. If T is bounded from Lo, to Lo, then
T is also bounded from the space H), to the space L.

3 The main result and its consequences
Our main result reads as follows.
Theorem 3.1.

(a) Let F € Hyy and {ny : k> 0} be a sequence of positive numbers. Then the weighted mazimal
operator 5V, defined by
~ F
5V E := sup [ ‘2 ,
keN ‘A\nk||

is bounded from the Hardy space Hy ;5 to the Lebesgue space Ly .

(b) (Sharpness) Let
SUp [ Ay | = 00 (3.1)
keN

and {¢n} be a nondecreasing sequence satisfying the condition

— AP
i Al _ (3.2)
Then there exists a martingale F' € Hy 5 such that the maximal operator, defined by sup % ,
"

keN
is not bounded from the Hardy space Hy ;3 to the Lebesgue space Ly ;.

Remark 3.1. For the proof of part (a), we combine Lemma 2.4 with Lemma 2.1, where the Fejér kernels
are estimated by a sum of the 2"-th Walsh-Dirichlet and Walsh-Fejér kernels, written in terms of
IIlli‘, IItl.Z, and -UZ%A' Using the classical identities for Don and Ka» given in (2.2) and (2.3), and
applying Lemma 2.4, we obtain the boundedness of the maximal operator on all p-atoms.

To prove part (b), we apply the atomic decomposition of Hy, spaces (see Lemma 2.3) together with
the lower estimates of the Walsh—Fejér kernels (see Lemma 2.2) to show that the obtained rate of
weights is sharp in the sense explained in the sharpness part.

Proof. In view of Lemma 2.4, the proof of part (a) will be complete if we prove that

|0, a(@)[\1/2
/ (sup 72) du(z) < c¢ < oo for every 1/2-atom a. (3.3)
keN A, |l

I

We may assume that a is an arbitrary 1/2-atom with support I, where u(I) = 2= and I = I,;.
Since o,a = 0 for n < 2 we may suppose that n,, > 2M.
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Let z € Iy and 2° < n,, < 2°F! for some n,, > 2M. According to [|allec < 22 and |ng, | = s,
using Lemma 2.1, we get

o, a(@)] _ 22M

2M

SV NED (2”’2 / 2% | Koy (w + )] dp(t >)
+ |A2]|MQ (2”’:2; / 2t§*|K2t-z(w+t)|du(t)>

|A |2zs (2M Z /2l Z Do (z +t) dp(t )> (3.4)

k=l$

Defining

IIis () := 2M/2QZ|K2a2(x+t)|du(t), a=1, or a=t,

Ins
I} (x —2M/2lA Z Dor(z +t) du(t),
k=15,
from (3.4) we can conclude that
|Unska|

sup <
9s<n,, <241 [Ajn,, ||2

‘A |225 (Z ko ey I+ Y Uﬁi).
A=1 A=1

Hence,

|on,, al \1/2
[ (oo, ) o
2b§nsk<2°+1| s

T]W
2M/2
= 974 (Z/'”“

1/2d,u+2/\[ 1/2du+2/|1“]lg

1/2 du) (3.5)

Since

suprs < |A4| and supr < |Aql,
seN

we obtain that (3.3) holds, so Theorem 3.1 is proved if we can prove that

/Iﬂé(x)ﬂ/?du(a:) <c<oo, A=1,...,1, (3.6)
T
and
/ T, ()2 du(e) < ¢ < o0 (3.7)
TAI

forall o =15, A=1,...,rl and o5 =t5, A=1,...,r



8 Nika Areshidze, Davit Baramidze, Lars-Erik Persson, George Tephnadze

Indeed, if (3.6) and (3.7) hold, from (3.5) we get

|Unska| 1/2 |Uns al \1/2
sup 7) dp < / 7)
/ (nskzzM A, 112 Z 2o 22041 [ Al |1
In
c2M/
— 9/2

CQM/Z

27‘ +T)_ZW<C<OO
s=M

It remains to prove (3.6) and (3.7).
Let t € Inf and @ € Ijyi(ex +ep). 0 <k <l<ay <Mor0<k<l<M< a¥, then
x+1t € I11(ex + e) and, applying (2.3), we obtain
Kyos (x+1) =0 and 11, (x) = 0. (3.8)
Let 0 <k <a%y <l< M. Then v+t € I;11(ex + €;), and using (2.3), we get 20‘A|K s (x41)| <
204tk g0 that '
ITL. (x) < 204tk (3.9)
A

Analogously to (3.9), we can prove that if 0 < a% < k < | < M, then 2°4|K .5 (x + t)| < 224,
te Iy, x € l1(ex +¢), and so

T}, (x) < 2°4, te Iy, @€ lipa(ex +er). (3.10)

Let t € Ing and © € Ing(eg). For 0<k <ay <Mor0<k< M <afj,sincex+1t €z clye)

using (2.3) again, we find that 2‘15A|K2af4 (z+1t)| <2%7Fk 5o that

I, (x) < 2%ath, (3.11)

Let 0 <% <k < M. Since x +t € x € In(ey,), in view of (2.3), we have 294 |K_.s (v +t)| < 22%,

s
so that
1 2a8
Ilaz(x) < 2°%a, (3.12)

Let 0 <o% < M,A=1,...,s. Combining (2.1) with (3.8)-(3.12), we get

M-2 M-1

/|111 V=33 / 1L Y2 dp + Z / 1115 1M dp
k=0 1= k+11 +1(ex+er) IM(Pk)
1 pm— ‘ M-2 M-1 )
<c Z / 20atk)/2 gy 4 ¢ Z Z / 2%4 dy,
k=0 l=aj Aly1(ex+er) k=aj l:k+111+1(6k+81)
afy—1
be X [ el ) JERY
k= OIM(Gk k= aAI]\/I(ek)
ax—1 (e +k)/2 M=-2 M-1 205 az—1 ozA+k)/2 M- 9a
<c ) Z e X S +CZ ZW<O<OQ
k=0 I= ocA+l k= aAl k+1

which means that (3.7) holds for a% < M. Analogously, we can prove that (3.7) holds also for
a% > M. Hence, (3.7) holds and it remains to prove (3.6).
Next, we prove the boundedness of IIlzi. Let t € Iy and ¢ € I; \ Iixy. If i <15 — 1, since

x+tel;\ I, using (2.2), we can conclude that

I (x) = 0. (3.13)
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If 15 < i< M, then using (2.2) again, we obtain
11 (x) QM/2IA Z Dox (z +t) dp(t) < c2'4 .
Iy k=15,

Hence, for 0 < 1% < M, combining (2.1), (3.13) and (3.14), we get

I5—-1 M—1
2 1/2 _ g 2 11/2
IR an= (Y Y IR, 12 d
i=0  i=15+1 I\Tiin
M-1

In

<cY / QUHH/2 gy < ¢ Z zuww <C<o

’L:lAI'i\I'i+1 =15

If M <15, then i < M <15, and applying (3.13), we find that

[ 122, @) dnta) =0

TJ\/I

(3.14)

(3.15)

(3.16)

and (3.6) holds for this case, too, so (3.6) is proved by combining (3.15) and (3.16). Thus, the proof

of part (a) is complete and we turn to the proof of part (b).

Under condition (3.2), there exists an increasing sequence {«y : k > 0} of positive integers such

that 1/2
I |A\ k|| / _
fi = =
Plox|
and
oo 1/4
Ploc] <c< oo
=1 |A|ak\|1/2
Let
@1/2
Fy = Z Akr, Mg 1= o] ay, = 21*(Dya 41 — Dalag)-

{k;lar|<A}
Applying Lemma 2.3 and (3.17), we can conclude that F' € H, /5. Moreover,

ol ,1/2
d Gl e 1y, ke,
=P A
(J) = -
0, §& (J{2en, . 20 — 1},
k=0
Let 2lo¢l < j < ay. Using (3.18), we get
j—1
~ D — Doa. )2l
SjFZSQ|ak\F+ Z F(v)wv = Q\Qk\F‘F ( J AQ‘ k‘)
gkl | |Oék|‘
Let 2lo¢l < a, < 2loxI¥1 Then, according to (3.19), we have
2lokl sy
Ua&n as Z S F+ T Z S F
nog= j=2lerl41
lak |, ,1/2 s,
Oglapl F (as, — 2|ak‘)82\ak|F 2 ok
_ n D; — Dy
o as " o o 2 2ioel)
" " oj=2lerl 41

= ITI, + ITIy + IT1;.

(3.17)

(3.18)

(3.19)

(3.20)
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Since Djyom = Dom + w,,, Dj, when j < 2™, we obtain

2‘“’“'(,01/2 a,, —2k! @1/2

| nl | ‘ [e3%

\I115) = W Z Dj’ > 2|ATk (as, — 2! k|)|KaSn_2|ak\ .
« Sn j=1

akl‘

Combining the well-known estimates (see [14])
||S2’°FHH1/2 < cl||F||H1/2 and ||U2"'FHH1/2 < 02||F||H1/27 keN,

we obtain

Let 2loxl < gy L, <o <, < 2lexl+1 he natural numbers which generate the set

o = L )
Xp Xp

where t‘lo”"l > lllo‘k| > leak\ -2 > t|2ak‘ > 1‘20”“' > l‘;"“l —2> .. > el > loe] > 0, and for any

lak| lak|

[
1<i< r‘lakl, there exists a;, € A, |, for some 1 <n <7 such that o, = 21 kzl 2% where lLakl =1
1= =["
for some 1 < u <ri .
ok |

Since p{F;,} > 1/24+! using Lemma 2.2, we get

|ga5kF| 1/2 JQSWF 1/2 1
/ ) I / (Go=) ez (3.22)
5 keN Qa\ocsk| I S0“3¢8n| 2 |A|Oék|‘ <p|o¢k|

7 Ly

i

On the other hand, for any 1 <14 < rﬁakl, there exists the number «,, for some 1 < n < r, where
tLak\ =t,; for some 1 < u < r‘Zakl. According to the fact that u{E;, } > 1/2%%3 using again Lemma 2.2
for some o5, and 1 <4 < rf, we also get

|0a,, F[\1/2 Oa,, F'\1/2 1
(sup Ty g [Ty gy L 329
keN Pla,, | Ploa,, | 27| Ajar 12010

Combining (3.20)—(3.23) and Lemma 2.2 for sufficiently big oy, we obtain

|0'asnF| 1/2 1/2 1/2 1/2
/ (sup Z2e=2) ™ da = I2EILJ; |12l ]3 = 10

T\lﬂk\_l 1 T\zakl_l 1
2c Z / s dnte Z / s dn—2C
i=1 [k

B, a1, i1 g, Aol Ml
1 2
c(r +r clA 1/2
> —7( o] . 2|a’;‘/)4 — > 7| 8‘aq|/|4 — o0 as k — oo.
2 |A|ak\| / Pl 2 Plal
Thus part (b) is also proved and the proof is complete. O

As a consequence, we get the results proved in [1].
Corollary 3.1.

(a) Let f € Hy/o(G) and {ny : k > 0} be a sequence of positive numbers and let {ng, : 1 <1i <
r} C {ng: k> 0} be the numbers such that 2° < ng, < ng, <--- <n, <251 s e N. If the
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sets As, defined by (1.1), are uniformly finite for all s € N, that is, the cardinality of the sets A

is uniformly finite, i.e., sup |As| < ¢ < oo, then the restricted mazimal operator G*V , defined by
seN

7"V F =sup|o,, F|, (3.24)
keN

is bounded from the Hardy space Hy ;3 to the Lebesgue space Ly ;.

(b) (sharpness) Let {ny : k > 0} be a sequence of positive numbers such that (3.1) holds. Then
there exists a martingale f € Hy,9(G) such that the maximal operator, defined by (3.24), is not
bounded from the Hardy space Hy, to the Lebesgue space Ly /.

Corollary 3.2. Let F' € Hy5. Then the maximal operator o*V, defined by (1.2), is bounded from
the Hardy space Hyy to the Lebesque space Lyjo if and only if condition (1.3) is fulfilled, which is
equivalent to the fact that any sequence of positive numbers {ny : k > 0}, satisfying the condition
ng € [2°,25T1), s finite for every s € Ny and every {ny : k > 0} has bounded variation, i.e.,

sup V(ng) < ¢ < 0o.
keN
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