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Abstract. We investigate a class of partial fractional integral equations involving the -Riemann—
Liouville fractional integral operator in Banach spaces. Existence and uniqueness of solutions are
established via Banach’s contraction principle under suitable Lipschitz conditions, while Schaefer’s
fixed point theorem is used to obtain existence results in the non-contractive case. We also prove
Ulam—Hyers—Rassias type stability of solutions. The results extend several known fractional integral
equations, including Hadamard-type models as special cases, and are illustrated by examples.
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1 Introduction

Fractional calculus has become an important tool for describing nonlocal and memory—dependent
processes. In contrast to classical integer—order models, fractional operators allow a more accurate rep-
resentation of hereditary effects and long-range interactions. Fractional-order differential equations
have therefore attracted considerable attention due to their wide-ranging applications in modeling
various scientific and engineering phenomena, including blood flow dynamics, electrical circuits, biol-
ogy, chemistry, physics, control theory, wave propagation, and signal and image processing. For more
details, we refer the reader to [7,8,11-13,19,22,35,42].

In recent years, a large number of contributions has been devoted to both ordinary and partial
fractional differential and integral equations, particularly concerning qualitative properties of their
solutions such as existence, uniqueness, and stability. Comprehensive treatments can be found in
the monographs of Abbas et al. [3,5], Kilbas et al. [26], and Miller and Ross [28], as well as in the
papers [1,2,6,23,36,37,41] and the references therein.

One of the main approaches in this area relies on fractional integral and derivative operators. Sev-
eral operators have been introduced, including the Riemann-Liouville, Caputo, Hadamard, Katugam-
pola and others (see [26]). Among these, the operators defined with respect to another function
have recently attracted increasing attention because they unify many classical operators as particular
cases. In 2000, Hilfer [24] introduced a generalized fractional derivative of order a € R that interpo-
lates between the Riemann-Liouville and Caputo derivatives. Later, Kilbas [26] formalized fractional
derivatives and integrals with respect to another function, now known as the i-Riemann-Liouville
fractional operators.

Fixed point theory plays a crucial role in the qualitative analysis of nonlinear equations. In
particular, fixed point methods provide an efficient framework for treating nonlocal problems arising
in fractional calculus. Banach’s contraction principle [10] guarantees the existence and uniqueness of
solutions for contraction operators in complete metric spaces. Schauder [33] and Tychonoff [38] later
extended these ideas to compact operators in Banach spaces. These techniques have been successfully
applied to many classes of fractional differential and integral equations.

The concept of stability also plays a fundamental role in the analysis of functional and differential
equations. In 1940, Ulam [39,40] raised the problem of stability of functional equations. Hyers [25]
provided a partial answer in 1941, and Rassias [29, 30] later generalized the result. This notion, now
known as Hyers-Ulam stability, has been extensively investigated for fractional models due to their
sensitivity to perturbations (see [16-18,23,27,31,32,34,36,37]).

In [4], S. Abbas et al. investigated the the existence and uniqueness of solutions to the following
class of Hadamard partial fractional integral equations:

z oy
u(z,y) = p(r,y) + (BT (B) 1/1/ (log s) (log t) " dsdt for (z,y) €T.
where T := [1,b] x [1,¢], b,c > 0, 81,82 >0, u: T = R, f: T xR — R are the given continuous

functions.

However, the results concerning partial integral equations involving ¥-Riemann—Liouville operators
remain scarce in the literature, especially in Banach spaces. This motivates the present study.

In this paper, we investigate a class of partial fractional integral equations involving the -
Riemann-Liouville operator

u(‘r7y) = g(ﬂmy)
+ g / / W) — D)D) — 60 (s, tuls 1)) dsdr, (1)
F(ﬂl)F(BQ) s » by ) s .

where T := [a,b] x [a,c], a,b,¢ >0, B1,82 >0,9: T - Rand f: T xR — R are the given continuous
functions.

The main objective of this work is to establish rigorous analytical results concerning the solvability
and stability of problem (1.1) in Banach spaces.
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The contributions of this paper are summarized as follows:

e We introduce a class of partial fractional integral equations governed by the ¥-Riemann—Liouville
fractional integral operator in a Banach space setting. The proposed model provides a unified
framework that includes several classical fractional integral equations as particular cases corre-
sponding to specific choices of the function .

e By transforming problem (1.1) into an equivalent operator equation, we construct a suitable
operator on a Banach space of continuous functions. Under appropriate Lipschitz-type conditions
imposed on the nonlinear term f, we apply Banach’s contraction principle to prove the existence
and uniqueness of solutions.

e When the contraction assumption is not satisfied, we establish the existence of solutions by
applying Schaefer’s fixed point theorem. For this purpose, we prove that the associated operator
is continuous and completely continuous and the set of its possible fixed points is bounded.

e We investigate Ulam—Hyers type stability of the obtained solutions. Explicit estimates are
derived showing that small perturbations in the integral equation generate controlled deviations
in the corresponding solution.

e The general formulation allows reconstruct several known fractional models. In particular, the
choice of 9(t) = log(t) reduces problem (1.1) to Hadamard-type fractional integral equations
studied in [3,4]. Hence, the obtained results extend and complement previously known results
in the literature.

The paper is organized as follows. Section 2 presents the necessary definitions and auxiliary results
related to the i-Riemann-Liouville fractional integral operator. Section 3 is devoted to the existence
and uniqueness of solutions using Banach’s contraction principle and Schaefer’s fixed point theorem.
We also establish the Ulam—Hyers—Rassias stability and its generalized form. Finally, illustrative
examples are provided to demonstrate the applicability of the theoretical results.

2 Preliminaries

In this section, we introduce some notations, definitions, and preliminary results that will be used
throughout the paper.

Let T := [a,b] X [a,c] with a,b,¢ > 0. We denote by C(T,R) the Banach space of all continuous
functions from 7 to R, equipped with the norm

[ulloc = sup |u(z,y)l.
(z,y)ET

Similarly, C™(T,R) denotes the space of functions that are n-times continuously differentiable on 7.
Let ¢ € C'([a, max{b, c}],R) be an increasing function such that ¢/(¢) # 0 for all ¢ € [a, max{b, c}].
We also consider the Banach space L!(T,R) of all Lebesgue integrable functions v : 7 — R,

endowed with the norm ,
fullos = [ [ futz)] dy

Define 77 := {(z,y,s,t): 0<s <z <b, 0<t <y <c} and the differential operators D; := % ,

._ 0 9
DQ .—@,DlDQ _(933783;

Definition 2.1 ([20,21]). Let « > 0 and =z € L*([a,b],R). The left-sided v-Riemann-Liouville
fractional integral of order « with respect to the point a is defined by

(127 2) () = ﬁ / G (5) (1) — ()2 (s) ds,

where T'(-) denotes Euler’s gamma function.
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Definition 2.2 ([9]). Let 8 = (81, 82) with 81, f2 > 0. The 1-Riemann-Liouville partial fractional
integral of u € L*(T,R) is defined by

T @) = smpe | [ ¥ OV 0@ =) W)~ 0 (s ) dsdr

Lemma 2.1 ([9]). Let aj,as € (—1,400) and 8 = (B1,82) € (0,00) x (0,00). Then we have the
following equality:

T2 (W (@) = (@)™ ((y) — v¥(a)*?)
I(ay+ 1) (oo + 1)

- F(ﬁl + a1 + 1)F(ﬁ2 + an + 1) (¢($) - w(a))ﬁlJral (’lﬁ(y) — w(a))ﬁero@.

Lemma 2.2 ([3]). Let T € C(T,R;),Q,D1Q, D2Q,D1D2Q € C(To,Ry), and let ¢g > 0 be a
constant. If

T Y
me§m+//0m%mﬁ@ﬂ@ﬁ

for (z,y) € T, then

r Yy
T(z,y) < coexp <//R(s,t) ds dt),

where

x

T Y Y
R(l‘,y) :Q(z,y,x,y)+/DlQ(x,y,s,y)der/DQQ(x,y,x,t) dt+//D1D2Q(I,y,S,t) ds dt.

a

Theorem 2.1 (Banach’s Fixed Point Theorem [20,21]). Let X be a Banach space and A: X — X a
contraction, i.e., there exists A € [0,1) such that ||A(x1) — A(z2)]] < Allxy — x2|| for all z1, 22 € X.
Then A has a unique fixed point.

Theorem 2.2 (Schaefer’s Fixed Point Theorem [11-13,15]). Let X be a Banach space and A : X — X
be a completely continuous operator. If the set G = {u € X : u = AAu for some X € (0,1)} is bounded,
then A has at least one fixed point.

3 Main results

3.1 Existence and Uniqueness of solutions

Let us start by defining what we mean by a solution of the integral equation (1.1).

Definition 3.1. A function v € C(T,R) is said to be a solution of (1.1) if u satisfies the integral
equation in (1.1) on 7.

We now prove our first theorem on the existence and uniqueness of a solution of problem (1.1)
that is based on Banach’s contraction principle.

Theorem 3.1. Let the following hypothesis hold:

(H1) For any u,v € C(T,R) and (x,y) € T, there exists k > 0 such that

|f(x,y,u(a:,y)) - f(l‘,y7’l)(l‘7y))| < H‘u(l’,y) - ’U(.’L‘,y)l. (31)
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If
K((b) = P(a)™ (P(c) — ¥(a))?
LB +1)I(B2+ 1)

then there exists a unique solution of equation (1.1) on T.

L:=

<1, (3.2)

Proof. Transform integral equation (1.1) into a fixed point equation. Consider the operator N : C' — C
defined by

(Nu)(z,y) = g(x,y)
1 [ 1N g1 a1
+rw0m@L//¢“WGXW@‘¢“” (6(y) — B(1)P " f(s, (s, 1)) dsdt. (3.3
Let u, vinC(T,R). Then for (z,y) € T we have

[(Nu)(z,y) = (Nv)(2,y)| < m
x //¢’(s)¢’(t)(¢(x) = ()T W (y) — ()= f (st uls, b)) = f(s,t,v(s, 1)) ds .

By hypothesis (3.1), and using Lemma 2.1 with a1 = as = 0, we get

u)(z,y) — (Nv)(x ;xy "(s)y’ z) — (s))Pr 1 - Ba=lplu — v
(V) (e.p) w»mmmr%ﬁwﬁ!/wmw@wm B (L) — 9 el ol

< ST P v 60 — b)) = .

Consequently, |[N(u) — N(v)] < L|ju — v|. From (3.2), N is a contraction, so N has a unique fixed
point by Banach’s contraction principle. O

Our second result is based on Schaefer’s fixed point theorem.
Theorem 3.2. Consider the following hypothesis to be verified:
(H2) There exist functions hy, ho € C(T,R4) such that

|f(z,y,u(x,y))| < h1($,y) + hg(x,y)|u(x,y)| fOT any (xay) eT.

Then equation (1.1) has at least one solution defined on T .

Proof. We use Schaefer’s fixed point theorem to prove in several steps that the operator N defined in
(3.3) has a fixed point.
Step 1: N is continuous.

Let {u,}nen be a sequence in C' that converges to u € C. Let o > 0 be such that ||u,|- < o.
Then

|(Nup)(z,y) = (Nu)(z,y)]

T Y

l//wwwvxw@—¢@wﬁ%wm—wwﬁrl

a a

1
= L(B1)T(B2)

X | f(s,t,un(s, ) — f(s,t,u(s,t))| dsdt

1
< ST (:tl)lngf(s,t,un(s,t)) — f(s,tu(s,t))]
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//w — () T ((y) — (1) dsdt

il a B1 c) — a B2
FG T OrG T O @) @) — ()

X Hf('>'7un<"'))_f('7"u('7 ))Hoo

From Lebesgue’s dominated convergence theorem and the continuity of function f, we have
|(Nun)(z,y) = (Nu)(z,y)| — 0 as n — oc.

Step 2: N maps bounded sets to bounded sets in C.
Indeed, it is enough to show that for any ¢ > 0, there exists a positive constant s such that, for
each u € Be = {ue C: ||lul|s <}, we have || N(u)||oc < 2. Set

hi= sup hi(x,y), i=1,2.

K3

(z,y)ET

From (H2), for each (z,y) € T, we have
[(Nu)(z,y)] <|

S pimt - P2l 1S 2(S u S
ﬂl (B2) //w — ()" 7 W y) = (0)7 7 (I (s, 1) + ha(s, ) |ullc) dsdt

<ol + £ 1)1r( Gy (00) — V@) (9() — (@) (5] + 30) o= .

Hence, ||N(u)| < s.

Step 8: N maps bounded sets to equicontinuous sets in C.
Let (z1,22), (¥1,¥2) € [a,b] X [a,c], z1 < z2, 1 < Y2, B¢ be a bounded set of C' as in Step 2, and
let w € B¢. Then

|(Nu)(z2,y2) — (Nu)(z1,51)| < |9(m2,92) — g(z1, 1)

; r1 Y1 ! s 12 z . s Bi—1 B ﬁ271
* T / V)0 (0) [(02) — () (W(w2) — w()
— ((a1) = () (W (y1) — 1#(??))52_1} |f(s,t,u(s,t))| dsdt
; 1 Y2 AW 7o) —h(s))Br—1 . B2=11 £l t uls <
BT (Ba) /. B ()8 () (1 (w2) —1b(5)) "~ (W (y2) =0 (£)) 27| £ (5., uls, 1))| dis dt
T 127w’<s>w'<t><u}<x V= ()% ((ya) —(£)) %2 LS (s, £, uls, 1)) ds dt
F(ﬁl)F(BQ)z J 2 2 s by 3
1 T2 Y2 AW 7o) — (s B1—1 . Ba—1 st uls <
ror ) ] OV O~ ) T W) b (0) s, tuls, )] dsde

1 Y1
Thus,

(V) (2 2) = (Nu) a1, 9] < g, 0) = ga, )
; T1 Y1 ! s 1 o) — s Bi—1 _ Bae1
+ FBOEED [ [ v - w6 o - v

a a
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— ((x1) — () (W (yr) — »(£)2 7 (hf + h3C) dsdt

1 Y2

T &
G / W0 (O (w2) —6(5)P " (0g2) — w(0)% (b + h3C) ds e
+ # ‘”271/)’(3)1//@)(1/)(132) —1/;(3))51*1@)@2) —1/1(25))5271(}1* FREC) dsdt

P(51)T(ﬁ2)z J T+ h
+ # x2721/)/(3)1/)/(t)(1/)(x2) —1/;(3))51*1@)@2) —1/1(t))5271(h* FREC) dsdt

P(ﬁl)r(ﬁz)x ; 1+h; .

Similarly, the following can be obtained:

|((Nu)(2,92) = (Nu)(@r, y1)| < |g(w2,92) = g1, 1) + }(Lﬁj)L h(%i)
X/ / O ()0 ()] (02) () (@2) — 0 (0) = = () ~ () (@)~ ()= | ds e

T T L) = () ((02) = v()* = (6a2) — D))

+ ((@2) = Y(@0)) ((12) — ¥(@)* = (y2) = b)) + ((@2) = (@)™ (W(y2) ~ b))

As 1 — x2 and y; — y2, the right-hand side of the preceding inequality tends to zero.
As a consequence of Steps 1-3, together with the Ascoli-Arzela theorem, we can conclude that N

is continuous and completely continuous.

Step 4: N is an a priori bound.
Now, it remains to show that the set W ={u € C': u= AN (u) for some 0 < X < 1} is bounded.
Let u € C be such that u = AN (u) for some 0 < A < 1. Thus, for each (z,y) € T,

u(z,y) = Ag(z,y)
# x Y / s / ) — s B1—1 _ Ba—1 s uls 5
mmre [ e W@ e ) — ) s bl ) dsd

This implies that for each (x,y) € T we have

1
lu(z,y)| < lg(x,y)| + NEES)

/ / e =0 ()00 (s 0)+ ha(s. (b)) dsde

<loll + 7755 1’;;( S ) — ¥(@) (4(0) — ()™

Lzyls / ) — Sﬁ171 o ﬂ271u1' S
+ (ﬁl)%)//w W (8) (1() — ()P () — $(6) " ula, b)) ds dt

z oy
< C’+//Q(x,y,s,t)|u(w,t)| ds dt,
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where
C 1= lalho + e (V) — V(@) () — b))
and
z,Y, S :L’S ! ) — (s))Pr—1 _ B2—1
Q(z,y,5,1) F(ﬁl)r(52)¢()¢(t)(¢() V()7 (Wly) —(t)

From Lemma 2.2, we obtain

juz, )| < Cexp ( / / R(s.1) dsdt),

where

x

x Yy Yy
R(z,y) = Qa,y,z.y) + / DiQ(a, g, 5,y) ds + / DaQ(a, o ) di + / / DiD2Q(a, g, s, 1) dsdt
< h
— T(B1)T(B2)

Hence,

¢ (@) () (W () — P(a)? (W (y) — (a)

ju(z, )] < Cexp ( /] W W (1 (8) (ai(s) — (@) 1 ((E) — (@) ds dt)

h3
(B1+1DI(B2 + 1)

As a consequence of Schaefer’s fixed point theorem, we deduce that N has a fixed point which is
a solution of equation (1.1). O

< Coxp (F (6(b) — (a) ((c) — wm»ﬂ?) - %

3.2 Generalized Ulam-type stability

Now, we concern the generalized Ulam—Hyers—Rassias Stability of our problem (1.1). The following
conditions will be used in the sequel:

($1) There exist the functions I1,l3 € C(T,R4) such that for any v € C and (z,y) € T,
(L + u(z »)If @y, u)| < L(z,y) + (@ y)u,y)]
($2) There exists w > 0 such that for each (z,y) € T, we have
(Z776)(2,y) < w6/(x,y).

Recall N : C — C as defined in (3.3). Let © : T — [0, 00) be a continuous function. We consider the
inequality
|u(z,y) — (Nu)(z,y)| < O(z,y), (z,y)€T. (3.4)

Definition 3.2 ([4,34]). Equation (1.1) is Ulam—Hyers—Rassias stable with respect to © if there exists
a real number Cy,e > 0 such that for each ¢ > 0 and for each solution u € C(T,R) of (3.4) there
exists a solution v € C(T,R) of equation (1.1) with

|U(1‘,y) - v(x,y)| < 5CN79@(x’y)7 (Ivy) eT.

Definition 3.3 ([4,34]). Equation (1.1) is generalized Ulam—Hyers-Rassias stable with respect to ©
if there exists a real number Cy o > 0 such that for each solution u € C(T,R) of (3.4), there exists
a solution v € C(T,R) of equation (1.1) with

lu(z,y) —v(z,y)| < CneO(x,y), (z,y)<T.
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Remark 3.3. It is clear that Definition 3.2 implies Definition 3.3.

Theorem 3.4. Assume (1), (92) and (H2) hold. Furthermore, suppose that there exist l; €
C(T,Ry), i = 1,2, such that for each (x,y) € T, we have

li(z,y) < Li(z,y)0(x,y). (3.5)
Then integral equation (1.1) is generalized Ulam—Hyers—Rassias stable.

Proof. Let u be a solution of inequality (3.4). By Theorem 3.2, there exists w that is a solution of
integral equation (1.1). Hence,

1
x / / W (1 (D)) — ()P M (W (y) — ()= f (s, 8, w(s, 1)) ds dt.

By inequality (3.4), for each (z,y) € T, we have

(s P(s))Pr 1 (Y(y) — B2=1f(s t,u
u(x’y>_g($7y)_//¢( ) () (¥ (x) — <F)(ﬂ1) ((5(2y)) A= (st o < 0(ny).

Set _ B
I} = sup li(z,y), i=12
(z,y)eT

For each (z,y) € T, we have

U(I,y) - g(a:,y)

lu(z,y) — w(z,y)| <
_; ror /S !/ ) — s ﬁl—l _ 62_1 s u s
F(ﬂl)F%)a/ / W ()0 (8) (1 () — () () — (£)P2 " f (s, 8, u) ds dt

;wy/sl z) — 851_1 B By1
T T //w( W () (W (x) = ()™~ (U(y) —¥(t))

|f5tu fstw|dsdt

T ; "($)) ) — (s))Pr—1 _ B2—1
O.4) + F ] / / ¥ () (1)) — ()P () — (1)

— Blu(s,t)]  Blw(s, b))
) * 2
(A2 (s 0] T 1T+ i, t)|)@(8’t) ds dt

< O(z,y) + 2015 + 13)(Z2V0) (2, y)
< (1420 + 5)®)O(,y)
= Cn,009(z,y).

Hence, integral equation (1.1) is generalized Ulam-Hyers-Rassias stable. O

4 Illustrative examples

In this section, we provide three concrete examples to illustrate the applicability of the main theoretical
results obtained in this work, particularly focusing on the existence and stability of solutions to partial
1-Riemann—Liouville fractional integral equations.
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Example 4.1. As an application of our results, consider the following partial 1-Riemann—Liouville
integral equation:

1

u(z,y) = g(z,y) + NEANES]

T Yy

x//w%wvxw@—w@Wr%ww—meTV@uM&mthmwamemmeﬂL

0 0
where (81, B2) = (0.5,0.5), ¥(t) = ¢, g(z,y) = 2® +3°, and

f(z,y,u(z,y) = zy* + ea:+y+2?1(a—:|:?|J’L)l,({IJ,y)) '

For any u,v € C(T,R) and (z,y) € [0,1] x [0, 1], we have
’f(aj?y7u) - f(a:,y,v)’ < e_Z‘U(SL’, y) - U('ray)l
Thus, condition (H1) is satisfied with x = e~2. Consequently, we compute

K1) —9(0) (v(1) —w(0)” 4
(B +DIT(B2+ 1) mwe?

L:= < 1.

Hence, by Theorem 3.1, the integral equation (1.1) admits a unique solution defined on [0, 1] x [0, 1].
Moreover, for any v € C(7T,R) and (z,y) € [0,1] x [0, 1], we have

e—(z+y)

+m|u($vy)\-

|f (@, y,u)| < ay?
Thus, condition ($1) is satisfied with I;(z,y) = 2y? and ly(z,y) = e~ (*+¥),
Similarly, condition ($2) holds with O(z,y) = e? and @ = £ . In fact, for every (z,y) € [0,1]x[0, 1],
we obtain

(Z2Y0)(z,y) < — * = wO(a, ).

ERES

Therefore, condition (3.5) is satisfied with [ (z,y) = zy and ly(x,y) = e*+V.
Consequently, Theorem 3.4 ensures that the integral equation (1.1) is generalized Ulam-Hyers—
Rassias stable.

Example 4.2. Consider the following partial 1-Riemann—Liouville fractional integral equation:
u(z,y) = () +
TR T T (BT (8,)
z Y
< [ [ O - 66 W) - we)* s tuls, ) dsdt for (,9) € 0,1)x 0.1),
0 0

with the following data: (B1,82) = (0.8,0.6), ¥(t) = vt +1, g(z,y) = sin(xy), and the nonlinear

function:

_ zy u(z, y)
f(xvy’u('ray)) - COS(Z‘ + y) + 1 + |’U,({I,'7y)‘ .
We observe that (.9)
zyu(z,y
|COS(J) + y)| < 1 and m < Ty \u(x,y)|

For any (z,y) € [0,1] x [0,1], we have |f(z,y, u(z,v))| <1+ zy |u(z,y)|. Thus, condition (H2) is
satisfied with hy(z,y) = 1 and hae(x,y) = zy. Consequently, Theorem 3.2 implies that the integral
equation (1.1) has at least one solution defined on [0, 1] x [0, 1].
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Moreover, for any u € C(T,R) and (x,y) € [0,1] x [0, 1], we have

u(z, y)|
f x? y7 u S ]‘ + P2
M R T e
Thus, condition (1) is satisfied with {1 (z,y) = la(z,y) = 1.
Similarly, condition ($2) holds with ©(x,y) = €® and @ = 1. In fact, for every (z,y) € [0,1]x [0, 1],

we obtain
(T270)(,y) < 0,48 (Vo +1 - 1) (Vy +1-1)""¢" < =6(z,y).

Therefore, condition (3.5) is satisfied with Iy (z,y) = lo(z,y) = 1.
Consequently, Theorem 3.4 ensures that the integral equation (1.1) is generalized Ulam-Hyers-
Rassias stable.

Conclusion

In this paper, we studied a class of partial fractional integral equations involving the -Riemann—
Liouville fractional integral operator in the Banach space C(7,R). By reformulating the problem as
an equivalent operator equation, we established the existence and uniqueness results under suitable
Lipschitz conditions via Banach’s contraction principle. In addition, by verifying the continuity,
boundedness, and compactness of the associated operator, we applied Schaefer’s fixed point theorem
to derive the existence results in the non-contractive case.

Furthermore, we obtained the Ulam-Hyers—Rassias and generalized Ulam—-Hyers—Rassias stability
results, providing explicit bounds that characterize the dependence of solutions on perturbations. The
proposed framework unifies and extends several existing fractional integral models in the literature;
in particular, previously studied equations are recovered as special cases for suitable choice of the
function . Therefore, the present study contributes to the qualitative analysis of partial fractional
integral equations with respect to another function.
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